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Mpeaucnosue ANA yyawuxcs

Hoporue peBatukaaccHuku! B atom yueGHOM roxy
BBI cJlaeTe BBINYCKHOM 3K3aMeH mo ajreGpe 3a Kypc
OCHOBHO# cpegHeil mIKoabl. Ha ypokax MaTeMaTHKH BaM
NIPEeJCTOUT He TOJBKO MMO3HAKOMHUTBCA C LEJBIM PAAOM
HOBBIX Te€M, HO TaK’Ke NOBTODHUTH BeChb NPOHAEHHBINH
paHee MaTepual. B KoHIEe yueOGHOro roga BaM HYKHO
6yzeT caenaTh BBIGOD: IPOJOJIMKUTE 00PAa30BaHUE B IIPO-
(eccHOHANBHBIX YYMJIUINAX, KOJJIEAMAX MJIH B obIe-
obpaszoBaTeNLHBIX yueOHBIX 3aBefeHUAX. IIpuuem ecam
BBI PELINTE IPOJOJIKATH OOpPa30BaHME B IIKOJIE, JIMIlEee
WM TMMHA3HM, TO BAM HYXKHO OyzeT BbIGpaTh npoduib
KJacca, B KOTOPOM BBl OyaeTe yIUThCH.

Yue6bHUK anre6prl OTYACTH IIOMOXKCT BallleMy BBLIGO-
pPy: M3y4aTh JIM MATEMATHKY II0 IporpamMme yriayGieH-
HOIo WJIM IO mporpamme o61eo6pa3soBaTeIbHOTO Kypca.
Yr106bI MOKA3ATh OCODEHHOCTH IPOMDHUIBHOTO U Yriay6-
JIECHHOTO H3yYeHUA MATEMATUKH B CTAPIINX KJaccax,
B yueOHHMKe anreOps! Ana 9-ro Kjaacca 3HAYUTEIBHO 6OJIB-
Ille BHUMAHUA VAEIAEeTCA TEOPETHUECKUM I10JI0MKEeHUAM.
M xoTa B 00bACHUTENBHBIX TEKCTaX BcCe ellle AOBOJbHO
PeJKO BCTPeYaloTCs HeIIPUBBIYHbBIE AJIA IIKOJBHOTO Kyp-
ca aareOpnl CJI0Ba «TeopeMa», «IOKA3aTEJbCTBO», TEM
He MeHee B yYeOHUKe MHOrve yTBep)KAeHusd Jubo JoKa-
3aHbI IIOJIHOCTHIO, JTN0O 3T AOKA3aTeJbCTBA IIpejJiara-
eTCs BBIMOJIHUTH CAMOCTOATENbHO. ABTOPBI HaEITCH,
YTO TAKOH IIOAXOJ IIOMOMKET BAM BBIOPATH CIIeIMAIN3a-
LIHIO.

Januplif yueOHMK NpeJHA3HAYEH JJIS YIVIyGJIeHHOrO
M3YUYEeHUA MATeMaTHMKH. B HeM mpeicTaBjieH GoJbIION
Habop pasHOOOpPA3HBIX II0 TEMATHKE M YPOBHIO CJIOMCHO-
CTH YyIpa’KHEeHU.



ABTOpDEI HajgewTcA, YTO M3ydeHHe ajareGpel mo 3To-
My y4eOHUKY Oyaer 4JIA BAC MHTEPECHBIM U II0JIE3HBIM,
TIO3BOJIUT YBHJAETH aaredpy He TOJBKO KaK y4eOHBIHN
IIKOJIBHBIA IIpeaMeT, HO U KAK CPEACTBO Pa3BUTHUA CBO-
HUX cmocoOHOCTEH, IOMOXKET PacCMaTPUBAThL MAaTEeMAaTH-
KY KaK 4acTb O0IIe4esIOBeYeCKOH KyJbTYpPhI.



| DYHKLUWN,
UX CBOWCTBA

Q
Y

§1. /‘\ CBOMCTBA ®YHKUUA
1.

\/ Bo3spacTtaHue u yObiBaHue yHKUUIA

Ha puncynke 1 msobpaskeH rpaduk HeKOoTOpoi ¢dyHKmum y = f(x),
obsiacTe onpeseeHNs KOTOPOH — IPOMERYTOK [—5; 4].

IIpu Bo3pacTaHnu 3HaYEHUHA x OT —5 [0 1 3HAYEHHHA Yy BO3PACTAIOT,
a Ipu BO3pACTAHMM 3HaYeHHH x oT 1 go 4 3HaueHHs y yObIBAIOT.
T'oBopar, uto dyHKOUA ¥ = f(x) Ha npome:kyTke [—5; 1] BOo3pacTaer,
a Ha ipoMexXyTKe [1; 4] — yOriBaer. [Ipu x = 1 pyHKIUA IpAHUMaeT
HaubospIIee 3HaYeHUe, paBHOe 4, a IpU X = —5 — HauMeHbIee 3HA-
YyeHHe, paBHOE —2.

Onpeaenenue. Pyarnusa f HaA3BIBaeTCA BO3pacTalwmel Ha
MHOKecTBe X, ecau aasd JIOOBIX ABYX 3HAYEHUH apryMeHTa X, U X,
mMHOXKecTBa X, TAKHX, UTO X, > X,, BHINOJIHAETCA HePaBEHCTBO f(x,) >
> f(x,).

dyaxuua f HasbsIBaeTca yObIBaIOmel Ha MHOMKecTBe X, eCJIH JasA
mo6bIX ABYX 3HAYEHWH apryMeHTa X, M X, MHOXKecTBa X, TAKMX, 9TO
X, > Xx,, BRIIOJHAETCA HEpaBeHCTBO f(x,;) < f(x,).

7
4
el
|
|
? \
1
y.4 1
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6 Fnasa 1. ®yHKkuMn, UX CBOMACTBA U rpadukn

HHoraa nonpsyiorca 6ojlee KpATKUMH (POPMYJIHUPOBKAMH.

dyaxuua [ Ha3sIBaeTCA Bo3pacTaomell (yObiBalomeil) Ha MHO-
skecTBe X, ecaH G0obImeMy 3HAYEHHIO APTYMEHTa COOTBETCTBYET 00J1b-
mee (MeHbINee) 3HaYeEMe (DYHKIHU.

Ecau Ba Bceli 0601acTH onpeneserusa PyHKIMA BO3pacTaeT, TO ee
Ha3bIBAIOT Bo3pacralomei dyHaxnmeii, a ecru yOniBaeT, To — yOBI-
Bajomel dyHKIHMEH.

PDyHKIHIO, BO3PACTAIONIYI0 HA MHOKeCcTBe X HJIM YOBIBAIOIIYIO HA
MHOKecTBe X, HA3BIBAIOT MOHOTOHHON (pyEKIMel Ha MHOMKecTBe X.

3amevanue. Ecin dyukuus f sospacraer (yOriBaeT) Ha MHO-
sxectBe X, M Bo3pacTaeT (yObiBaeT) Ha MHOKecTBe X,, TO HeJIb3A cae-
JIaTh BBIBOJ O TOM, 4YTO GyHKuuA [ Bodpacraer (yObIBaeT) HA MHO-
skectBe X, U X,. UroObl MOKA3aTh 9TO, JOCTATOYHO OIPUBECTH IIPUMeED.
PDyHKIUA
2, rme x # 1,

Ax) = 9 roex =1

BO3pacTaeT Ha KaXJIOM M3 OPOMEXYTKOB (—~o0; 1] m (1; +00), HO
He ABJAETCA Bo3pacTalollleii Ha MHOMecTBe (—o°0; +o0), Ilouemy?
O6bsAcHHUTE 3TO.

BuiscHMM XapaKTep MOHOTOHHOCTHM HEKOTODPHIX BHAOB (QYHKIHA.

Juneiinasa pynryus, m. e. pynkyus, 3adannas popmynoii f(x) =
=kx + b, npu k > 0 asasemcs eo3pacmaroujeii, a npu k < 0 — yboiea-
toweil (puc. 2).

HoxasaTeaxbcTBO. IlycTh X, 1 x, — ABa MPOU3BOJBHEIX 3HA-
YeHUA aprymMeHra, NpUYeM X, > x; u k > 0. YMHOxUM 00e yacTu
HepaBeHCTBA X, > X, HA IOJOKUTEJbHOE YUCJI0 B U npubaBuM K obe-
MM YaCTAM IIOJIYUYHBIIErocss HepapeHcTBa yucio b. Torga mo cBoiicTBam
YHCJIOBBIX HEPABEHCTB IOJYYHM BepHBIE HepaBEeHCTBA

kx, > kx, u kx, + b > kx, + b.
3raumur, f(x,) > f(x,), T. e. npu k > 0 pyHKUMA f — BO3pacTamIIan.

C noMOIBIO AHAJIOTMYHBIX PACCyXIAeHUHl MOMKHO IOKAa3aTh, 4YTO
npu k < 0 pyEKUuuA f ABAgeTca yOnIBaloIiei.

Cmenennaa ¢pynryua f(x) = x" ¢ HamyparvHviM noxasamenem n
npu ywemrnom n éospacmaem Ha npomexcymrie [0; +°) u ybvieaem Ha
npomexcymre (—oc; 0]. IIpu nHeuemnom n ¢yuryua f(x) = x"
eo3pacmaem Ha éceil obaacmu onpedenerus, m. e. HaA NPoOMeICYymKe
(—o0; +00) (puc. 3, 4).
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8 Fnasa 1. PyHKUWK, UX CBOHCTBA U rpadUKK

PaccmorpuMm cHauasna GyHKIUIO f(x) = X" ¢ YeTHBEIM IIOKA3aTeNIeM i,

IIyers x, > x, 2 0. IlepeMHOXXUM HOWIEHHO 71 OZUHAKOBBIX He-
paBeHCTB X, > x;. [lonyuum x; > xy.

CaeposaTenbHo, f(x,) > f(x,), T. e. Ha MHOXKecTBe [0; +00) QyHK-
uud f Bo3pacraer.

BrissicHuM Tenepnr XxapaKTep MOHOTOHHOCTH ¢yHKuuHM f(x) = x", rae
n — 4YeTHOE YHUCJO, Ha mpoMexyTKe (—o°; 0].

IIyeTs x, < x, < 0. Torga

—x, > —x, 2 0.

Tak KaKk 4ucia —X; U —X, MOJOXKUTENbHBIE, TO, 0 AJOKA3aHHOMY
BEILIE, (—X;)" > (—x,)". Ho n — 4eTHOoe yucio, MO3TOMY (—X,)" = X H
(~x,)" = x;. 3uaumr, x; > x;, T. e. x, < x;. IlomyueHHOE Hepa-
BEHCTBO 03HA4aeT, 4To f(x,) < f(x;), T. e. GYHKUHSA f IPK YETHOM 71 HA
npomexkyTKe (—o°; 0] yObIBaer.

Paccmorpum Tenepb GYHKIUIO f(x) = X" ¢ HEUETHBIM IOKa3aTesIeM Il.

Ecau x, > x, 2 0, To IpoBeJeHHOE pacCy’¥KJeHHe JJIA JEeTHOIo 7
COXpaHAeT CHUJY M JJIA HEYETHOrO IIOKa3aTesNd.

3HauuT, QYHKIUA [ ¢ HEYETHHIM IIOKA3aTeJeM Ha IIPOMEXXYTKe
[0; +90) Bo3pacTaerT.

Ecnu x, < x, < 0, T0 ~x;, > ~x, 2 0. Kpome Toro,

x,) = —x, (—x)" = —Xy,

TaK KaK 1 — HeyeTHoe Yncyo. ITo JokasaHHOMY BBIII€ CBOMCTBY QYHK-
nuu f ¢ HeYeTHHIM IIOKa3aTesieM, AJs IpoMexyTka [0; +0°) Beimo-
HAETCSA HePaBeHCTBO (~x,)" > (—x,)". OTcioga nMeem:

-x; > —x,, X, > x;.

JTo o3HaYaeT, 4To GYHKUUA [ IpPH HEYETHOM 71 HA IPOMEXKYTKe
(—oo; 0] Bo3pacraer.

Ecau x, <0, x, > 0 u n — HedeTHOE YUCJI0, TO X; <0u x; >0,
T. €. 4 B 9TOM CJIyyae U3 HepaBeHCTBA X, > X, cJIeAyeT HepaBEHCTBO

n n

x, > x.

TakuMm o6pa3oM, nmpH HeueTHOM n GQyHKmHA f(x) = x* Bo3pacTaeT
Ha Bce#l obsacTu ompegesieHus.

OCpammnasa nponopyuoHaabHOCMb, M. e. QyHKYuUa f(x) = 1;— 8 Kaxc-

dom u3 npomesxcymios (—o0; 0) u (0; +°0) npu k > 0 y6vi.eaem, a npu
k < 0 sospacmaem (puc. 5).

Paccmorpum pasaocts f(x,) ~ f(x,), rae x;, # 0, x, # 0, 1 upe-
obpasyem ee:

fx) = fx,) = _kn ke _Mu-ox) o m-%

1.3
% %%, 26,2, 226,

RIS



§ 1. CeoiicTBa GyHKLUA 9

Y [ 11 [ 1] 'Y
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Puc. 5

Ecnu x, > x, > 0 uaum x; < x, < 0, To B 1I000OM H3 3THX CJIydaeB

x, —x, > 0wu x,x, > 0. 3gaunr, Apobs 4~ % gensercs mono-
0Xy

HKHUTEJIBHBIM YHCJIOM, & BbIDAXE€HHE ~k-

x - %
ABJIsAETCA OTpHLA-
X% P

TeJIbHBIM YUCJIOM npH kB > 0 B I0JIOKHTENTbHBIM ynucjaoM npu k < 0.
CregoBaTeJILHO,
f(xy) = f(x,) <O mpu k> 0 1 f(x,) — f(x,) > 0 npu k < 0,

T. e. f(x,) < f(x,) npu kB > 0 u f(x,) > f(x,) npu k < 0. 3uauur, GyHK-
nusa f opu £ > 0 B Ka)KA0M U3 IPOoMexYTKOB (—o°; 0) u (0; +00) yOuI-
BaeT, a Ipu k < 0 B KAXKAOM M3 3THX IIPOMEKYTKOB BO3DACTAET.

k . .
Opnaxo dyHKnud f(x) = % He ABJIAETC MOHOTOHHOW Ha BCei 00-
JIaCTH onpefeseHud. Jfokakure 3TO.
Pynryua f(x) = Jx eo3pacmaiouwan (puc. 6).

Bripaxkenue Jx umeer cmbica nams opu x 2 0.
IToaromy D(f) = [0; +o°).

Y
8 ppt™™
2 y= f —
1 T
A ST

Puc. 6



10 Fnasa 1. ®yHkuun, ux cBoicTea U rpapukm

IIycrs x, > x; 2 0. Paccmorpum pasuocTs f(x,) — f(x,) u npeob-
pasyeM ee:

e - fe = - = W ¥m)m e JB) 5o

Ve + % R

X, — X
Yucnureap U 3HaMeHATeNb Apobu ﬁ — IOJIOKUTEJIbHBIE
X Xy

+

yucaa. ITO CJIefyeT U3 TOro, 4To X, > x; = 0, .[xz >0mu ,/xl > 0.

3uauur, f(x;) — f(x,) > 0, 7. e. f(x;) > f(x,). losTomy dyHKUUA f
BO3pacTalollas,

1. Kakaa u3 QyHKUuil ABJIsSeTCsa Bo3pacTaplleil, kakag — yObl-
BaloIlei, ecyu:

a)y=5x—8; B)y=g; D y=x%ragex>0;
10. 2
6)y=-3x+17; r)y=—7, e)y=x* rae x <0?

2. lokaxcute, uTo GyHKIUA y = | x| yObiBaeT Ha mpomeskyTKe (—o0; 0]
M BO3pacTaeT Ha nmpoMexkyTKe [0; +00).,

3. I'paduxom pyuknum g asaserca Jomanasa ABC, rae A(~1; —2),
B(2; 5), C(6; 2). IlocrpoiiTe rpaduK 3TOH PYHKIIMH U HaKZUTE
IIPOMEKYTKH, Ha KOTOPhIX (hyHKNUA £ BO3pACTaeT U Ha KOTOPEIX OHA
yOnIBaET.

4. TlocrpoiiTe rpaduk GyHKIUU

—x%, ecmn -2< x < 0,
f(x) l,eerm 0 < x <1,
X)) =

x% ecmnl < x <2,

~x + 6,ecaun 2 < x < 6.

Yxaxkure 06JacTh onpejesleHNs U 00J1acTh 3HAYEHUN YHKIMHU.
HaiiguTe npoMexXyTKH, Ha KOTOpBIX dyHKIUA f
a) yOnIBaeT;
6) BO3pacTaer;
B) COXpaHAET IOCTOSHHOE 3HAaYeHue.

5. IIpu kakux 3HAYEHUAX a GYHKIUA
a) y = (ba — 2)x + 16 aBaseTcsa Bo3pacTaromeif;
6) y = (1 — 3a)x — 21 aBasdercs yOniBalolIei;



§ 1. CeowicTBa yHKUMIA 1

B)y= SIBJIIeTCA BO3pacTalollei Ha mpomexxyTke (0; +°);

2
rNy= gx_ ABJseTcA yObIBalomel Ha npoMexxyTke (0; +00)?
6. HJokaxxkure, uro byHKIOUA
~2x + 1, ecomn x < ~1,
8x) =

ABJAETCA MOHOTOHHOM.
7. Dokaxkure, 4To QyHKOUA

~Xx + 2,ecan x > ~1

a) f(x) = rsx BO3DACTAET HA IPOMEXKYTKe (4; +00);
. —oo: L
6) 8(x) = 3§ VOEIBaeT Ha IPOMEKYTKe ( 005 3)-

8. Haiisjure Hyau GYHKIHM, MPOMEXYTKHM 3HAKOIOCTOSHCTBA,
NPOMEXYTKH BO3PacTaHUs U yObIBaHUA QYHKOUM:
a)y=lx-3~1; Bly=x'-4;
6)y=4-|x+2|; r)y=x2

9. fIBnaerca Bospacraolueii uau yoOpiBalomei GyHKINA:
a)ox)=vx+1~+vJx-1; 6) g(x) = 6x ~ |8x ~ 2| ~ |2x + 5|?

10. UsBecTHO, uTO DyHKIMA Y = f(x) ABIAeTCcA Bo3pacTaloleil Ha
npomexyTke [a; b]. Joxkaxure, uro pyHKmusa y = f(x) + n aABngerca
BO3pacTaloeii Ha 3TOM IIPOMEXKYTKE.

11. ITenoi yacThi0 YHCJIA X Ha3bIBaeTcAd HauGoJblee Ie0oe Yuc-
Jo, He IIpeBocxofsdAllee X (oGosHauaerca [x]), a ApoOHON yacThiO YH-
cJla X HA3hIBAETCA PA3HOCTb MEKJAY YMCJIOM X M €ro IeJIOM YacThio
(o6osnauaerca {x}). Hanpumep, [5, 3] = 5, {5, 3} = 0,3; [-5, 3] = 6,
{-5, 3} =0,7. Ha pucynkax 7 u 8 nocrpoeHs! rpaduku GdyHKIui y = [x]
u y = {x}. KakoBsl ofJacTu ompejaeleHUA KaXKA0H N3 GYHKIUIA?
PaccMoTpuTe 3TH QYHKIMM HA IPOMEKYTKE M HAMAUTE A KayKAoH
U3 HUX: HyJH (PYHKOHUH, IPOMEKYTKH, B KOTOpPEXx ¥y < 0, y > 0,
IPOMEKYTKHM BO3PACTAHUA U YOLIBAHMUS, IPOMEKYTKH, HA KOTOPBHIX
OYHKOUS cCOXpaHAET MOCTOSHHOE 3HAYEHHE.

12. Asob6pasure cxeMaTUuuyecKH rpaduK QYHKOUHM, YKAXKUTEe 00-
JIaCTh ompejesieHuss U 06JacTh 3HaUYeHUH GYHKIMM U BHIICHUTE, AB-
Jderca Ju QYHKIOUA Bo3pacTalollei Uiy yObIBaloIiemn:

a)y=+Jx -4 +2; 6)y=vx +3 - 1.

13. Uso6pasure cxemaTuuyecKu rpaduk GYHKIUN Y = g;—'; Vka-

JUTE JJIsA 370N QYHKIMHN IIPOMEKYTKHM MOHOTOHHOCTHM K OIpejesIuTe
XapaKTep MOHOTOHHOCTH JJISL KAXKJOTO IIPOMEXKYTKA.
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14. BrinosHNTE AEeeHMEe MHOTOWIEHA HA ABYUIEH:
a) (x*—x2—x+10): (x + 2);
6) (2x* + 3x3 — 6x% ~ 4x + 5) : (2x + 3).

15. MokaskuTte, 4TO NP HEOTPHUIATENBHEIX 3HAUCHUAX a U b BEpHO
HepaBeHCTBO (a + 1)(b + 1)(ad + 1) > 8ab.

16. Peuiure HepaBeHCTBO:

2)28-6x<x 6) ;&= <5+ 246



§ 1. CeoiictBa pyHKUMN 13

¢

2. V' CeoiicTBa MOHOTOHHBIX DYHKLMIA

PaccMoTpuM HEKOTODBIE CBOMCTBA MOHOTOHHBIX QYHKIHIA.

1. MornomonHan QyrKYUR Kax0oe cé0e 3HALeHUEe NPUHUMAEM
AUWD NPU 00HOM 3HAYEHUU ap2YMeHma.

HorkasatenscTBo. Ilycts y = f(x) — nmpousBoJBbHAsA MOHO-
TOHHas QYHKINA (Bo3pacTaiomas uan yosiBaromasn). Torga nmpu aro6e1x
X, U X,, IPUHAJJIEHKAINUX O0JIaCTH onpejeNeHus GQyHKUUM f, U TAKHUX,
YTO X, > X,, BBIIOJHAETCA. TG0 HepaBeHCTBO f(x,) > f(x,), ecan pyHK-
M Bo3pacrarolmas, 1u6o HepaBeHCTBO f(x,) < f(x,), ecu byHKUMA YORI-
parowias. Ilosromy paBeHcTBO f(x;) = f(x,), rae x, # X;, HEBO3MOIKHO.

3To JIerKO YBUAETh Ha rpaduke J060# MOHOTOHHON (QYHKIIMH
Y = f(x). JIobaa npamaa MoxkeT nepeceub rpaduk GyHruuu y = f(x)
JIMIUbL B OOHOH TOYKe.

Orciopa cnemyet, uto ypasHenue f(x) = a, z0e f — mornomornasn
dynryua u a — npou3eoavHOoe YUCNO, uMeem He 6oaee 00H0ZO KODHA.

2. Ecau pynxyua y = f(x) senaemeca gozpacmarwei (yb6oi-
earowei), mo gynrkyua y = —f(x) sensemecs ybwearowei (6o3pa-
cmarowen).

HokxaszareascTBo. Ilycte f — Bo3pacrammas QyHKIUS U
x, > x,. Torga f(x,) > f(x,). Orciona cienyer, uto —f(x,) < ~f(x,), T. e.
dbyHruua y = —f(x) y6piBalomasn.

AHaJOrMYHO MOYKHO JOKAa3aTh, YTO ecqu QyHKnua y = f(x) yOnI-
Balomad, To GyHKUMA Yy = —f(x) Bo3pacramad.

3. Cymma Osyx eospacmarouyux Pyrnkyul A6AAEMCA 603pa-
cmarnwel pynkyuel, a cymma dsyx ybuearowux pynryud ae-
naemca yboiearougeld pyryuei.

HorasarenscTBo. IIyere @(x) = f(x) + g(x), rae D(¢) =
= D(f) N D(g), u mycTb X, N X, IPUHALJIEKAT 06JIACTU ONpeReSeHNA
dyHKIIUM @, TIpUYeM X, > x,. PaccMOTpuM pasHOCTL @(x,) — @(x,) K
npeo6pasyem ee. Ilonyunm

0(x3) ~ O(x)) = flx) + 8(x,) — (f(x) + &(xy) =
= f(x,) ~ f(x,) + (8(x;) — &(x,)).

Ecnu f u g — Bo3pacraroinue ¢yHKuuH, TO f(x,) > f(x,) u g(x,) >
> g(x,). 3uaunr, f(x,) - f(x,) > 0 n g(x,) — g(x,) > 0. Orcioga cnaeayer,
4ro ¢(x,) — ¢(x,) > 0, T. e. ¢(x,) > ¢(x,) 1 ¢ — Bo3pacraromag GyHK-
nus.

Ecmun f u g — y6riBaromue dyHKmuH, 10 f(x,) < f(x,) 1 g(x,) <
< g(x,). 3nauuT, f(x,) - f(x;) < 0 u g(x,) — &g(x,) < 0.
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CienoBaTtenbHO, ¢(x,;) — O(x;) < 0 u ¢(x,) < ¢(x,), T. e. ¢ — yOBI-
Balomasa GyHKIN.

W3 csoiicts 1—3 cieayer, uTo ecau odHa u3 ¢ynryuil [ uau g
aenaemca eospacmaioweil, a dpyzaa — ybGvisaouieil, mo ypaeHenue
f(x) = g(x) umeem ne Goaee 0dnoz0 Kopua. ([{okaxure aTo camu.)

HMHuorga npuxoAUTCA PacCMaTPUBATh QDYHKIMHM, Y KOTOPBIX apry-
MEHT, B CBOIO ouepenb, ABaserca bynknueit. Takune GpyHKOUM Ha3bI-
BaIOT CAONCHbIMU QyHKyuamu (MIU Komnosuyuell pynryuil).

IIycrs, HApHUMED, f(u) = «/17, au=g(x)=x%- 1. Torga, nox-
crapiasasa B dopmyay f(u) = Ju Bmecro apryMeHTa u ¢yHKIUIO g(x),
nonyuum f(g(x)) = V& - 1.

4. Ecru obe pynxyuu f u g gospacmarowue unu obe ybuviéa-
rowue, mo pynxyua ¢(x) = f(g(x)) — eo3pacmarowan pynrxyus.

HdokxasareabcTBo. Ilyets x; U x, — snio6ble 3HAUEHUS apry-
MEHTa, IpUHaJJIesKalue 00acTi onpeeyeHnus GyHKIUN @ U X, > X,.

Ecau f m g — Bospacraiomue QyHKIUH, TO BEPHO HEPABEHCTBO
g(x,) > g(x,), a mIOTOMy BEpHO TaK)Xe HEPaBEHCTBO

f(&(xz)) > f(g(xy),

T. €. ¢ — Bo3pacTawiad GyHKIuU,

Ecau f u g — y6niBalommue GyHKIMH, TO BEpHO HepaBeH-
cTBo g(x;) < g(x,) u, 3HAYNT, BEPHLIM SBJISETCA TAKKe HEPABEHCTBO
f(g(x,)) < f(g(x,)), a aTO O3HAYAET, YTO U B 3ITOM ciydae GyHKIUA @
TaKKe SABJSEeTCA BO3pacTalolei.

CgoiicTBO 4 uHOrga GOPMYJUDPYIOT TaK: KOMNO3UUUA 06Yx PyHK-
yuillt 00uHaAK068020 xapaxmepa MOHOMOHHOCMU ABAAEMCA 603DACMA-
oweit pynryuei.

5. Ecru ¢ynxyus y = f(x) monomonna na mnoixecmee X u

coxpansem Ha 3ImOM MHONcecmee 3HaK, mo Pynrkyus g(x) = % Ha
Mmroxacecmee X umeem npomueononoHCHHLL Xapaxmep MOHOMOLHOCMU.

HokasareanbcrTBo. Ilyers x;, € X, x, € X u x, > x,. Pac-
CMOTpHUM pa3HOCTh g(x,) ~ g(x,) u npeoGpasyem ee:

11 @) - fxy)
8(x;) ~ 8% = 765~ o) = Fm) F5)

3HaMeHaTeJb NMOJYYEeHHOM Apo6H — IIOJIOMKHUTENbHOE YHCJIO, TaK
Kak 00a MHOKHUTENA f(x,) U f(x,), MO yCIAOBUIO, OAHOTO 3HAKA.

f(x) - f(x3)

Yucaureab 06H < -~ N — oTpuMLaATeJbHO€ 4YHuCJO0, €CJIH
APODH 7)) - f(x) put

dbyukuMA f Bo3pacTalomas, ¥ MOJOMKUTEILHOE YUCJIO, eCan GYHKuus [
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ybuisatomasn. Orcroza caeayer, uro g(x,) < g(x,), ecau f — BoapacTa-

omasa pyHkumd, u g(x,) > g(x,), ecnu f — yb6riBawmas GyHKOUA.
IIpuBeseM MpUMephI UCIIO/IL30BAHUSA CBOMCTB MOHOTOHHBIX (DYHKIIHA.
IIpumep 1. BeisicHuM, B CKOJIBKUX TOYKaxX mpsiMas y = 9 me-

pecexaer rpadux dynknuyu f(x) = Jx + 1 + Jx + 6 + Jx + 13.

dynknuu y = vx +1, y = Jx + 6 ¥ y ={Jx + 13 — Bo3pa-
craroime GyHKuun (csoiictso 4). Cymma BospacTaoIux GyHKIMHA —
Boapacrammasa ¢ysKknus (csoiictso 3). A Bosdpacrawiiaa QYHKIUAA
Ka)XJoe CBOe 3HAYEeHHE IPHMHUMAET JUIIb INPH OJHOM 3HAYEHHH
aprymenra (csoiictso 1). CirexoBsaTesbHO, €CoIM IpsAMas uMeeT obue
TOYKHU C rpadukoM GYHKUUM f, TO TOJABKO OAHY TOYKY.

ITop6opom MoxkHO HalTH, 4TO f(x) = 9 npn x = 3. 3HauuT, IpsaMasn
nepecexkaer rpaduk GyHKuuu f B rouke M(3; 9).

IIpumep 2. BoigicHUM xapaKTep MOHOTOHHOCTH (DYHKIHH

1 1
f=33"%-3

O6sacTh onpefesieHUA QPYyHKIUM:
D(f) = (=90; =3) U (=3; 3) U (35 +0).
B kaxxaom u3 mpomMexKyTKoB (—o0; —3), (—3; 3) u (3; +°°) byHxmumu

y=x+ 3 1 y=x— 3 cCOXpaHAIOT 3HAK U ABJAIOTCS BO3DACTAIOIIUMHU.
. 1 1
CrnenoBaTesbHO, 110 CBOMCTBY 5, QYHKIMU Yy = 5 U Y = -7 B ITUX
x+3 x-3

NPOMEKYTKAaX ABJIAITCA yobiBalomuMu., Cymma yObIBaOIuX QyHKOUHA
(cBoiicTBO 2) siBiseTcA yObiBaomed GpyHkmuesi. IToaTromy pynrkuusa f B
KaXXJOM H3 MPOMEKYTKOB (—o0; —3), (—3; 3) u (3; +o0) ybuIiBaer.

Ha pucysnke 9 mokasaH mpuMepHbIN rpapuk ¢yHKOUHU f.

2_8x-1

IIpumep 3. HokaxkeM, uTo GyHKIMA f(x) = X p BO3pa-

CTAeT Ha KaKIOM M3 IPOMeKyTKOB (—o°; 0) u (0; +00).
®Dyukuua f ompejesieHa HA MHOMKECTBE JEHCTBUTEJIbHBIX UHCEJ,
KpoMe HYJs.

2
Ilpeo6pasyem BuIpaskeHUe X -3x-1,

3uavur, f(x)=x -3 ~ %

OyHKIMI0 [ MOKHO PACCMATPUBATH K&K CYMMY ABYX GYHKI[MM

1 .
y=x-3uny= —7- Kaxnas us Hux sAB1sercs sospacrapoumeil GyHK-

nMeil Ha YKasaHHBIX IPOMEXKYTKAaX.
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Ilo cBoiicTBY 3, cymMMa JBYX BO3pACTAOIIMX QYHKIMA Ha obmei
obnacTu onpeaeseHUs — Bo3pacrawinaf GyHKuus. CiaexoBaTesbHO,
Ha KaXXJOM U3 IPOMEXKYTKOB (—~2°; 0) u (0; +o°) ¢pyHKkuusa f Bo3pa-
cTaer.

IlIpumep 4. Pemum ypaBHeHue
o-2,Jx =o0.
x

Jlerko BujgeTh, YTo x = 1 — KopeHb ypaBHeHHs. Ilokaxkem, uro
APYruX KOpHe# 3TO ypaBHeHUMe He uMeeT. [eificTBHTENBHO, 00JacTh

3

ompejesieHua GYHKIUM Yy = x° — 2, Jx — muosxecTso momosmu-
x

TeJbHBIX ynuces. Ha sTom MHOMXecTBe DyHKIMA BO3pacTaeT, TaK KakK
. 3 2 Jx
Kaxxaas u3 QyHkmmit y = x°, y = -~ M Y = JX HA IPOMEXYTKe

(0; +o0) Bospacraer. CieroBaTelbHO, JAHHOE YpPaBHEHHUE APYIrUX
KOpHei#l, KpoMme x = 1, He UMeeT.

17. Nokaxkure, 4To GYHKUUA g ABJIAETCA yORIBaKOIIEH QYyHKIMEH,
ecyu:

1
2) 8(x) = oz 75’ THe ¥ > — 53 B) g(x) = V2 - x;

6) g(x) = -xl—z rae x > 0; r) g(x) = %
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18. Hdoxaxure, uro GyHKIMA [ ABIAETCA BO3pacTawlleil GpyHK-
e, ecau:

a) f(x) = 7Tlx’ roe x < 7; B) f(x) = x|x|;
6) f(x) = (x = 2)%, rre x > 2; ) fx) = 7=
19. doxaxuTre, uro GyHKIUA [ BO3pACTAIOMIAS, E€CIIH:
a) f(x) = Jx - %; B) f(x) = £* + Vx;
x
6)fx)=2x -1~ —ip mae x> -2 1) f(x) = 52, rme x > 2.

20. Haub! GyHKnuM f(x) = x% u g(x) = 2x ~ 1. 3agaiite dopmy.oit
dyuknuio: a) y = f(g(x)); 6) y = g(f(x)).

21. ®dyukuusa y = f(g(x)) samaHa dopmysoi. YKakure GyHKIUH
y = f(x) n y = g(x), ecnu:

a) y =|x* - 2x - 3|; B) y = x* ~ |x[;
6) y=x+ 2Jx - 3; Nny=02x-1°-1.

22, MokaxuTte, yro ecau [ — yObIBamomaa GyHKIUA, a £ — BO3-
pacraloiman GyAKuusa, To ¥y = f(g(x)) — yOniBaromas GyHKIIHS.

Yro B TOM CIyuae MOXKHO CKas3aTh 0 GyHKmuH @(x) = g(f(x))?
CohopmyupyiiTe cBOMCTBO KOMIO3HIIUM ABYX PYHKIOUIL C pPA3HBIM Xa-
PaKTEPOM MOHOTOHHOCTH.

23. Jausl byEKOMNHU f(x) = Jx u g(x) = 2 — x. 3agaiite hopmymoi

dbyuxnuio: a) y = f(g(x)); 6) y = g(f(x)). Onpenennre xapaKTep MOHO-
TOHHOCTHM KAXKJOM M3 IMOJYYEHHBIX (DPYHKIMA.

24, Onpepesnure xapakTep MOHOTOHHOCTH (DYHKIIMM:

oo 1 1
= 4/~-2 ; = = + —=;
a)y X r)y P
- . -1 .1 .
6) y= ~Vx - 5; Ny=3"4"%x+ 2
1 1 1
= - M = + .
By x+ 2 Vs )y Jxr -2 Jx+2
25. Hokaxkure, uTO & — BO3pacramias GYHKIUA, eClIu:
22 +2¢ -6
a) g(x) = = — rae x > 0;
_x*—4x-5
6)g(x)—————x_2 » TOe x > 2.
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26. Hoxkaxkure, uro f — yOnIBalomada QYHKIMNs, €CJIHU:

2
a) f(x) = m’%, rae x > 0;

_ 2
6) f(x) = 106z 2x

27. Hokaxure, uro dyHKuus y = x* + |x| + Jx + 2x — 3 asasa-

,» Toe x < 3.

eTcs Bo3pacramomiei GyHKiuei.
ITonbepure 3HaUeHHE apryMeHTa X, IPH KOTOPOM:

a) y = 27; 6) y = 108,
28. Pemure ypaBHEHUe:
a) x* + x* + x = ~42; 6)x2+«/;—1?2=15.

29. Peurure cucteMy ypaBHEHUH

{Jx—y+(x—y)3=z,

X -6y+1=0.

\
RN ‘/ YnpaxHeHus O NOBTOPEHUS

30. Yka)KnuTe IPOMEKYTKH BO3PACTAHMA M IPOMEXKYTKHU YOBbIBa-
HUA QYHKIMU:
a) y = x5 6) y = x°% B)y=|x-5; r)y=|x+5l

31. Jokaxkure, 4TO 3HAYEHHE BhIpaxkeHuda (@ + b)’ — 2(a+ b - 1)
npu JobbIX a@ U b ABNsAeTCA HEOTPUIATEIbHBEIM YHCJIOM.

' 2 2
+ -—
82. Vmpocrure Bepaxenne L YL =X ecom x = 2Va - 1,

x
M HaliuTe ero 3HayeHue:
a) mpu a = 1,5; 6) npu a = 3,87.

¢

3. V¥V YerHbie u HeueTHble yHKUMU

Bam u3BecTHBI CBOMCTBA cTemeHHbIX GYyHKUUM f(x) = x" ¢ ueJabIM
nmoKasaTejieM.

Ecim n — dyerHoe yucio, TO JIOOBIM IIPOTHBOIOJIOKHBIM 3HAYE-
HUAM apryMeHTa COOTBETCTBYET OJHO M TO Ke 3HaueHHe pYHKIUH,
T. e. gnd gwoboro x € D(f) BepHO paBeHcTBO f(—x) = f(x).

Ecnu n — HeueTHOe umMciO, TO JIOGBIM IPOTHBOIIOJNOXKHBIM 3HA-
YEeHUAM apryMeHTa COOTBETCTBYIOT IIPOTHBOIIOJIOMHbIE 3HAYEHNA QYHK-
I¥u, T. €. Aada Jwoboro x € D(f) BbIIOMHAETCA PABEHCTBO

f(=x) = ~f(x).
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CyinecTByeT LeJBIA pAA pa3THYHBIX QYHKIUIE (He TOJABKO cTe-
IIEHHBIX C [EeJIBIM [I0Ka3aTejeM), KOTODEIe 00J1afal0T TAKMMHU YKe CBOM-
CcTBAaMH. JTH QYHKIUH IOJYUYHJIH CIIeHUaIbHOEe Ha3BaHUe.

Onpepnenenue. OyEkuusa [ Ha3pIBaeTcd YeTHOM, ecam IJaA
aw6oro x € D(f) Bepro paBeHcTBO f(—x) = f(x). ®yEKuusa [ ma-
3pIBaeTCA HEYeTHOM, ecan aaa awboro x € D(f) Bepro paBeHCTBO

f(=x) = —f(x).

Brimonuenue paBeHcTB f(—x) = f(x) u f(—x) = —f(x) ana mo6Goro
x € D(f) odHauaeT, YTO €COH X, IPHHAMJIEIKUT 00J1aCTH ONpeaeIeHns
dbyuruum f, To —x, TAK}KE IPUHAAJIEIKHUT 00JIACTH ONpeAeseHud QPYyHK-
ouu f. B Takux caydasx roBopAT, 4TO 00JaCTh oIpedeseHus (YHK-
MU €CTh MHONeCME0, CUMMEempPULHOe OMHOCUMENbHO HYLA.

Ecan obnacte onpegesrernsa HEKOTOpOH (GyHKDUM He ABIAETCA
MHO>KEeCTBOM, CUMMETDPHYHBIM OTHOCHTEJIBbHO HYJISI, TO 9Ta QYHKIMSA
He OTHOCHUTCH K KJIACCY YETHBIX MJIM HeueTHBIX GpyHknuii. Hanpumep,

x . .
HKOUA @(x) = He ABJAETCA HU YEeTHOMH, HU HeYeTHOH PYHK-
x+ 2

muei, Tak Kak ee o6J1acTh ompeAesieHUA eCTh MHOXKeCTBO (—o0; —2) U
U (—2; +00), HeCHMMETPHYHOEe OTHOCUTEJBHO HYJA. B aTOM ciayuae

BeIpakeHue @(2) uMeeT cMeIci (((2) = %), a BeIpaxkeHue ((—2) He UMeeT

CMbICJIA.

Y106l AOKA3aTh, YTO AAHHAA GYHKOUA [ ABIAETCA YETHOM MU
HEYEeTHO#H, JOCTATOYHO IMOKA3aTh BEIIIOJHMMOCTb, COOTBETCTBEHHO,
paBeHCTB f(—x) = f(x) unu f(—x) = —f(x) agna moboro x € D(f). Ecin uu
OIHO U3 ITUX PABEHCTB He BEHINOJHAETCA, TO QYHKOUA [ He ABJIAETCA
HM 4YeTHOM, HH HedeTHOH. OmpenenuTh, YTO paccMaTpusBaemMasa GyHK-
U He ABJISAETCS YeTHOM MJIM HeYeTHOM, MOXKHO M HHauye. [J1g aToro
JOCTATOYHO IIOKa3aTh, 4YTO D(f) eCTh MHOXXECTBO, HECHMMMETPHUUYHOE

. x
OTHOCHTEJIbHO HYJS (KaK B IpuMepe ¢ dyHKIUEH ¢(x) = ) ).

IIpuBegeM npuMepsl YETHBHIX X HeYeTHBIX (yHKOuil. OyHKIMSA,
sananHasa opmyson f(x) = 7Tx* — 5x2 + 1, — dyerHaa QyHKIHA,
TAK KaK

f=x) = T(-x)* - 5(—x)* + 1 = Tx* ~ 5x? + 1 = f(x),
T. e. AJd JI000r0 X BBINOJHAETCA paBeHCTBO f(—x) = f(x). ®yHKUMA,

. 5 o .
3aanHaA Gopmysoi g(x) = % _ 5’ fABISETCA HEYeTHOH GyHKIUEN.

HeiicTBHTENBHO,
5 5 5
= 3 = _g(x)’

8(-x) = 2 - (1) 2 +x 2 - x

T. e. ;14 awboro x € D(g) BepHO paBeHCTBO g(~x) = —g(x).
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IMpumep 1. Joxaxem, uro dyuknusa g(x) = |x + 3| + |x — 3|
yerHad, a yuknua f(x) = |x + 2| — |x ~ 2| HeueTHas.

HNmeem:

g-x)=|-x + 3|+ [-x - 8| =[x ~ 3 + [~A(x + 3)| =
=lx - 38| +|x + 3| = g(x),
T. €. § — 4eTHada QyHKIUA;
fx)=|-x + 2| - |-x - 2| =|-(x - 2)| - |[H(x + 2)| =
=lx - 2| - |x + 2[=~(x + 2| - |x ~ 2)) = ~f(x),
T. €. { — HeuerHasd GHYHKOMA.

Bru1 3naere, uTo rpadMK CTemeHHON (QYHKIUM C YETHHEIM IOKAa3a-
TeJieM CHMMETPHYeH OTHOCUTEJILHO OCH ¥/, & I'padUK cTeneHHO GyHK-
LMY C HEYETHHIM IIOKA3aTeJIEM CHMMETPIYEH OTHOCHTENILHO ToukH (0; 0).
TaxuMH Ke cBoicTBaMH 06IafalOT U rpadUKHU JIOOLIX YETHBIX M He-
YeTHBIX QYHKIUH.

I'pagux wemnoil pynxyuu f cummempuuern omHoCcUmMELLHO OCU
opdunam, a zpajdukx HevemHOU PYHKYUU CUMMempPULEH OM-
HOCUMenbHO HAYAna Koopdunam.

Hoxasxem ato. Ecau (x,; y,) — IpousBOJbHAA TOYKA rpaduKa yeT-
HOW myN HedyeTHOM PyHKUUM Y = f(x), TO BEPHO PABEHCTRBO Y, = f(x,) 4
~x, € D(f), Tak Kak o6IacTh onpeAesIeHUs YETHOM WM HeYeTHOH PyHK-
oMM — MHOYKECTBO, CHMMETPUYHOE OTHOCHUTEJILHO HYJIA.

Ecnu f — detHasa byHkmus, to f(—x,) = f(x,) = yo. 3HAUMUT, TOUKA
(—x¢; Yo) mpuHagIexknT rpaduky oyuxkoun f. Ho Touku (x,; y,) u
(—%; Jo) CHMMETPUYHEI OTHOCUTEJNBHO ocu Y (puc. 10). CnexoBaTesnnb-
HO, KaXKJo#il TouKe (X, Y,) COOTBETCTBYET TOYKA (—X,; Yo)y CHMMET-
pUYHAaA OTHOCHUTEJIBHO OCHU Yy, U HaobopoT. 3Ha4YUT, rpadMK YeTHOH
byHKOMKE cMMMeTpPHYeH OTHOCHUTEJIBHO OCH ODAUHAT.

Ecmn f — HeuerHas ¢yHKUMA, TO f(—x,) = —f(x,) = ~Y,. 3HAUMT,
TOYKA (—Xo; —Yo) IpUHALIEKUT rpaduky dyHkuuu f. Tak Kak TOYKH
(%05 Yo) ¥ (—Xo; ~Y;) CUMMETPUYHBI OTHOCUTEJIBHO HaYajla KOODAUHAT
(puc. 11) u xamxpoit Touxke (xy; Y,) COOTBETCTBYET TOUKA (—Xo; ~Yo)s

17 ) L |
(%05 Yo)
(_xo; yo) yo (xo; yo) y° =T 1
1 I I
1 . %o 1 >
-X, [9) x, X : o) X, x
|
===-1"Y
(_xo; _yo) ’
Puc. 10 Puc. 11
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CHMMETPHYHAasA OTHOCUTEILHO Haualia KOOPAMHAT, U Ha000pOT, TO rpaduk
HeYeTHOM QYHKIMH CUMMETPHYEH OTHOCHTEJILHO HAa4ajia KOOPAMHAT.
3aMeTHM, 4TO ecJid QYHKUMA [ HedeTHAS M OmpejesieHa HA MHO-
JKeCcTBe AEeHCTBUTENbHBIX Yuces (MJM, II0 KpaiiHell Mepe, olpejesieHa
B HyJe), TO ee rpadUK IPOXOAUT Yepe3 Hauajio KoopauHart. [eicTsu-
TesabHO, BeipaxkeHue f(0) umeer cmbica. Ilyers f(0) = a. Yucyao a e
MOeT GBITh YHCJIOM, OTJIMYHBIM OT HYJIA, TAK KaK, HOIYCTHB, UTO
a # 0, MBI TOJTyYnM, 4TO rpaduK GYHKUMH [ (KOTOPBIA CHMMETPUYEH
OTHOCHUTEJIbHO HayaJia KOODAWHAT) IIepeceKaeT OCh OPAUHAT B ABYX TOY-
Kax: (0; a) u (0; —a), T. e. uro f(0) = a u f(0) = —a. Ho aroro GuITh He
MOJKeT, TAK KaK, COTJIACHO OIpefesIeHNI0 QYHKIUNA, KaXXJOMy 3Hade-
HMIO apryMeHTa COOTBETCTBYET €INHCTBEHHOE 3HAaUYeHHEe QYHKIIMH.

IIpumep 2. IIycTe f — HeueTHAsA GYyHKIUA, 00JIaCThIO OIpeze-
JIEHNSI KOTOPOHM SIBJSETCS MHOXECTBO AEMCTBUTEJNbHBLIX YHUces. 3Hasd,
yTo ypapHeHHe f(x) = 0 MMeeT TOJBKO OAMH IIOJIOXKUTEIBHBI KOPDEHb —
yncyo 3, HaWAeM OCTAJIbHBIE KODHU 3TOTO YPaBHEHUA.

Tak kak ¢yHkuusa f HeuerHas, o f(—3) = —f(3). Ho 3 — kopeHs
ypaBHeHusa f(x) = 0. 3Haunr, f(3) = 0, moaromy m f(-3) = O, T.e.
-3 TakiKe siBJAETCA KOpDHEM ypaBHeHusA. COrJIacCHO YCJIOBHIO APYTHX,
Kpome umcia 3, MOJIOMKHUTEJLHBIX KOpHell ypaBHeHHEe He umMmeeT. 3Ha-
YUT, OHO HEe MMEeT U JPYruX, KPpOMe Yucjia —3, OTPULATENBHEIX KOp-
Heli. BeisicHUM Temepn, He SABJIAETCA JM KOpPHEM ypaBHeHUsA uucio 0.
Tax xkak ¢byHKUUA f HeueTHasa U ompejesieHa Ha MHOXKECTBE BCEX Jei-
CTBUTEJIbHBIX YHCeJI, TO e rpaduK IIPOXOAUT Yepe3 Hauajlo KOOPJUHAT,
T. e. f(0) = 0. 3uauur, yncao 0 Taxkke ABISETCA KOPHEM YpaBHEHMS.

HArak, ypaBHeHue f(x) = 0 umeer Tpu KopHsa: —3, 0 u 3.

33. Cpean mHOKecTB A = (—~o0; 0) U (0; +00), B = (—=o0; —1] U [0; +0),
C =(—o0; -1] U (1; +90), D = [~2; 2] BribepuTe TE€, KOTOPblE CUMMET-
PUYHBI OTHOCHUTEJNBHO HYJISA.

34. Hokaxure, 4yro GyHKUUA [ YeTHAdA, €CIIH:

a) f(x) = x* — Tx% B) f(x) = 5|xl;

6) f(x) = #; 1) f(x) = (x — T)x + 5) + 2x.

35. Hokaxkure, uto GyHKUUA g HEUYETHAA, €CJIM:
a) g(x) = x7 ~ x%; B) g(x) = (x ~ 5)* — (x + 5)%
=1 . - —y —
6) 8(x) = 53 r)gx)=lx+ 7 -[x-17
36. Hokaxkure, uyro QYHKIUA A He SABJIAETCA HU YETHOH, HM He-
YEeTHOM:

-~ 1
Wh@ ==L 5w = 2
2¢ -1, B2+1

6) h(x) = 373> r) h(x) = S5
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37. SABNseTca MM YETHOM WM HeYeTHOM GYHKIMA, 3aZaHHANA
dopmyoii:

a) o(x) = x28_ = r) o(x) = 2%, rae -1 < x < 2;
6) 9(x) = 7o o) o(x) = 2* + x, e -3 < x < 1;
B) o(x) = |x — 2|; e) o(x) = x*, rme x € (-5; 1] U [1; 5)?

38. U3BecTHO, uTO f(x) = x® + ax* + 1 u f(2) = 305. Haitgure f(—2)
U 3HaYeHUe Ko3pduuueHTa a.

15552
7 u g(3) = 16, Haiinure g(—3) 1 3HaUe-

39. 3uasd, uro g(x) = PR

HUe KoapduuueHTa b.

40. CymecTByIOT 1 TaKue 3HaUeHUA Ko3ahdumueHToB k u b, npn
KOTODHIX JIUHelHas GyHKMUA y = kx + b aBadercs
a) YeTHOI; 6) HeueTHOI; B) YeTHOM U HEYEeTHOH?

41. TlocTpoiite rpadpuk GpyHKIuHU [, 3HasdA, 4TO f — 4YeTHAsA QYHK-
IUA U ee 3HaUeHUA npu x > 0 moryr GRITh HaiifeHHI IO GopMyJIe:

a) fx)=x% 6)f(x)=+vx; Bf@)=|x-3; 1fx)=x-2.

42. ITocTpoiite rpaduK GYHKIUH &, €CJIU U3BECTHO, YTO QyHKIMSA &
HeuyeTHAs U ee 3HaUeHUdA npH x > 0 MoryT ORITH HalileHbl 10 GopmyJie:

a) g(x) = x4 6)gx)=Vx; B)gE)=|x~2/~2 r)gx)=x-~3.

43. U3BecTHO, uTO GyHKOHUA @ YeTHadA M 4YTO OHa obpamiaercs B
HyJb npu X = —2 1 x = 3. CyIecTBYIOT JU KaKue-11u00 Apyrue 3Haye-
HHMA apryMeHTa, IPY KOTOPBIX @(x) = 0?

44, 3Has, uro f — HeueTHas GPYHKIUSA U UTO €e HYJAMM SBJIA-
I0TCA YUCaa —5 U 2, YKa)KNTe KaKue-HUOYyAb ApyrHe HYJH 3TOH QyHK-
uuu, ecau 0 € D(f).

45. 3Had, uTo rpadhuK GYHKUUAHK [ TPOXOAUT uyepe3 TouKu A(2; 9)
n B(3; 5), ykakuTe Apyrue TOuKH rpaduxa 3Tol QYHKIMHA, €CIU:
a) [ — yeTHas GYHKUIHUS; 6) f — HeueTHas byHKLIUA.

46. N3BecTHO, uTO ypaBHeHHE ((x) = 0, rie @ — HeueTHasaA PyHK-
nusa ¢ obsacThio onpejesieHuss R, mMeeT ABa IIOJOMKHUTENBHBIX KODHSA
8 u 17. HaliguTe HEIIOJMOXUTEJbHEIE KOPHH 3TOr0 YPABHEHHA.

47, NokaxxuTe, YTO €CJIU (¢ — IPOU3BOJbHaA byHKIuUA, rae D(Q) —
MHOXXEeCTBO, CHMMETPHUYHOE OTHOCHTEJIBHO HYJS, TO:

x) + o(—x

a) f(x) = AL 0D

— 4YeTHasa QyHKOUS;

6) f(x) = M — HeyeTHad QPYHKOUA.
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48. Mokaxxure, 4TO:

a) ecqu dyeTHad GYHKOUA MOHOTOHHA Ha MOJOXKHTEJILHON YacTH 06-
JACTH OIIpeZieJIeHUsI, TO OHAa HMMeeT IPOTHBOIOJIOMKHEIA XapakKTep
MOHOTOHHOCTH Ha OTPUOATENLHOM YacTH 06JIaCTH OIMpezesIeHUs;

6) ecou HeyeTHaA PYHKIAA MOHOTOHHA Ha MOJIOMKUTEJIbHOM YacTH 06-
JIACTH OIIpeieJIeHHA, TO OHA UMEeT TOT K€ XapaKTep MOHOTOHHOCTH
Ha OTPUIATEJLHOM YacTH 006J1aCTH OnpeAesIeHHsA.

49, Noxaxkure, uTo QyHKOUA g(x) = lxl% yOBIBaeT Ha IIpoMe-

sKyTKe [0; +°°) u BodpacTaeT Ha nMpomexKyTke (—°; 0].

50. Doxkaxkure, yTo byHKIHua f(x) = yOBIBaET Ha KaXKJOM

© 4 x
U3 IPOMEeXKYTKOB (—°; 0) u (0; +0).

\
T T ‘/ YnpaxHeHUs ana NOBTOPEHWUs

51. Ucnonpaya cBoficTBa MOHOTOHHBIX (YHKIUA, pelInTe ypas-
HEHUe;

a) x° + 2x* + 3x2 = 6; 6) Vi +5 + 22 + 1 = 6.

2x3+6x2—8x+3_
x2+2x -3

52. Beigenure meayo 4acTb U3 ApoGH

53. Briuuciure \/14 + 65 — \/9 - 45.

54. oxaxkurte, uyro upu n € N u n > 3 3HaueHUe BBIPAKEHUA

\/n2 +n+4+Jn®+9-6n aBiseTcA HATYPAIBHBIM YHCIOM.

4, \‘/ OrpaHuyeHHble U HeorpaHU4eHHbIe
GyHKUMN

Ha pucynke 12 mocTpoeH rpaduk

Y,

bysKINE g(x) = Jx -1.37a byHKOUA El} %

onpejgeieHa Ha MHOXXeCTBe HeOTpH- —“21

maTeJbHBIX YUCEeJ, T. €. 1] -

D(g) = [0; +o0).
@ynkuua g Bospactalomas. Hau- (O] 1 | 59 [ 3 | 4 | ¢ _E

MeHblllee 3HaUeHue, paBHOe —1, DYHK- | Ll [

uA npuruMaer npu x = 0. Hanboas- -t [T TT

ero 3HaYeHus 9Ta GyHKIMA He UMeeT: Puc. 12
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U] ecau x — +00, 1o g(x) — +o°0, Bee Tou-
4 ku rpaduka, kpome Touku (0; —1),
/ : pACIIONIOKEHBI BhIIIe NpAMOR y = —1.
3 ToBopsar, uTo byHKUUA & OzpaHuyeHa
I { \ CHU3Y.
2 Boo6me dysxuus f orparudena

| CHH3Y, ecau aaa moboro x € D(f) BH-
I 1 MOJIHAETCA HepaBeHCTBO f(x) 2 a, rae
a — HEeKOTOpOoe YHCJO.
®yuknua ¢(x) = 4 — x? (puc. 13)
Ji 1\ onpexeleHa Ha MHoXecTBe R. Ha
npoMexkyTke (—o0; 0] oHa BO3pacraer,
Puc. 13 Ha npoMexkyTKe [0; +00) — y6riBaer.
HauGoasiee ee 3HaueHue npu x = 0
77} pasHO 4. HaumeHsl1iero sHayeHus QyHK-
LIUA He UMeeT: IpH X — +0° (UJIH npHu
x — —00) @(x) —» —oo.
I'padux pyHKIUU @, KPOME TOYKHU
(0; 4), pacnosyioxeH HIXKe IPAMOM y = 4.

|

[

{
I

—
Qo

—

|

1

N
rY

=5T—=4T=8T=2T=1

- o] |* ToBopar, yro byHKUUSA ¢ 02paHuUYeHa
-14  ceepxy.

2 _|2‘ Boo6me ¢dysxkunusa f orpanndena

17| cBepxy, ecan aas moGoro x € D(f) BuI-

Puc. 14 noJIHAeTCA HepaBeHCTBO f(x) < b, rme

b — HekOTOpOE YHCIO.
Ha pucyuke 14 usobpaxeH rpadbuk byHKIHU f(x) = %, 3aJaHHOM

Ha MHOXecTBe X = (—°°; —1]. IIpu m060M 3HaYEeHHUHN apryMeHTa QYyHK-
nua f IpUHUMAaeT OTPHIATeJbHEIe 3HaUeHuA. PyHKIuA y6pIBalomasa.
HauGoapmero 3aueHusa (pyHKLUA He HMeeT: mpu X — —© f(x) - 0
(oce x — acumnrora rpaduka GpyHknuu). HammeHbllee 3HaYEeHHE
¢dyaxnuu npu x = —1 paBHO ~2. 3HAYHT, Bce 3HAUEeHHUA GYHKIUUHU [
3aKJI0O4YeHbl B mpoMexyTke [~2; 0), T. e. —2 < f(x) < 0. ITosaTomy ee
rpadMK pacmosIo:eH BHYTPH IIOJIOCHI, OTPAHUYEHHOM NPAMBIMM Y = —2
1 y = 0. B rakux cayuasgx roBopaT, 4yTo GyHKUUA f ABIAETCA orpa-
HUYEeHHOHN Ha MHOMXecTBe X = (—o0; —1].

OnpeneneHue. OyEkuua Ha3bIBaeTCA OTPAHHICHHOM, €CJIM CY-
IEeCTBYIOT ABa YHCJA a ¥ b Takue, 4TO AJA JI060T0 aprymMeHra x
BHIIOJIHAETCHA HepaBeHCTBO a S f(x) < b.

Ecnu ycmoBHe, 0 KOTOPOM TOBOPDHTCS B OIIpeJeJIeHUM OrPaHNYeH-
Ho¥M yHKIUH (@ < f(x) < b), He BBHINOJHAETCA, TO QYHKIUA HEe ABJA-
eTCHA OrpaHMYEHHOM.
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Ui ]
4
r/ N
/ 2 \\
/ HAN
‘4 I -
1
4 l-gl-2lylo[ | 7 [ 23] 4][*
Tl AN REE
Puc. 15

IIpuBeneM npuMepbl OrPAHMYEHHBLIX GYHKOHHA U GYHKIUHA, KO-
TOpPble He ABJAIOTCSA OrPAHNYEHHBIMHU.

dynknua h(x) = ;2‘%—3 (puc. 15) onpenenena Ha MHOXKecTBe R.

IIpu sm06oM 3HAYEHHUH apryMeHTa OHA IPUHUMAET TOJBKO IIOJIOMKH-
TeJibHBIe 3HaYeHns. HanGonbiee snauenue ¢yuknuu mpu x = 0 pasHo 3.
HaumeHbniero 3HaueHus QyHKINA He MMeET: IPU X — +0° (WIHA IPH
x — —0) h(x) - 0. 3HauuT, A4 JI060r0 X BHIIOJHAETCA HEPABEHCTBO
0 < h(x) < 3. IlosTomy dyHKIUA h orpaHUYeHHAA.

®yuknua g(x) = x® — 3x (puc. 16) onpeseneHa Ha MHOKeCTBe feit-
CTBHATEJILHBIX YKcesJ. PYHKONA MOYKET HPUHMMATh KaK OJOMKHATEb-
Heble, TAK M OTpUIlaTeJbHbIe 3HaueHusa. Ecau x — +00, To g(x) — +00;
ecM X — —, To g(x) — —o°. CiefoBaTeJbHO, HI HaMMEHBIIETo, HA
Haubosbmero 3Ha4yeHUH pyHKnusa He umeeT. IloaTomy rpaduk GpyHK-
OMU g He OTPAHMYEH HMKAKWMH INPAMBIMH, IIapaUIeJIbHLIMH OCH X.
3HAYNT, He CYLIECTBYeT HUKAKHX Yuce]a a ¥ b, A5 KOTOphIX OBl BBI-
NOJIHAJIOCHh HepaBeHCTBO a < g(x) < b, T. e. QYHKOUA g ABIAETCA
HeOrpaHMYeHHOM.

Yro6bl BBIACHUTH, ABJAETCA JHU !
naHHasa GQYHKIOHNA OTPDAHUYEHHOM HJIM 3
HEOrPaHUYEHHOH, UCIIOJL3YIOT pasHble
IpHEMBI. 2]

|
|
I

IIpumep 1. Beiscanm, asnserca
I GYHKOUA OrpaHNYEeHHOH HJIH 1
HEOrpaHMYeHHO#, eciu:

|
w
|
|
N
|
.
O
|
[
[\
i
(=Y

x> +6x+9. 1
) fX) = 7 6y 3 11° !
£ +15. —2
6) 8(x) = 57 3

B)p(x) =3 - Vo + L. Puc. 16
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x> +6x+9 (x +3)}°

a) IIpeacTaBuM ApoGH 16z ¢ 11 B BHIE @+3i+2

IIpu x = —3 gpobs paBHa HYJIO.
ITpu m0bom x # —3 YUCAUTENb U 3HAMEHATEJb Apo6M — moJIO-
JKUTEJbHBIC YUCJIa, IpUYEM 3HAMeHATeJb GoJbIle YUCIATEA.

(x + 3)°

_x+3)" < . B
x+32+2 1, r. e. 0 < f(x) < 1. 3uauwr, f

IToaTomy O <

orpaHMYeHHaaA GYHKUHA.
2

x“ +15
6) PazaenuM nouJI€eHHO YMCIHTEND JPO0H ——( 3 —

3.‘C2 Ha 3HaMEHAaTeJb.

HNmeem:

DyHKOUA Y = % (unu y = 5x %) cTemeHHAs ¢ YETHHIM OTPHIA-

TeJbHBIM moKasaTedeM. [Ipu x — +00 (uau npu x — ~©) y — 0, a
npu x — 0 (cieBa niau cnpaBa OT HyJs) y — +°, I'paduk dyHKmUM g

moJydaerca U3 rpaduka GYyHKOUHA y = % CABUTOM Ha % BJOJIb OCH V.

2
IToaTomy dyHKIHA g(X) = x +15

312 HEOrpaHU4YeHHAad. Ona OorpaHavYeHa

., . 1
CHH3Y. €¢ HHXKHEH IrpaHNNen sBJAeTCA YHUCIIO g-

B) Bripaxkenue vx* + 1 npuHuMMaeT HamMeHbIee 3HAYEHHE, PAaB-
Hoe 1, npu x = 0, a HanboJbIlero 3Ha4eHUA He MMeeT (NMpU X — +00
V&* + 1 - +00), Buaunr, BepHO HepaBeHcTBO VX° + 1 > 1. Orcioza,
MOJIB3YSACH CBOMCTBAMM YHCJIOBBIX HEPABEHCTB, IIOCIEA0BATEIbHO IIOJIY-
gaem —V22 +1 < -1,3- Vx* + 1 < 2. CnegoBatensHo, ¢(x) < 2 mpu

aobom x € R, 1. e. byHKOUA @ ABJAsAeTcA HeorpaHudeHHo#H. OHa
orpaHUYeHa CBEPXY: ee BepXHel rpaHHNeNd ABIAETCA YHUCIO 2.

2

IIpumep 2. Ilokaxem, uro pyHKOUA f(x) = ?x

—3 — fABJsAeTCA
x°+ 4

OrPAHUYEHHON (YHKI[HEH.

5x?
A pobs 22+ 4 TPH J1060M X MPUHHAMAET HEOTPHUIlaTeJbHOE 3Haye-

Hue. 3HayuT, QYHKUUs [ OrpaHHYEeHA CHU3Y.
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5x2
Beigenum u3 gpobu 2 4 4 UeIYIo YacTh:

br _ 5 +20-20 _5(x*+4 20 _5__20

24 2+ 4 Z2+4 2£+4 ° £+4

2

5x
OTcroaa AcHO, YTO " < 5 mpu mobom x, TaK KaK Apobb

+4 v+ 4
ABJAETCA TIONOMKUTENbHBIM YKCJIOM NpH jio6oM 3maueHuu x. OHa

NpUHAMAaeT HauOoJiplllee 3HaYeHHe, paBHoe 5, npu x = 0. 3Hauur,

20
0<x+4\5.4

CiezoBaTenbHO, IpH JIOG0M X € R BBINOJHAETCA HEPABEHCTBO
< flx) <5,

T. e. GyHKUMA [ ABIAETCS OrPAHHUYEHHOM.

OrpaHN4YeHHOCTh WJIH HEOTPAHHYEHHOCTh PYHKIOHUHM MOKHO OIIpe-
OEeJNTh, ecJIH HalTH o0JacTh ee sHaueHUii. [JefACcTBHUTENBbHO, €C)H,
Hanpumep, o6yacTh 3HaueHNi pyHKIUHM f ecTh n1poMeskyTOK [—8; 12],
TO 3TO O3HAYAET, YTO BEPHO HepaBeHCTBO —8 < f(x) < 12, T. e. pyHK-
oM f aBiasercsa orpaHudeHHoit. Ecam ke, nanpumep, E(f) = [1; +0),
To GyHKOUA f ABNAETCA HeOrPaHNYEHHOH QyHKIHel (OHA orpaHUYeHa
CHHU3Y).

IIpumep 3. BolAcHuM, ABAAETCA JU OrpaHNYEHHOH MJM HEOr-
paHNYeHHON (pYyHKIMA:

a) g(x) = 9 - |x[; 6) flx)= 216 18,

a) PaccyskgaTh OyzeM Tak. HYCTB m — IIPOM3BOJILHOE 3HAYEHHE
dyuxnuu g. Torza pasencTBo /9 — |x| = m okaskercs BepHBHIM mIpH
TeX 3HAYEHHAX M, IPU KOTOPHIX ypaBHeHHe /9 — |x| oTHocHTenbHO X

uMeeT KOpHHU. HailizeM MHOKeCTBO 3HAYE€HHIl m, MpPH KOTOPBIX 3TO
ypaBHeHUe uMeeT KOpHH. TeM caMbIM MBI Ha#zieM 06J1aCTh 3HAUEHU I

byHKIUU g.
Bossesiem oe uacTu ypaBHenus /9 — |x| = m B xBagpar u BEI-
pasum |x| uepes m:

9 - |x|=
|x| =9 - mb
Tak Kax |x| > 0, T0 9 — m? > 0. Orcioga m>< 9, |[m| < 3. Hom —

aT0 3HaUYeHHe QYHKINU g(x) = \/9 - |x|, xoTopas mMoxer mpuHMMATH

JIUIIb HEOTpHUIAaTeIbHbIe 3HaYeHUA, [ToarTomy 0 < m < 3w 0 < g(x) < 3
Orcioga E(g) = [0; 3]). CaenoBaTenpHO, PYHKIUA OrpaHHMYEHHASA.
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6) Ilycte m — npoussoibHOe 3HaueHue dpyukuuu f. Halizem MHO-

2
" x“+16
HEeCTBO 3HAYEHHH M, NP KOTOPLIX YPaBHEHHWe ~——5 — = M OTHOCH-

TEeJIbHO X UMeeT KOopHU. MMeem:
x2+ 16 = 2mx,
x2 - 2mx + 16 = 0.

HalizeMm IUCKPMMHHAHT ITOJYYEHHOTO KBAJPATHOTO VpPaBHEHHSA
u norpebyem, 4ToOBI OH GBLI HEOTPHIIATEJIBHBIM:

m?2-16 >0,
m? > 16,
Im| > 4,
m<-~-4umum =4,
T. €. m € (~o0; ~4] U [4; +00).
3rauur, E(f) = (—o©; —4] U [4; +0o0) n pyHKUUA [ sABIsSEeTCS He-
OrpaHHUYEeHHOMH,
55. okaxure, uto GyHKUUA [ ABIAETCS OTPaHUYEHHOU M yKa-
JKHTE ee BEPXHIOK M HHUKHIOI I'DAHMUILI, €CJIH:
a) f(x) = 2x — 3, rpe x € [5; 6];
6) f(x) = x3, rme x € (-2; 3];
B) f(x) = x*, rme x € [-2; 2);
D=2 mexee),

56. Ucnoan3ysa rpadpuyecKkue npencTaBIeHHs, 00bACHATE, KaKas

13 QYHKIWH sBIAEeTCA OrPAHUYEHHOH, KaKadA — HeOrpaHWYeHHOI
(orpaHMYEHHOH CBepXy, OTPAHHUYEHHOM CHHU3Y):
a)y=-5x+ 4; ny=+Jx -2, rge x < 10;
5 12
6) y = x° e)y=7,me—6<x<—1;
B)y =-x% rne ~83 < x < 3; R)y=x2 roe -4< x < 4;
r)y = Vx; 3)y=|x+ 3|

57. Halinure HauGoJblilee U HAaUMeHbIlee 3HAYEHHSA QYHKIIUH.
YKaXuTe BEPXHIO M HHUXKHIOH I'paHMUbI GYHKIIUHU:

a)y =0,1x ~ 5, rme x € [-10; 10];
6) y = x°, roe x € [-3; 1];
B)y = %, rge x € [2; 8];

r)y = +Jx ~ 3, rae x € [4; 19].
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58. HaiiznTe oGsacTh 3HaYeHUH QYHKIOUU U OIpeAesIUTe, ABJIA-
eTCcA JIM PYHKIMA OrPaHUYEHHOM:

a) y= 4% ) y= V2’ - 16;

x“+1

6)y—x;1’ ny=|x-6/-1

B) y = 16 — x°; e)y=5-|x+ 3|

59. JokayxuTe, uTo GYHKLUUA g OTPAHUYEHHAS, €CIIH:

a) g(x) = V-x* + 4x + 3; 6) g(x) =

1
2 +5

6
60. Moka)xkurte, 4To QyHKUUA Y = { OrPaHMYeHHasd, HO
oz
x

He UMeeT HH HAauOOoJIbINero, HM HAMMEHBIIIEr0 3HAUeHUH.

61. Hajigunre HauGosbllee 3HaUeHHe QYHKIIUM N 3HAYEHUE apry-
MEHTa, IPM KOTOpOM (GYHKLUS 3TO 3HAYEHUE NIPUHUMAET:

a) f(x) =3 - |x — 1|; B) f(x) = 'xz_gﬁ;

6) f(x) = 3+ J— r) f(x) = ﬁ

62. Haiinure HauMeHbIlee 3HaueHne QyHKIMU U 3HaYeHHE apry-
MEHTa, IPH KOTOPOM GYHKIUA 3TO 3HaUueHHe NIPUHUMAET:

a) g(x) =|x - 3| - 2; B)g(x)=z—_—;';;—2?

Do =2 naw= D

63. dokakure, 4To 06JacTh 3HaYEeHHN GYHKOUHA
ox) =|x - 3| +|x - 1],
rae 1 < x < 3, COCTOUT M3 OJHOTO YHCJA.

64. CymecTByeT Jiu TakasA JUHeHHaaA QYHKIOUS, KOTOpas ABIAETCH
OrpaHNYEeHHOM?

RN ’/ YnpaxHeHus ANa NOBTOPEHUN

65. Hdoka)kure, uro:
a) pynkuusa f(x) = x* + 2x Ha npomexkyTKe (—o0; —2] y6riBaer, a Ha
npomexkyTke [0; +00) — Bo3pacTaeT;
6) pynknusa g(x) = x* + x — 7 Bo3pacTaeT Ha MHOXecTBe R.
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66. oxaxkure, 4yTo QYHKIMA

a)f(x)=x2+1+

1 .,
-4 ABJIAETCA YETHOH;

6
X -x

6) g(x) = 23 + ABJAETCA HEYETHOIA.
67. Pasnoxkure Ha MHOMKHUTENM KBaJPATHHIM TPEXUJIEH:
a) 7a® + 44a ~ 35; 6) 4b% + 2b — 12.

68. HUcnonp3ysa cpoiicTBa MOHOTOHHOCTH (GyHKOHIE, pemiuTte
ypaBHEHHE:

' +5x-12 . 24 4
a) — =T 6 z+5 x-5 =3

| | | i | | \
‘/ KOHTpO/IbHbIE BOMPOCH! U 3afaHUN

1. ChopmyaupyiiTe onpeleseHHe BodpacTalleid U yOnIBalomien
dyuknuit Ha MHOKecTBe X. Kakas ¢yHKIMs Ha3bIBaeTcsi MOHOTOH-
HOM Ha MHO)KecTBe X? IIpuBemuTe mpumepsnl Bo3pacTralolieir U yOul-
Balolielr GyHKIUIA.

2. Kakasa @yHKI Mg Ha3BIBAETCA YETHOI, HeueTHOI? B ueM cocTour
0C06EeHHOCTh rpaduKa 4eTHON (GYHKI MM, HedeTHOH GyHKUIHH?
IIpuBeauTe mpuMepsl YETHOM B HEYETHOM QYHKITMI.

3. Kakasa ¢pyHKIHA Ha3bIBA€TCH OrPAaHNYEHHOH, HeOrpaHUYEHHOM?
IIpuBeanTe NMpuMepsl OrpaHUYEHHON GYHKIMU, QYHKIUK, OTDaHM-
YeHHOH CcBepXy, OTPAHUYEHHOH CHU3Y.

4. Haiiaure obsacTs 3HaYeHUH GYHKIHA Y = i1
§ 2. )\ KBAOPATUYHAAA OYHKLIUA

5. V DOyHkuumm y = ax®, y=ax> + n
nmy=a(x - m)?

OaHuM U3 Ba’KHBIX KJACCOB (GYHKIUM, pacCMaTPHMBAEMEIX B Ma-
TeMaTHKe, ABJIAETCA Kjacc PYyHKIMIA, KOTOPBIE MOKHO 3a1aTh ¢op-
MyJIo#

f(x)=ax"+bx"" '+ ... + kx + I, 1)
rae a # 0, n — HaTypaJIbHOE YHCJIO.

Taxue GyHKIMHY Ha3bIBAIOT UEAbiMU PAUUOHANbHUIMU QYHKUUAMU.

YacTHBIM CJIy4YaeM ILeJION panuoOHAJbHON MYHKIUU SABJIAETCH U3~
BeCTHAs BaM JIMHelHas GyHKOUA ¢ ZOOABJIEHUEM, UTO 4 MOJKET GBITh



§ 2. KsagpatnuHaa ¢yHKuna 31

¥ paBHO HyJI10. B 9TOM caydae mpa- A
Bag 4dacTb opmyasl (1), 3agaio-
mei JUHEHHYI0 GYHKIUIO, ABIA-
eTcs MHOTO4JIeHOM LepBOoil MJIu HYy-
JIeBOM CTeIleHH.

Ceiiuac MBI II03HAKOMHMCH C
IDYTHM BHJAOM ILIeJIONi DPAIlMOHAJIBb-
HOM QYHKIMH, Y KOTOpPOH mpasas \
yacte ¢GopmyJan (1) ecTs MHOrO-
YJIeH BTOPOI CTelleHH, UK, TOBOPA
UHave, KBAAPATHHIA TpexdJieH. \

-
]

Onpepenenue. Oyaxkumo,
KOTOPYIO MOKHO 3aXaTh GopMyJIoH
BHIA Yy =ax® + bx + ¢, tme a # 0,
HA3LIBAIOT KBaAPaTHIHOM (PyHK- \
mueit.

Hﬂ_m__m__.m__m_q_a:__q__oo__

(=Y

-31-21-110} | 1 12| 3|
IIpu b = ¢ = 0 dopmya, 3a- L | L I | I

Japuiasg KBaAPaTUYHYIO PYHK- Puc. 17
IMI0, IPUHUMAET BUA Y = ax?.

HexoTopnie cBoiicTBa GyHKIUK ¥ = ax® npd @ = 1 BBl H3YYNJIHA B
7-M kjacce. [Ipyrue cpoiicTsa pyHKUUM y = x° (Bo3pacTaHue U yObl-
BaHue; 00JacTh 3HAYEHNH GYHKOUN) KAK YACTHRIN Cay4dail cTeneHHOR
dyEKIUM y = X" npn n = 2 6slIM paccMOTpPeHH! B § 1.

O6nacTbi0 onpegeneHus MYHKIMH SABIAETCS MHOXKECTBO JeW-
CTBUTEJILHBIX 4YHCeJI, T. €.

D(y) = R.

ITepeuncaum cpoiicTBa dyHknuu y = x2. Ee rpaduk usobGpakeH
Ha pucyHKe 17.

1. ®yHKIMA YeTHASA.

22y=0nmpux=0,y>0npu x>0 unpu x <O0.

3. O6nacte sHauenuit pynknun E(y) = [0; +0).

4. dyaknua y6eiBaeT Ha npoMexkyTke (—o°; 0] u BO3pacTaer Ha
npomexxkyTke [0; +00). DyHKIMA MMeeT HauMeHbIllee 3HauYeHue y = 0
npu x = 0.

Tpaduk ¢pyuknuu y = x% HaseiBaloT napabonoii. Bepmuna napa-
Goner y = x2 — mouka (0; 0) a ocy cummeTpuu napaGojasl — OCh Y.
Bersu nmapa6oJsibl HanpaBJIeHbl BBEDX.

Br 3HaeTe, uTo rpaduk dyHkuum y = kf(x) npu k > 1 noaydyaercs
us rpaduka GQyHKIUM ¥ = f(x) pacTsasKeHHEeM OT OCH X B k pa3, a mpu

0 <k <1 — c:KaTHEM K OCH X B -}; pa3. CiezoBaTesbHO, rpaduK GyHK-

nuu y = 2x2 ects napa6osa, nosiyueHHas u3 rpaduka GyHKmun y = x?
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pacTsaMXKeHHneM OT ocHu X B 2 pasa, a rpaduk GyHKOUH Yy = %xz -

napaoJa, noJydyeHHasa U3 rpadpuxa QyHKuAMA y = X% COKATHEM K OCH %
B 2 pasa (puc. 18 u 19).

CsoiicTBa dyHKknuM y = ax® npu a > 0 Takue e, KaK M CBOMCTBA
dbyuxnuu y = x2.

Tpaduk dyurouu y = ax?, rge a < 0, nosyyaercsa u3 rpaduxa
GYHKIUN C IPOTHBOIOJIOMKHBIM (IIOJIOMKUTEJIbHBIM) 3HAYEHHEM a4 B
pe3yJbTaTe CUMMETDUHM OTHOCHTEJBHO OCH X.

Ha pucyrkax 20 u 21 uzoGpaeHnl rpadury QyHKIuUMA y = —x2 n

y=§x.

3Hasa, KaKkoi BuA mMeer rpadur GyHKUHH y = axi, npu a < 0,
JIETKO YCTAHOBUTH CBOMCTBA 3TOH (PYHKIIMH.

H3BecTHO, YTO rpaduk QYHKIMHA Y = f(x) + n MOKHO IOJIYUYUTH U3
rpaduka GyHKIUH y = f(x) ¢ MOMOIIBIO CABUTA BJOJL OCH Y Ha N efu-

7 BRL Wl 1
! T
- =3 =215 1——2—%3;
-3 L-2 -1/ 1 \\1-| 2| 3% 2
| -1 -1
I | J
I® -2 % -2
d { v {
._3 Vi _3
] A\ K |
: frfy




§ 2. KsappatniuHaa ¢yHKumsa 33

A 177 |[ 1 I
L 15 -
2 Jl >
| H: ;
LA T TN T 13 &
=3-271-1 1 2738 — | \ I;
7, 0 e ___2: <
* -1
N | _.__ll \ I
3 | \
A ) .
it | [0] X
i -3 1123 lals51™
al | \ [ I S T
Puc. 22 Puc. 23

HHUII, BBEDX, ecu 1 > 0, UM Ha |n| equnun Baus, ecau n < 0, a rpaduk
byHRDUU ¥y = f(x ~ M) MOKHO HOJYYHUTH M3 rpadura GyHKIHUHU
¥ = f(x) c nomomrbio capura rpaduka GyHKUMH ¥ = f(X) HA M eAMHUIL
BIIPaBO, ecad m > 0, iU Ha |m| eaunun Biaeso, ecau m < 0.

IToatomy rpadurom GyHKIMM BUAA Y = ax? + n asaserca napabosia
¢ BepmuHO# B Touke (0; n), a rpaduxkom byHrkuun y = a(x — m)? —
napa6osia ¢ BepmuHO# B Touke (m; 0).

Ha pucynkax 22 u 23 usobpaskeHnl rpadpukn yExmuit y = ~0,5x2 +
+2ny=2x- 3)°

69. IlocrpoiiTe B ogHO#i cucTeMe KOOPAMHAT rpaduKu GYHKIHMK
y = %x"’ uy= —;11- x?. HaliiuTe mNpOMEXYTKH BO3PACTAHUA M

IPOMEKYTKM YOBIBAHMSA AJIA KAXA0N QYHKIUH.

70. M3obpasute cxemaTnuecKky rpaduk GyHKIMM ¥ = ax?, rne a <0,
M MIePEeYNCIIUTE CBOMCTBA 3TON PYHKIUH.

71. HalguTe KOODAMHATHI TOYEK IepecedyeHUs mpamoi y = 1
¥ rpaduKa pyHKOUMN:

8) y = 162%; 6) y = 15 **.

72. Sapaiitre hopmMysoi 3aBHCHMMOCTB IVIOMIAAM S Kpyra OT ero

paxuyca R. M306pasure cxeMaTnyecKu rpaduK 3TOH 3aBUCHMOCTH.

73. HalifuTe KOOpAUHATHI TOYEK NepeceyeHus rpapuKoB GyHKIMH
y=ax*uy=ax,rnea #0.

2 10. Maxapnryes ¢Anrefpa. 9 xa.e
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74. IlocTpoiiTe B 04HOM cHCTEeME KOOPAMHAT rpad@HuKH (QYHKIHI:
a)y=0,5x% y=0,522+ 2, y=0,5x%- 4;
6) y = 0,5x%, y=0,5(x — 3)%, y=0,5(x+ 2)%.

75. Onumnre cBoiicTBa QYHKIMM:
a)y =3x%-12; B) y = 2(x — 5)%
6) y = -3x2 + 12; r) y = —2(x + 5)%

76. Ilpn xaxoM 3HaYEHUU n 00JIACTHIO 3HAYEHUH DYHKIMM y = Tx% +
+ n ABNAETCA IPOMENKYTOK:
a) [-8; +0); 6) [10; +o0)?

77. Halianre sHaueHue m, 3HaA, uyTo QyHKuHA Yy = 0,5(x — m)?
a) yOniBaeT Ha mpomexyTKe (—00; 6] m Bo3pacTaeT Ha IPOMEKYTKE
[6; +o0);
6) yOniBaeT Ha mpoMexKyTKe (—°°0; —4] M BO3pacTaeT Ha IPOMEXKYTKE
[~4; +00).

78. ITocrpoitte rpaduk dyaxuun y = (x — 3)? + 2. Yrakure Koop-
AUHATH BEPIIMHBI nMapabojbl H HAIMIIUTE YPAaBHEHHE €€ OCH CHM-
MeTpHH.

79. I'padnx dyuaxuun y = 0,5x% caBunyIM HA 4 €AMHHUILI BIIPABO
(Boosk ocu x) U Ha 2 eIWHHAOBI BBEPX (BZOJb ocH y). Hanmummre
dopmyay, KoTOpoM 3ajmaeTcsa 9Ta QYHKIOHAA.

80. IIpn xaxoM 3HaueHHH g rpaduk GyHKIEM y = ax? — 5 mpo-
XOAHUT Yepe3 TOYKY:

a) A(3; 11); 6) B(—4; —13); B) C(6; 2,2)?
81. HaiiguTe TOUKH nepecedyeHHs rpaduKoB QYHKIIHHA:
a)y=2x*+1uy=3(x-2)% B)y=—x*+4my="Tx-1)>~.
82. ITocTpoiiTe rpaduk GyHKIIMH:
3 -_—
a) f(x) = x|l ) flx) = =12,
6) fx) = 2 - 12 ) fxy = 0,
= oy _ 5
83. ITocrpoiiTe rpaduk GyHKIUM:
X+ 2, e x < -2, 4 £ <0
a)y=1x -4, ecm-2<x<2 6)y=x-1 ’

X+ 2emx > 2 ¥ ~4,ecomx>0.
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X X

84. Haiinure o61acTh onpeneneHna GyHKIUN g(x) = %’Hl—

x* -1

1 TocTpoiTe ee rpaduK.

—r
7 YnpaXHeHus ONS NOBTOPEHUS

85. BrizenuTe KBaApaT ABydYJeHa U3 KBaJAPATHOrO TPeXuJieHa:
a) x? — 6x + 14; B) 3x% — 12x — 5;
6) x>+ 8x — 2; r)0,5x2+3x + 7.

86. Pemute ypaBHeHMe:
a) x - Vx = 6; 6) 3x — 4J/x = 4.

87. IlpeacraBbTe B BUJe PAITMOHAJIBHON ApoOH
a-1_ l1-a
a+2 a*+3a+2

6. \‘f padux u ceoicTBa
KBaApaTU4HON PyHKUUU

JI106y10 KBaAPATUUHYIO GYHKIUIO ¥ = ax? + bx + ¢ MOKHO 38/aTh
tdopmyioit Buaa y = a(x — m)® + n.

Hoxkaxxem 3T0.

BrizenuB U3 KBaJpPATHOrO TpexdyjeHa ax? + bx + ¢ KBaapaT ABy-
WieHa, MOJYYNM \

— a2 _ b
y=ax +bx+c—a(x+z) ~

rae D = b? - 4ac.

b . D .
OGozHa4YUB % 6ykBoit m, a 4 6yKBO# n, MOJyYUM

y=ax?+bx+c=a(x~m)+n.

CrnenoBaTesbHO, rpaduK GYHKOME y = ax? + bx + ¢ MOXHO no-
JYYUTh M3 rpaduka GYHKIHUH C IOMOIIbI0 ABYX NMapajljieIbHBIX
[IepeHOCOB — CABHMTra BAOJb OCH X U CABUTra BIOJbL OCH Y.

I'paduk bpyaxunn y = ax®? — napaGosa. 3HauuT, ¥ rpa¢MKOM QYHK-
ouu y = ax? + bx + ¢ Asnsaerca napa6oJia ¢ BepIIMHOM B TouKe (m; n),

b D
raem= g L= "4 Ocbio cuMMeTpHH 1apabosbl ABIAETCS IPAMASA
x=m.
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Y4uuTeIBasg 9TOT BHIBOJ, MOKHO CXeMaTHYeCKH M306pa3uTh rpaduk
KBaJAPATHYHOH QYHKIIMHU.

Ha pucynke 24 mokasaHO, KaKOil BHJ MMEIOT 3TH rpad@MKH B 3a-
BHCHMOCTH OT 3HaKa AucCKpumuHaHTa D npu a > 0.

Ilepeuncnum cBoiicrBa pyaknuu f(x) = ax® + bx + ¢ npu a > 0.

1. OGnacTy onpezneneHUss QYHKIIMA — MHOXKECTBO JAeHCTBUTENb-
HBIX YMCeJ.
-b-D

2. Ecin D > 0, To dyHKINA o6palaeTca B HyJIb IIPH X; = — 2

X, = -_b+a‘/—D—. Ecnu D = 0, To oHa oOpamaeTrcsa B HyJb IIPH X = —%-

Ecnu D < 0, To GyHKIMS HyJell He UMeeT.

3. Eciin D > 0, To GyHKIUA IPUHNUMAET IIOJIOXKUTEIbHbIE 3HAUYCHUA
B KaXXJOM M3 IIPOMEXYTKOB (—°; x,;) U (X,; +0°) U OTPULATEbHbIE
3HAYEHUS B IIpoMekKYTKe (X;; X,;). Ecim D = 0, To byHKIMA npu-
HUMaeT MOJIOXKUTeJNbHble 3HAYUeHUsa npu Jdi06bix x € R, Kpome

b .
x= "5 Ecmn D < 0, To pyHKIUA ITOJMOXKUTEIBHA Ha BCel obGnacT
onpeseeHus.

4. ®yukuusa yObIBaeT Ha IPOMEXKYTKe (—00; —2—1:1] U BO3pAacTaer
b b
Ha IPOMEXKYTKe —E; +oo]. IIpu x = ~9g PYHKUNA IDHHAMAET Hau-

D
MeHbIllee 3HAYEHHE, PABHOE —7 -
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5. O6nacTp 3HaueHnil GYHKIUHM — MHOXKECTBO [—742; +00).
a

Ha pucynke 25 mokasaHo, xaxko# BuUA MMelOT rpadMKH KBajapa-
THYHOH PYyHKIMU npu @ < 0 U B 3aBUCMMOCTH OT 3HaKa D.

Ilepeuncnure cBoiicTBa GyHKkuun f(x) = ax® + bx + cupu a < 0.

ITpu nmocTpoennn rpaduka KBaJpaTUYHON byHKIIUH, 3afaHHOH Gop-
MyJaoii f(x) = ax® + bx + ¢, menecoo6pa3Ho HAUTH HYJIH DYHKIHH,
KOODAMHATHI BEPIIHHBI NMapaboJibl, KOOPAMHATHI TOYKH II€pecedyeHMs
mapaboJIbl ¢ OCBIO Y U TOYKH, CHMMETPHYHOM el OTHOCHTEJIbHO OCH CHM-
MeTpuH napabosbl. 3aTeM cieayeT OTMETUTDb 9TH TOYKH B KOOPAHMHAT-
HOI TJIOCKOCTH M ITPOBECTH Yepe3 HUX IJIABHYIO HeIIpephIBHYIO JUHUIO.

3amMeTHM, YTO B TeX CIy4yaAX, KOrAa mapabojsia He UMeeT OOIIUX
TOYEK C OChI0 X WM HEPECEKaEeT OCh y B TOYKE, AOCTATOYHO YAAJIEH-
HOM OT Hayajla KOOPAMUHAT, AJIS IIOCTPOEHMs napaboJibl MCIIOJbL3YIOT
Ipyrue TOYKHM, CHMMETPHYHbIE OTHOCUTEJNBLHO €e OCH.

IIpumep 1. IToctpoum rpaduk GyHKIUU
f(x) =0,5x% ~ 2x ~ 1.

Haiinem nynmn ¢pyuknuu. Pemus ypasuenue 0,5x2 — 2x — 1 = 0,
oJy4yum, 4uto x, = —0,5, x, = 4,5. 3HauuT, mapabosia mepecekaer oChb X
B TOYKAaX, abciuucchl KOTOPBIX NpubiankeHHO paBHbl —0,5 u 4,5.

BbluncaiuM KOOPAMHATHL M U N BepIIMHBI napabonasl. AGciuccy m

., b .
HaiiieM 1o QopMyJse m = —5.» & ODAMHATY n HaiileM, IOACTaBMB B

dopmyay f(x) = 0,56x% — 2x — 1 BmecTo x 3HaueHue m. Umeem:

m=__2__‘(2)3 =2%n=f2)=05-22-2-2-1=-3.
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Ionoxue x = 0, HalieM KOOPAMHATHI TOYKH IepecedeHUus ma-
pabounl ¢ ockio y. Ilonyuum touky (0; —1). CummeTpuuHada et Touka
OTHOCHUTEJIbHO OCH CUMMeTPHM nmapaGojbl uMeeT KOoopAuHAaTH (4; —1).

ITocTpouM 3TH TOYKHM M, YUHUTHIBasA HallpaBJIeHHe BeTBeil napabo-
JIbl, IPOBEEM 4Yepe3 HUX HeNmpephIBHYIO JuHUIO. Ilosyuum rpadbux
¢dyuxouu f(x) = 0,5x% — 2x — 1 (puc. 26).

IIpumep 2. Ilocrpoum rpadhuk GyHKIHMH
g(x) = —ixz -x+2.

Pemus ypaBHeHMe —% x? — x + 2 = 0, HaligeM HyJaM QYHKIHH:

x, = —5,5, x, = 1,5. 3HauuT, rpaduk nepecekaer och X B TOYKaXx, abc-
IIMCChl KOTOPBIX NPHUOGIMMKEHHO paBHH —5,5 n 1,5.
Brruucium KOOPAUHATHI M U N BEepPIIMHBI Mapabosbl:

N
"= ,@g‘ %

n=g(-2)= — (-2F - (-2) + 2=3.

Haiizem KoOpAUHATHEI TOUKH IlepecedeHUs: MapaboJibl ¢ OChIO Yy U
TOYKHM, CUMMETPHYHON el OTHOCHUTEJHHO OCH CHUMMETPUM mapaboJibl:
0; 2) u (—4; 2).

IlocTpouM 3TH TOYKM M IpOBeJeM UYepe3 HMX HENPEpPHIBHYIO JIH-

Huio. IMonyuum rpaduk dyHrnuu g(x) = ~% x? — x + 2 (puc. 27).
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OcTaHOBHMCS Temeph Ha OJHOM Ba)XHOM cBoicTBe nmapabonasl. IIpu
BpallleHHHM BOKPYT OCH CHMMMeTpHUH Iapafojia omuchiBaeT QUrypy, Ha-
3pIBaeMylo napa6osonzoM. Eciiu BHYTPEHHIOIO ITOBEPXHOCTH mapabo-
JIOUIA CAEJATh 3€EPKAJLHON M HAIPABUTH HA Hee MMYyUYOK Jyde, napaj-
JIJILHBIX OCH, TO OTpakKeHHbIe Jy4uH cobepyTcA B OJHOH TOYKe —
dokyce. Ecau mapaGoanuyeckoe 3epkayo HanpaBuTb Ha CojHIE, TO
TeMnepaTypa B QOKyce OKaXeTcsd TAaKOH BBICOKOM, YTO MOXKHO OyzeT
PacCIJIABUTh METAJJI. DTO CBOMCTBO, COTJIACHO JIET€HZE, MCIIOJIB30BAJ
Apxumen (287—212 rr. go H. 3.), 4TOGBl IOMOYb 3AIMUTHHKAM
Cupakys B BoiiHe IpoTuB puMisaH. OH IOCTPOHMJ cUCTeMy napaGo-
JMYECKUX 3epKaJi, MO3BOJUBINYI0 CHOKYCHDPOBATH OTPAKEHHBIE COJI-
HeuHble JYYd Ha Kopabaax pumiusH. B pesyarrare Ha Kopabasax
BCOBIXHYJI IIOXKAp, 1 OHM IIPEBPATHUJIMCH B mmenell.

Ecan MCTOYHHK cBeTa IIOMECTHUTH B GOKyCe, TO OTPaKEHHbIE OT
3epKaJIbHOM MOBEPXHOCTH mapaboJionja JIydM OKas3blBaIOTCA HAIpaB-
JIEHHBIMH IIAPaJIJIeJIbHO €r0 OCH M HE PACCEUBAIOTCS. ITO CBOMCTBO HC-
MIOJIb3YETCA MPH M3TOTOBJIEHUM IIPOXKEKTOPOB M aBTOMOOHJIBHEIX (dap.

88. HaitaguTe KOOpPAMHATH! BepLIMHBI mapabosbl U ypaBHEHHE ee
ocu cuMMeTpuu, ecau GbyHKnus 3agaHa GopMyJIoi:
a)y=x?-6x+ 8; B) y = 2x% - 5x + 6;
6) y=-x2+ 8x - 10; r)y=—-4x*+ 2x - 5.

89. IlocrpoiitTe rpaduKk GYHKIHMH U IEpPeYHCIUTE CBOMCTBA 3TOM
dyHKOMN, ecau
a) y = 0,25x% — 1,5x — 1,75; 6) y = —0,6x% ~ 2x + 2.

90. Hzo6pasure cxemaTuyecku rpadpuk pyHxmun:
a)y=3x2-2x+1; B)y = 0,1x%* - 5x — 8;
6)y=-5x2+6x+T; r)y=-0,2x2 + 6x + 1.
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91. Halignre KOOPAMHATHI BePINUHBI mapabosbl
y = (x — 3)(x + 5).

92, IokakuTe, YTO HYJIU X, U X, GyHKOHUHA y = ax? + bx + ¢, rae
a > 0 u D > 0, pacroyso:eHbI:

. b
a) BHE MOJOCHI, OTPAHUYEHHON mpaAMBIMH x = 0 B x = —9g’ €cau
c <0
. b
6) BHYTPH II0JIOCHI, OTPAHUYEHHON nmpaAMBIMHA X = 0 u x = —9g’ ecau
c>0.

IIponnnrcTpupyiiTe 3TO Ha rpadHKax.

93. 3nas, uyro (M; n) — KOOpPAMHATHI BepIIMHBI mapabosasla x2 +
+bx + ¢, ax, 4x, — HYIN QYHKHUHA f, AOKAIKHATE, YTO BEPHEI
¢OopMyJIbI:

n n
a)x,=m- ‘,——, X, =m+ 1/——;
a a

94. Ucnonbaya dopmynasl (yunpaxkHeHne Ne 93, 6), HaiiguTe Ko-
OPAMHATHl BEpINHHEI 1apaboJIbl:

a)y =(x — 2)(x + 4); 6) y = (x + 6)(x — 10).
95. IlocTpoiiTe rpaduK QyHKIMH:
a) y = (x — 1)(x - 5); 6) y = (x + 2)(x — 4).

HaiignTe npoMeXyTKH, B KOTOPHIX (DYHKIUSA NPUHHMAET II0JIO-
SKATEJbHbIE 3HAYEHMS, OTPUIATE]bHbIE 3HAYEHHUA.

96. IIpu kaKux 3HauYeHUsX c¢ napabosaa y = x2 — 8x + ¢ pacmoJo-
JK€eHa BbIIIE IIPAMOI:
a)y =8; 6) y = —26?

97. IIpn kakoMm 3HaueHUHU ¢ mapaboina y = x* — 6x + ¢ Kacaetcs
OpAMOI:
a)y=0; 6)y=3; B) y =-3?

98. ITapa6oJsia mpoxoauT uyepe3 Touku A u B. Haiigure p u q, ecnu
a) A(-3; 7) u B(1; 5); 6) A(5; 2) m B(-2; 3).

99. I'padpukoM KBaApaTH4YHONH PYHKUIUH sABJIAseTcsa nmapaboia ¢

BepinHOi F(-2; ~25), npoxogamaa yepes Touky M(4; 11). 3anaiire
ary ¢yHKOUO GOpPMYIION.
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100. Tesro 6poIIeHO BEPTHKAJILHO
BBEPX C HAYAJBLHOM CKODOCTBIO U
(B M/c) ¢ BrICOTHI A, (B MeTpax).
Bricora h (B MeTpax) B 3aBHU-
CHMOCTH OT BpeMeHH { (B CEKYH-
Jax) BeIpa)kaeTcsa GopMyJon

2
h=-& 1 vt +h

Ha pucyuxe 28 moxasaH rpa-
¢ux 3aBUcUMOCTH A OT t gns cay-
yas, Korga hy = 20, v, =15, g=10.

Hajigure o rpadbuky:

1) CkonbKO BPpEMEHH TEJIO IIOX-
HHUMAaJIOCh BBEpX?

2) CKOJIbKO BpEMEHHU OHO OITyC-
KaJIoch?

112314

| l | {

o~
oY

—ar

Puc. 28

3) Kakoii HauboJipie# BBICOTHI AOCTHUIVIO TEJIO?
4) Yepe3 CKOJIBbKO CEKYHJ OHO yIaJjo Ha 3eMJIIo?

101. Ilepumerp npamoyroasHuKa paBeH 40 cMm. KakuMu ZOJIPKHBI
OBITH CTOPOHBLI IIPAMOYTOJIbHUKA, 4TOOBI ero miomanb 6bljla Hau-

6oJbIeit?

102. CymMa KaTeTOB IPAMOYrOJBLHOTO TPEYTroJbHUKA paBHa 12 cM.
Haiigure fIMHBI KATETOB TPEYroJbHUKA, IPU KOTOPHIX TPEYTOJbHUK

nMeeT HAubONbINYIO MJIOIIAMD.

\
IR ‘/ YnpaxHeHus ANS NOBTOPEHUS

103. YopocTuTe BBIpaXKeHUe
1 1

1

1

G-Dx-2 ®-2x-9) @-9a-4)  x-Hx-5)

104. Joxakure, 4TO 3HAYEHUE BHIPAKEHUS

V12 - 63 + /28 + 1043

ABJIAETCA HATYPAJBHBIM YHCJIOM.

105. Pemure ypaBHeHUe ¢§/+6 = 2\/5

106. BriicHNTe XapaKTep MOHOTOHHOCTH (yHKIMH:

B 0= (=g

4 — —-—
6) glx) = —2x=8,

8

rae x < 0.
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‘/ KoHTpOnbHbIe BONPOCHI U 3afaHUA

1. Kakyio pyHKIHMIO HA3LIBAIOT KBAAPATHUYHOH PYHKIHMEH?

2. ChopmynupyiiTe cBoiicTBa GYHKIMH Yy = ax® Ajaa caydas a > 0

M ciayyas a < 0.

3. Nsobpasure cxeMaTHYeCKu rpaduk GyHKUUL y = ax® + bx + ¢ nia
crydas, korga a > 0 u D > 0, 1 mepedyrciiuTe CBOMCTBA ITOH QYHKIMH.

4. B yem pasiuyne U CXOACTBO B CBOMCTBAX QYHKIMHA
y=x*-4x+1uy=-x*+4x - 1?

NPEOBPASOBAHNA
§3. A\ IPA®UKOB DYHKLIUUN

7. \/ PacraxeHue u cxarue
rpaduxoB GyHKUUA
K OCM opavHaT

B kypce anre6psl 8-ro Kiacca GbLIN pacCMOTPEHB] IpeodpasoBaHUA
rpadukoB GyHKOMIH, BHINIOJHAEMbIE C IOMOIIbIO PACTAMKEHUSA OT OCH
abciucce U cKATHA K ocH abCIicC M IMapaIeJIbHBIX IIEPEHOCOB BAOJb
oceil KOOpPAMHAT. 3eCh Mbl PACCMOTPHM JApPyrue BUAbI IIpeoGpas3oBa-

HUM rpadUKOB.
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Br1 3Haere, uTOo rpadukm
dynrOMi y = f(x) 1 y = —f(x) cum-
METPUYHEI OTHOCHUTEJIHHO OCH X,
T. e. rpaduK GyHKIUU Yy = —f(x)
MOJXKHO IOJIYYUTH U3 rpaduka
byHknuy y = f(x) ¢ mOMOIIbIO
CHMMETPHUU OTHOCHUTEJIBHO OCH X.

Ha pucynke 29 mnpusegeH
IIpUMep Taxkoro nmpeobpa3oBaHUs.
I'padur byHromuu y = —(x — 4x)
IoJy4eH U3 rpad@uka QpyHKIHH
Yy = x% ~ 4x c MOMOIBI0 CHUMMETPHH
OTHOCHTEJIBHO OCH X.

BoisgicHuM Temephb, KaK MOCTPO-
uTh rpaduk GpyHknuM y = f(—x), ecom
u3BecTeH rpaduk byHKIuU y = f(x).

ITyers (x,; y,) — NpOU3BOJILHAA
TOYKA KOOPAUHATHOH IJIOCKOCTH.
Torga cuMMeTpUuYHas €il TOYKA
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OTHOCHTEJLHO OCH Yy MMeeT KOOPAUHATHI (—X;; y,). Ecau Touka (x;; y,)
TIpUHALIEKUT rpaduky GyHKOuHU y = f(x), TO BEpHO paBeHCTBO ¥, = f(x,).
OueBnAHO, 4TO, ITOACTABUB KOOPAWHATHI TOUKH (—X; U,) B GOPMYJIY
y = f(—x), TakKe MOJyYUM BePHOE PABEHCTBO

Yy, = f(=(=x,)).

3HauuT, KaxA0H Touke (x,; y,) rpabukra dynxouu y = f(x) co-
OTBETCTBYeT efMHCTBeHHAs ToUKa (—x;; y,) rpaduka bysxnun y = f(x).
Bepno u o6patHoe. Eciu Touka (x,; y,) npuHaLIeKUT rpaduKy GHyHK-
ouu Y = f(—x), T. e. eI BePHO PaBEHCTBO ¥, = f(—x,), TO Touka (—x,; Y,)
npuHALIEeKUT rpaduky GyHKuum y = f(x). JdelcTBUTENLHO, MOACTA-
BUB ee KOOpAWHATH B ¢opmyay y = f(x), moJyuYum TO Ke camoe
paBeHCTBO Y, = f(—x,). CiegoBaTenbHo, rpaduku GyHKOUHi y = f(x) u
Yy = f(~x) cHMMeTPUYHBI OTHOCHTEJBHO OCH Y.

3nauur, zpajur pynryuu y = f(—x) moixcro noaywumo u3 zpajdurxa
dyuryuu y = f(x) ¢ nomowvio cummempuu OMHOCUMENLHO OCU
opdunam.

Ha pucyske 30 usobpaxken rpadux byHKmEM y = x — 1. B
IIOJIHUB CHMMETDPHIO OTHOCHTEJIBHO OCH Y, IIOJNYYUM rpaduk GbyHKOUHU
y=-x ~1.

3nas rpadux ¢yHKOUHA y = f(x), MOKHO MOCTPOUTh rpadmK HyHK-
pun y = —f(—x). Jas aToro Hafo BBIDOJHHUTH IIOCJEJOBATEJBHO ABa
npeobpa3oBaHUA: CHAYAJA CHMMETPHIO OTHOCHUTEJBHO OCH Yy, 3aTeM
CHUMMETPUIO OTHOCHTENbHO ocH x. IlonyueHHBIN rpadux okaskercs
CUMMETPHUYHBIM AaHHOMY rpaduky ¢yHKuuM y = f(x) OTHOCUTENBHO
Ha4yajaa KOODAWHAT.

HevicrBuTenbHO, ecau A(x,; y,) — NPOU3BOJbHAS TOYKA KOODAU-
HATHOHM mjocKocTH (puc. 31), To, 0TOOpa3uB ee CHaYaJia CHMMETPUYHO

U
3
|
v 2 @
L | Y = S
1 1[ !
2
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7Y OTHOCHUTEJIbHO OCH Y, 8 3aTeM IIo-
Jy4eHHYI0 TOYKy A,(—x;; y,) —
—LAl v " CHUMMETPHUYHO OTHOCHTEJIBLHO OCH X,
T NOJYYHUM TOYKY A,(—x5 —VY,),
P KOTOpasi CHMMETPUYHA TOYKEe OT-
/ HOCHTEJIbHO HAYasia KOODAHUHAT.
Ecau Touka (x,; y,;) npuHaz-
v JIe:KUT rpaduKy GYHKOHU Y = f(x)
(3HauuT, BEPHO PABEHCTEBO Y, = f(x,)),
TO CHMMETPUYHASA el OTHOCHTEJILHO
Iy L HavaJia KOOPAHHAT TouKa (—x,; —Y;)
| | | NPUHAAJIEKAT rpadurky GyHKIUU
Puc. 31 Yy = —f(=x) (paBercrBO ~Y; =~f((—x,))
TaKKe BepHoe).
Takum obpasoMm, zpagur ¢pynryuu y = —f(—x) moxcHo nonywume
u3 epagura pynryuu y = f(x) c nomowvio cummempuu OMHOCUMENbHO
Hauana xoopdunam.

|

Ky
QO

R
rY

N\

Ha pucynke 32 mocTpoeHbl rpadpuk GYyHKODUH Y = +Jx — 2 + 1
¥ rpaduK GYyHKIMH y = ~v-x ~ 2 — 1. 3TH rpadMKH CUMMETPHYHEI
OTHOCHTEJIbHO Havdajla KOOPAHHAT.

B 8-m KJacce MBI BRISICHMJIH, KAKaA CYIECTBYET CBA3b MEXKIY Irpa-
dbuxamu byaxnuit y = f(x) u y = k- f(x), rme B — umuciao, He paBHOE

7Y
¢
[ R -
8 kA
[ Y T
2
} .
1
—64-51-41-31-2]-1401 | 1 [ 213 415|6lX
-1
r 7‘2
- ‘L’X |
- _ % _|3
v= |
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Puc. 33

Hymo. BolacHUM Temepb, KaKad CBA3b CYI[eCTBYeT MeXxJy rpaduxa-
Mu dyHkIui y = f(x) u y = f(kx), roe k # 0.

PaccmoTpum cayuaii, korga £ > 1. Ilycts Touka (x,; Y,) OpUHAL-
JTeXUT Tpaduky GyHKnun y = f(x), T. e. BEPHO PaBEHCTBO Y, = f(x,)

(puc. 33). Torga Touka (x_l:’ yo) TPHHAMJEIKUT rpaduKy QYHKIHMH
y=flkx), 7. x. f (k . fk"—) = f(kxy) = Yo BHAUNT, KAXKION TOUKE (Xo; Yo)

rpadmka GYHKIUM ¥y = f(X) COOTBETCTBYET TOUKa (x_]:, yo) rpacduka

dysxmmn y = f(kx).

Bepro 1 o6paTHOe. Ecim Touka (x—k‘, yl) IIPUHAJJIEIKUT rpapuKy
dyskuuu y = f(kx), To Touka (x;; y,;) IPUHALJIEKHUT rpaduKy GHyHK-
uun y = f(x). 9ro caepyer us roro, 4ro f (k . %) = f(x,) = y,. 3Haunr,

Kaxaoil Touke (%, yl) rpabuka dyHkuumn y = f(kx) cooTBeTcTByET

To4uKa (x,; y,) rpaduka byskmum y = f(x).
3aMeTHM, YTO TOYKH (%, yl) ¥ (x;; y,) NexaT Ha NpaAMOH, ma-

“ X,
aJLIeJIbHOM ocu abcmuce, MpUUYEM TOYKa |—=; JexxuT B k pas
k'’ h

6mvxe K ocu opAMHAT, YeM Touka (x,; y,). 3 aToro ciegyer, 4uTo 2pa-
dux pynryuu y = f(kx) npu k > 1 moxacno noaywumbe u3 zpapuxa
dynxyuu y = f(x) cxamuem 6 k pas k ocu opdurnam.
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Ha pucynke 34 msoGpasken rpaduxk GyHKmuM y = 6 — x. Bel-
IOJIHMB CJKaTHe K OCH OPAMHAT B 2 pasa, IOJYyYUM rpadpuk GyHKIUN
y =6 - 2x.

PaccmoTrpum Teneps ciydaii, korga 0 < B < 1. 3ameTuM™, 4TO TOUKaA

x 1
. JI3KAT B 3 pa3 Jajbllie OT OCH OPAHHAT, 4eM Touka (x,; ¥,),
k 1 k 1 1

Tak Kak 0 <k <1lwmu %c >1,T. €. % - x; > x,. Taxum o6pa3om, TpuxoaUM

K BBIBOZY: 2pagur ¢pyuryuu y = f(kx) npu 0 < k < 1 moxro nory-

1
wume u3 zpagura gynxyuu y = f(x) pacmaxenuem 6 3 pas om ocu

opdunam.
Ha pucynke 35 usobpaken rpaduk ¢yHxkuum y = 4 — x2. Buimour-
HHUB pacTAKEeHHUEe OT OCHM ODAWHAT B 2 pasa, NOJYyYUM rpadux QyHK-
2
X
oun y =4 — (E) .

Haxownern, paccMoTpuM ciayuai, korjga k < 0. IIockoJbKy MH yiKe
BBIICHMJIM, KAK MOXXHO IIOCTPOMTH rpaduk GyHKouu y = f(—x), 3Had
rpaduk GyHKIUHU y = f(x), TO AIA NOCTPOoeHMA rpaduka GyHKIUH
Yy = f(kx) nmpu kB < 0 cHayaja HYXHO IOCTPOMTb rpaduK GYHKIUH
y = f(k| - x) (c mOMOMIBIO PACTAMKEHUA MJIM CHKATHA K OCH ODAMHAT),
a IOTOM €ro 0To0pa3suTh CHMMETPHUYHO OTHOCHTEIbHO OCH ODAUHAT.

Hnsa nocrpoenus rpaduka ¢pynknum y = f(kx + b) u3 rpaduka
byuknuu y = f(x), mocTynaioT ciaegyoouuMm oGpa3om:

b

1) sanuceiBaloT byukmuio y = f(kx + b) B Buge y = f(k(x + Z))’

2) crpoar rpaduk byHKuuu y = f(kx);
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/ *\ -1

[=Y

-4
| y=4-— x21—
-5 [
i L]
Puc. 35

3) u3 nmoaydeHHoro rpaduka cTposaT rpad®duK GyHKOUU Yy =
_ b
= f{ix + )

Hanpumep, 4To6b1 MOCTPOUTD rpaduk dyHKIHH y = V2% + 4, 3Has
rpaduk GYHKINHU Y = «/;, HaJI0 CHauaja 3allicaTh JaHHYIO (GYHKIHIO
B Buge ¥y = 2x + 2). Ha pucynke 36 usobpasens rpaduxy QyHK-
mmit y = Vx, y = V2x my=2x + 2).

YA
5 =
’f
Ty =2 + ) T 1y = v2x |
3 - |
- 4’ *
7 _4 /,
4
1
21110l Ly ‘21l 3l41l5]617]8]9l

] i L1 RN
| i LTI l [ 1]

Puc. 36
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107. I'padukom byHKIMM Yy = f(x) ciyskuT oTpe3ok AB, rae A(—4; 2),
B(4; —6). ITocTpoiiTe B 0AHOI cHCTEeMe KOOPAUHAT rpadUK JaHHOU QYHK-
oAU 1 GYyHKIOHUHU:

wy=iey  Oy=f(Zf wy=f(-%  Dy=fc3u.

108. JIomanasa ABC, rae A(—4; 2), B(—2; ~4), C(4; 6), aBnseTcd rpa-
tdburom dpyaknun y = g(x). IlocrpoiiTe rpadux GyHKIUM:

a) y = f(2x); Oy=f (%), B) y = f(~0,5x); r) y = f(=3x).

109. Touka M(6; 11) npunaane;xut rpaduky GyHKouu y = f(x).
Halizure COOTBETCTBYIOIIYIO TOUKY, IPHHAAJEKAI[YI0 rpaduky:

wy=fex;  oy=1(3 wy=f(-3a  Dy=fcam

110. dyukuna y = f(x) umeer o6aacts onpexnenenus D(f) = [-3; 4]
u o6aacts 3Hauennit E(f) = [-1; 5]. Halizute o6aacTh onpeaeneHns u
06J1aCTh 3HAYEHUH QYHKIIAU:

Wy=fe;  Oy=f(3f  By=f-05;  1y=f-3x

111. I'padurom byHKIMY Yy = f(x) cay>kuT oTpe3ok AB, rae A(—3; 5)
u B(7; ~1). ITocTpoiiTe aTOT rpadMK U B TOM Ke CHUCTeMe KOOpAUHAT
rpaduk GyHKIHUU:

a) y = f(~x); 6) y = ~f(~x).

112. I'padpukom dyHKUMHE ABaserca JomaHaa KLM, rpe K(-2; 1),
L(1; 4), M(6; —1). Ilocrpoiite rpabuk byHKIUM y = g(x) U rpaduk
GyHKOMH:

a) y = g(-x); 6) y = —g(—x).

113. Ykaxure, KaKue Ipeo6pa3oBaHusa rpaduKka GyHKIMM y = |x|
HYXXHO IIPOBECTH, YTOGHI MOJYYUTh rpaduk GYHKIUHA:
a)y=38-|2x - 4; 6)y =12 - 2x| - 3.

114. YkaxkxuTe, Kakue npeobpasoBaHud rpaduxa GyHKIUHA Y = %
HYKHO IIPOBECTH, YTOOHI MOJYYHTH IpadUK QYHKIIUH:

2 . 3 -
Ay=3+ 6= 3. g
115. B ogHoli cucTeMe KOOPAUWHAT NOCTPOiTe rpaduKu DYyHKIHIL:

)y =Vx ny=+-2x; B)y=~/;ny=\/%;

6y y=3 uy= -3 N D I
y=Fuy="ad DY USG5
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116. ITocrpoiiTe rpadukK GyHKOUU:
a)y=4x*+ 4x + 3; 0) y=-4x—4x ~ 2.

117. Jana dpyHKONA

o=

2}, ecrm 0 < x <2,
4, ecan x > 2.

IlocTpoiiTe rpaduK GYHKIHH:
a) y = ¢(~x); 6) y = —9(—x).

118. IocTrpoiite rpadur pyHKOmuU g(x) = %, rae x > 0, u rpadpux
bysrOAN:
a) y = g(=x); 6) y = —g(-x).

119. UsBecTHO, uTO 06NACTh onpeneseHusa pyHKOUU ¥ = f(x) ecThb
npomesxkyTok [—5; 7], a o6macTs 3HaueHH# — mpomesxkyTok [—10; 18].
KakoBbl 001acTh onpezaesieHHs M 06JIacTh 3HAYEHUN GQYHKIUH:

a) y = —f(x); 6) y = f(—x); B) y = —f(—x)?

120. AsBecTHO, uTO 06NacTh onpexesieHnsa GYHKOHMHU Y = g(x) —
MHOXKecTBO R; g(x) < O Torga u TOJBKO TOrZa, Korga x € (—o0; —3) U
U (4; 6); g(x) > 0 Torga u TOJABKO TOTAa, Koraa x € (—3; 4) U (6; +0).
HajiguTe HyJ M U IPOMEKYTKH 3HAKOIOCTOSHCTBA QYHKIMH:

a) y = —8(x); 6) y = g(~x); B) y = —8(—x).

121, Ecnu dyHknusa y = f(x) Bo3pacTaeTr Ha npoMekyTKe [a; b], To

dbysrnusa y = f(—x) yosiBaer Ha npomexyTtke [—b; —a]. JokaskuTe aro.

122, UsBecTHO, uTo ypasHeHUe f(x) = 0 umeer Kopuu 2 u 3. Haii-
IUTe KOPHU ypaBHeHHd f(—x) = 0.

123. Noxaxkure, uTo rpaduKn QyHKIUK

a)y= g ; ; uHy= gﬁ t ; CHUMMETPHUYHEI OTHOCHUTEJIBHO OCH Y;

10 - 2x 2x +10
6) y = 10+ 2x XY = 9, _10 SUMMETPHUYHBI OTHOCHTEJbHO Hayasa
KOOpAMHAT.
x*-8x +8 x*+38x+8
B) Y= 2+ 3¢+ 8 AV= 17 _ 3, ; g CUMMETPUUHEI OTHOCUTEILHO OCH Y3

X -8r+1 _1+8x-4°

ry= Hy = CHMMETPHYHBI OTHOCHTEJLHO
)y 2 +8x+1 Y= F¥isx-1 p

Hadaja KoopauHAaT.
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124. HUsBectHo, uTo MHOrouwneH x° + ax? + bx + ¢ ob6pamaercs
B HyJIb IPH X = —5 1 x = 7. HaiiguTe KOPHH MHOTOUJIEHA:
a) —x® + ax? - bx + c; 6) x® — ax® + bx — c.

125. Touka A(8; 72) npuHamIeKuT rpapuky byHKnuu y = g(x).
HaiiauTe COOTBETCTBYIOUIYIO TOYKY, IPHHAAMEXKAINYIO rpabuKy QYHK-
LIHU:

a) y = —8(x); 6) y = g(-x); B) y = —8(-x).

126. U3BectHO, uT0o E(f) = (—2; 3). Haitgure rpaHnus! gaa GyHK-
19877 1
a) y = —f(x); 6) y = f(=x); B) y = —f(-x).

127. au rpaduk dyHKnuM y = |x|. Banumure Gopmyy, KOTOPOil
3anaerca GpyHKIuA, rpaduK KOTOpOH moJyueH U3 AAHHOTO rpaduka
C NOMOINBIO: &) CABHra Ha TPH €JUHHUYHBIX OTPe3Ka BJIEBO M PaCTH-
JKEHHA OT OCM OpAMHAT B 2 pasa; 6) pacTAKeHHA OT OCH OPAUHAT
B 2 pa3a M CABHUTa HA TPU €JUHHUYHBIX OTPE3Ka BJIEBO.

128. 3anumunre dopmyay, 3aJaoiyi0 QYHKIHIO, €ClIH ee rpaduk

nosyyeH U3 rpaduka GyHKINU y = Jx mocnenoBaTeabHBIM BHIIOMHE-
HUEM CJIeAYIOIIUX MpeoGpa3oBaHMUI: a) pacTsKeHHe OT OCH OPDAHMHAT B
2 pasa, CABHUT Ha TP €JUHUYHBLIX OTDPe3Ka BJIEBO, CHMMETPHUS OTHO-
CHTEJbHO OCH ODAMHAT, CABUT Ha ABA €JUHUYHBIX OTPE3Ka BHU3, CXKAa-
THe K ocH abcuucc B 2 pasa; 6) coxaTue K OCHM OPAUHAT B 2 pa3a, CABUT
Ha OAMH eIMHUYHBIA OTPe30K BIPABO, CABUI HA JBa €JUHHYHBIX OT-
pe3Ka BBepX, pacTAKeHHe OT ocH abciucc B 3 pa3a, CHMMETDPUA OTHO-
CHUTEJbHO OCcH abCcIucc.

\
F ‘/ YnpaxHeHus ANA NOBTOPEHUN

129. Pemure ypaBHeHHe:

a) x2 — 5|x| + 6 = 0; B) (x +2)2+9(x +2)+20=0;

6) x* — 2|x| - 35 = 0; r)(x -5+ 2(x~5)-63=0.
130. Haitgnte cymMMy KOpHeil ypaBHeHMs:

a) x? — 4|x| - 3 = 0; 6) x> - Tx| + 6 =0.

131. Jokaxute TOMAECTBO
2(a*+ ab + b2 =a* + b* + (a + b

132. 3uas, uro 3,16 < V10 < 3,17 u 2,23 < /5 < 2,24, onenure
BbIDaXKEeHHe.

a) 2J5 + V10; 6) 2v5 - J10.
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133. Haiigure mesnble pelieHHA CHCTEMbI

8.\’/ Tpaduvkn yHKUMA
y = |f(x){n y = f(|x])

Kak nocrpouts rpaduk dynknuu y = |f(x)| 1 rpaduk dyHkmun
y = f(x]), ecnu ussecren rpadpuk dpyHrnuu y = f(x)?

Yro6hl OTBETUTL HA BTOT BOIPOC, KaXKAyIo U3 GyHKIMit y = |f(x)|
1 y = f(|x]) sagagum uHAYe, BOCHOIH30BABIIMCEH ONPEETCHAEM MOLYJIS:

f(x), ecan f(x) > 0,
|f(x) = { i
—f(x), ecan f(x) < 0;

f(x), ecm x 2 0,

ﬂun={

f(=x), ectm x < 0.

IIpepcTaBuB TakuM 06pa3oM paccMaTpuBaeMble QYHKIIUM, MBI HA-
IIUTH OTBET HA MIOCTABJIEHHBIH BOIPOC, CBeAA 3a/1aUy K M3BECTHHIM HAM
npeobpa3oBaHUAM rpadHuKOB.

Hrak, ymobb. nocmpoums zpadur ¢pynxyuu y = |f(x)|, ecau us-
eéecmen zpagux pynryuu y = f(x), HYICHO ocmasums Ha mecme my
ez2o0 wacmy, 20e f(x) 2 0, u cummempuyuro omobpasums OMHOCUMENLLHO
ocu x dpyzyio ezo wacmy, zde f(x) < 0.

Imo6v. nocmpoumso zpagurx pynrxyuu y = f(|x|), ecau useecmen
epadur pynxyuu y = f(x), HY#HO ocmasumv Ha mecme my wacmb
zpadura pynrxyuu y = f(x), komopasa coomeemcmeyem Heompuya-
meabHoll wacmu obaacmu onpedenenus pyrnrxyuu y = f(x). Ompasus
amy uwacmov CUMMEMmPULHO OMHOCUMENbHO OCU Y, noryium dpyzyio
yacms zpagura, coomeemcmayowyio OmpuyamensbHolL yacmu obracmu
onpedenenus.

PaccmoTpuM npuMepHl.

IHpumep 1. Pyaknousa y = g(x), obracTeio onpefeyleHUsa KOTO-
poit ABNAeTcsa nmpoMekyTOoK [—3; 4], sagana rpadukom (puc. 37).
ITocTpoum rpadux GyHKIHN:

a) y =|g(x); 6) y = g( x|).
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Puc. 37

a) PaccmarpuBasa rpaduk, nsobpaskeHHBIH Ha pucyHkKe 37, 3a-

KJIIOYaeM, YTO
g(x) 2 0, ecsim x € [-1; 1] U [3; 4],
g(x) <0, eciz x € [-3; —1) U (1; 3).

Ina nocrpoenus rpaduka byHKouu y = |g(x)| Ty yacts rpadpuka
byHKRONH y = g(x), KOTOpas PacmoJIoMKeHa BEHIIIE OCH X, T. €. HA MHO-
skectBe [—1; 1] U [3; 4], ocTaBuUM Ha MecTe, a APYryl0 4acTk rpaduka
dbysxnuu y = g(x), KOTOpasA pacmoJyoKeHa HUKe OCH X, T. €. Ha MHO-
sxecrse [—3; —1) U (1; 3), oTo6pasuM CUMMETDPUYHO OTHOCUTEIHHO
ocu x. ITonyuum rpadux byskouu y = |g(x)| (puc. 38).

6) Ona nocrpoenusa rpadpuxa dyakmuu y = g(|x|) Ty wacts rpa-
¢uKa, KOTOpas pacmoJIOXKEeHa CIpaBa OT OCH Y, OCTaBJIseM Ha MECTe.
3aTeM nOCTPOMM KPHUBYIO, CAMMETPHYHYI0 OTHOCHTEJIBHO OCH Y IIpa-
BoM yacTu rpaduka. Ilonmyuum apyryio dacTh rpaduka, pacroJio-
JKeHHYIO cJieBa OT ocH ¥ (puc. 39).

IMpumep 2. Ilocrpoum rpaduk byskouu y = |—x2 + 2x|.

Crpoum rpadur ¢pyHkouu y = —x2 + 2x (Ty 4yacTh rpaduka, Ko-
TOpas PAaCIOJOKeHa HHXKe OCH X, HaMeuaeM NYHKTHUpOM). 3aTeM
CTPOMM HEJOCTAIONUIYIO YaCTh rpadmuKa NyTeM CHMMETDHUU OTHOCH-
TeJIbHO OCH X MYHKTHPHOM yacTu (puc. 40).
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Ipumep 3. Ilocrpoum rpadbuk dbyuknuu y = ||x — 2|- 2|.

TTocTpoenne BBHIIOJHAEM IOCHEJOBATEILHO: CHAYAIA CTPOMM Ipa-
bux dynkumm y = |x ~ 2| — 2, a 3aTeM CTPOMM JAHHBEIA rpaduK
(puc. 41).

134. IlocTpoiiTe rpaduK GyHKIMHU:
a)y=105¢-1;  B)y=|*"+ 2x]; n)y='—g+zl;

Oy=li-xk  nmy=|i-2

; e) y = |x%|.

135. IlocTpoiiTe rpaduk GyHKIHM:
4
a)y=24x -1; B Y=g~ %

6) y = 2* + 2|x|; r)y= x| ~ 4.



54 fnasa 1. ®yHKuMK, UX CBOCTBA U rpaduku

136. Hauer GpyHKOUM
f(x) =|x? — 4x + 3| u g(x) = x* — 6|x| + 8.
Hnsa xampoit U3 aTUX QYHKOUHA HalguTeE:
a) obJyiacTe onpexeseHUs; r) IPOMEXKYTKH BO3PACTAHUSA
6) obsacTs 3HAYEHUIH; U IIPOMEXKYTKHN yOBIBaHUA.
B) HyJIU GQYHKIOUH;

137. Obaacts onpeneneEusa GyHKIMHU ¥y = f(X) — IPOMEXKYTOK
[-10; 16], a obnacTb ee 3HaueHUt — mpomexkyTok [—4; 7]. Haiigure
obJsiacTh onmpezesieHUs U 06JacTh 3HAUEeHUH GHYHKIUU:

a) y = |f(x)]; 6) y = f(x).
138. 3nas, uro —5 < f(x) < 6, HallAuTe rpaHUNLI 1A GYHKIUMN:

a) y = |f(x); 6) y = f(x)).

139. Obsacte onpegesieHusas GyHKHUHN y = g(x) — MHOXKecTBO R.
M3BecTHO TakKe, 4yTo g(x) = 0, ecsim x = -5 mw x = 1; g(x) 2 0,
ecou x € (—00; —5] U [1; +00). Haiigure HyIM dyHxnuit y = |g(x)| u
y = g(|x|) u mpomeskyTKH, Ha KOTODPBHIX KAXAASA U3 dTHX QYHKIUMA
NPUHUMAET IOJOKUTENbHBIE (OTpUIaTeIbHbIE) 3HAYEHM .

140. ITocrpoiiTe rpaduk GyHKIMH:
a)y=|x-1/-1; ry=|1-]|x|;

6)y=|lx - 1| -1} my=|1-[1-]|=;
my=|le-1-1-1; eoy=|t-|1-]1-|=]|

141. U3o6pasure cxemaTnyecku rpaduk GyHKouM:

x| -3
a) y = |x? — 6|x| + 8|; B) Y= {53
2 x-4
6) y = |2|x|- #°; NDy= 1510
142, Jlana pyHKIUA
Zrx+l eomx>0
Z-x+1 ’
fx) = 2 -x+1 0
Erxrp X<

3apaiite 9Ty QYHKIUIO OXHON GHOPMYJIOH.
143. IToctpoiiTe rpaduk GyHKIUU:
a)y=12-|x|-2/+1;  6)y=|2-|x|+4|-3.

144. Hynamu ¢pyukouun ¢(x) = x* + ax? + bx + ¢ aBasAioTCa Ynciaa
1, 2 u 3. Haitgure Hynu dbyaknuu y = ¢ x|).
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\
RN ’/ YnpaxHeHus O NOBTOPEeHUs

2 _ _ 2 _ _
145. YnpocTure BhIpaskeHue 00,5:_ g 0, 2a 3 a1-5|-a5 30,

146. IlapaGona y = ax® + bx + ¢ mpoxoaut uepes Toury A(1; 3),
a ee BepIIMHA IIpUHAIJIEKUT npamoit x = 0,5. Haliaure KoopauHaATH
nepeceyeHUA dTOM napaboJbl ¢ OChIO Y.

147. Pasnoxxute mMHorouneH 2y® — 15y® + 28y Ha MHOMKHTENH.

148. CocTaBbTe KBaJpaTHOE ypaBHEHHE C IeJLIMM KoaddunueH-

TaM#, ONMH U3 KOPHEH KOTOPOro paBeH _J§ 1

\
Frrp T ‘/ KoHTponbHbie BONPOChI U 3afaHUN
1. Kak noctpouTs rpaduk GyHKuun y = f(—x) u rpaduk QyHKIIHN
y = —f(—x), sHas rpaduk byHkuuu y = f(x)? O6pscHUTE HAa MpUMepe.
2. Kax BoImosHAeTca IOCTpoeHHe rpadukoB GyHKumi g = |f(x)|
n g = f(|x|)? IlposeguTe 06GocHOBaHHeE.

cle b
NEREN

\
‘/ AdononHurensHble ynpaXHeHUs
Kk rnase 1

K maparpagy 1
149. oxkaxxkuTe, 4To GyHKOUA

a)y= 72: gl yOLiBaeT Ha IpOMEXyTKe (5; +00);

6)y = 62: é7 BO3pacTaeT Ha npomexkyTke (—oo; 0].

150. BrisicanTe XapakTep MOHOTOHHOCTH (PYHKIUU:
a)y=+J2x - 1; Bly= x*+ Jxr - 1;
6) y = /3 - bx; ry=|x| -Vx, rre x > 1.

151. Hokaxkure, uro GYHKOUA [ ABJIsAETCA BO3pacTaolleil, ecau:
a) fl(x) =vJx -1 + 2% B) f(x)=x°+x*+ 1, roe x > 0;

6) f(®) = +10x - 15; 1) @) =x*~ L, e x> 0.
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152. JokaxkuTte, 4To QYHKIUA g ABJdseTca yOpIBaloei, eciu:

a) g(x) = x> + J-x; B)g(x)=1—-x— 2% — x5%
N S - _
6) g(x) - J’; x5 I‘) g(x) |x + 3| + |x 3|7
roe x < —5.

153. Onpezgennte xapaKTep MOHOTOHHOCTH QYHKIIUH:

a) f(x) = V-x°; 6) f(x) = %, rae x < 0.

154. Haiigure x,, 3HasA, 4TO
a)f(x)=Jx -2 +x*+ x>+ x+1uflx,) =41;
6) g(x) = x5 + 2x3 + 3x + 4 u g(x,) = 58.

155. Pemnre ypaBaenne x2 — (5 — x)® + 2x = 71.

156. fABnsaercsa mu PyHKOUA YEeTHONH HJIM HEYETHOM, €CJIHU:
a) f(x)=(x + 1) |x| + (x - 1) |x[;
6) f(x) = (x + 1) |x| — (x - 1) |x]|;

x x
B) 8(x) = x|—|3 * x|+|3;

) o) = 525 +

157. Pemure ypaBHeHUe:
a) x2 - 12|x| + 35 =0; 6) x2 + 5|x| — 24 = 0.

158. Moxkaxkure, uTO ecu ypaBHeHue x2 + bx + ¢ = 0 umeer aBa
IOJIOKUTENbHBIX KODHSA, TO ypaBHeHue x? + b|x| + ¢ = 0 umeer ue-
THIpE KOPHS.

159. Hcnons3ys CBOMCTBA MOHOTOHHBIX QYHKIUHA, peIIuTe ypaB-
HeHHe:

A Vet + 2 + 2+ -1 +Vx* +8=T;
6) Vx' + 19 + Va2 + T + V2 - 8 = 15.

160. HJoxkaxure, uTo QyHKOUA [ ABJISETCSA OrPAHUMYEHHON U YKa-
JKUTe ee BEPXHIOK M HMXKHIOIO I'DaHMIbI:

a) f(x) = x21+ = B) f(x) = V10x ~ x* - 16;

3x% +19. 1

6) f(x) = 2+ 9 r) f(x) = TZ 62+10
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161. Haﬁuwre obsacTh 3HAYeHUN PYHKIIUH:

0 1) = 54 B) f(x) = 1 - 9 - [x - 2;

) ) = g N ) =3 - —L—.

162. YkaxuTe BepXHIOI M HIXKHIOK TpaHMUbI Iowagy S mps-
MOYT'OJILHOTO TPEYroJILHUKA, 3Has, YTO JJHHA 4 OJAHOrO M3 ero KaTe-
TOB 3aKJIIOYEHa B rpaHMLAax 5 < g < 6, a JyIMHA APYroro ero Karera Ha
3 eAMHUILI GOJIbIIEe AJIHHBLI MEHbLILEro KaTeTa.

163. HaiiguTe 3HaueHUA apryMeHTa, IIPH KOTOPHIX QYHKOHUSA g
uMeeT HauGoJibllee MJIM HaUMeHblee 3Ha4YeHUs (ecJaM OHH cyIme-
CTBYIOT), U coo'rBe'rc'rByloLune UM 3HAYEeHUA QPYHKIUH:

2

a) g(x) = 2x et B)g(x)=8-J1—J3x2+4J§x+4;
1 24+ 18x +81

Ve = o1 D ED S T 1ss 4 80

164. Ilocrpoiite rpaduk QyHKIUN:

a)y=|7x|'x3? 1)y =4 -

5 x4 . x+ 38|+ |x -3
S YIS py-lEritE-g,
x+2 - |x-2
By = vx' - 1; e)y=%—l-
165. PyHKIUA 3aaHA HECKOJbKMMHU (QOpMyJIaMu: N

-3x, ecit x < -2,
4 — x, ecian -2 <

<o,
ox) = 9

x
x+ 4,ecmn 0 < x <2,
3x, ecoin x > 2.
3azaiiTe GYHKINIO OJHOK GHOPMYIION,

166. BriscuuTe, ABJsieTcA JU (PYHKIHUA YETHOH HJIM HEUYETHOI,
1 nocrpoiiTe rpadpuK QYHKITUN:

)ex) = 2= B et = =

ey =1 ne= Lo
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K maparpagy 2

167. Haitgure paccTosnue d oT ocu cHMMeTpUM napaGosst y = x? +
+ px + ¢ (3uad, uro h® — 4q > 0) go Touyek mepecedeHUs napaboiu
€ OChIO X.

Haiigure 3Hauenune d, ecju:
a)p=-6;¢=3; 6) p=10; ¢ = 17.

168. IIpn KakuX 3HAUYEeHMAX HapamMeTpa k rpad®uK QYHKIHUHN
y=4x*+3kx -k + 1

a) nmepecexkaeT OCh X B ABYX TOYKAaX;
6) kacaeTcs ocHu Xx;
B) HE MMEET ¢ OChIO X OOIKX ToueK?

169. IIpn kakoM 3HauYeHHH mapaMeTpa p QYHKIHSA
y = 3x% + 6px + 4p?

a) Bo3pacTaeT Ha HpoOMeXyTKe [4; +°);
6) yOrIBaeT Ha mpoMeKyTKe (—o0; ~5]?

170. IIpn kakoM 3HaYeHHMM apaMeTpa a QYHKIHAA
y=axt-6x+1

a) IIPDHHHUMAaET IMOJOXXHUTEJIbPHbIC 3HAYECHNA Ha IIPOMEXKYTKaxX

(o 3) (35 +ook

6) IpUHUMAET OTPHULATEILHbIE 3HAYEHUA HA IIPOMEKYTKAX
—o0; L . .
R (1; +o0);
L. 1)
B) MMeeT OTPUILATeIbHbIE 3HAYEHNS HA IPOMEKYTKe 5 1)
1, 1),
I') HMeeT MOJIOXKUTEJbHbIe 3HAUEHNA Ha NPOMEKYTKE 3 8)
) ABJsEeTCS MOHOTOHHOM HA Bceil 06JIacTH onpeneseHusa?
171. Haitapure KoaddUNUEHTH KBAAPATHYHON DyHKIUM

y=ax?+ bx + c,

3Hafd, 4TO ee rpaduk npoxoaur yepes Touku A(0; 2), B(2; 0), C(3; 8).
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K maparpagy 3
172. IlocTpoitiTe rpadpuxk GYHKIUM:
dy=vr-4 -1 r)y=|x|(x2—2x);

x
By=v4-x — 2;

) -x% + 2x, ecim x < 1,
n —
y x2 - 2x + 2, ecmn x > 1;

||

2
—x° — 2x, ecin x < -1,
By= 7 (x* - 1) e)y={

x% + 2x + 2, ectm x > 1.

173. U3BecTHO, uTO QYHKOUA Y = (®(X) BO3PACTAET HA IIPOMEKYTKE
(-00; —2], ybniBaeT Ha IpoMeKyTKe [4; +0°) U COXPaHAET MOCTOSIHHOE
3HaYeHHe Ha IpoMexKyTKe [~2; 4]. U3o6pas3uTe cxeMaTHuecKn rpadux
dysxumn y = ¢(x) u rpadpuk bysrnuu y = ¢(—x), ecau D(9) = R.

174. U3BecTHO, uTO DyHKOMA Y = f(x) Bo3pacTaeT Ha IPOMENKYTKE
(-00; 5] m yObIBaeT Ha MPOMEKYTKE [5; +00). YKaKHUTe NPOMEKYTKH,
Ha KOTOPBIX BO3PAacTaeT M HA KOTOPHIX yObIBaeT GyHKIHA:

8) y = f(-x); 6) y = —f(~x).

175. IlocTpoiiTe rpaduK QYHKOUM:
9y =2 +|x| - 2[; B) y = 2(|x| - 3);
6)y=|-6x*+ T|x|- 3|; r)y=|x-2|(x+2).

176. 3agaiiTe ogHo#t GopMysoi GYHKIUIO:
8= 2 ~8x+ T, ecimx <0,
y 22 +8x + T, ecotu x > 0

X +8x-1

0y i3 ,ecH x < 0,
£ +3xc-1 > 0:

4x+3 ,ecm x 2 0;

" o1
x,ec.rmx\—z-,

By= 1
1—x,echx>-2—;

yy= 6 - x,ecn x < 3,
y= x, ecu x 2 3.

177. Ilocrpoiite rpadnk GyHKIMMU:
gy=[2x};  6)y={-0,5x}.
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U HEPABEHCTBA T
FABA C OAHON NEPEMEHHOM

YPABHEHMA

§4. o\ C OOHOWN NEPEMEHHOM

9. V Lienoe ypasHeHve U ero KOpHM

BaM HeOZHOKPATHO NPMXOAMJIOCH PEIIATH YPaBHEHUA C OLHON
nepeMeHHOM, o0e Y4acTH KOTOPHIX GBIJIM MeJbIMH BBIpa*KeHHMSAMH. Ta-
KHe YDaBHEHHA HA3BIBAIOTCA YeAbiMU YDABHEHUAMU.

Onpenenenue. Ileapim ypaBHEHEHEM ¢ OZHOM IMepeMeHHOM Ha-
3bIBAETCA YpPaBHEHHE, JIeBasi U NMPaBasA 4acTH KOTOPOTO — Ilejble
BRIPaMEHHU S,

IIpuMepaMu LEeJbIX YPaBHEHHH MOTYT CHYKHUTh YPABHEHHS
0,7x" — 3x% — x = 5;

(V8 - #)(V2 - ©*) = «°;
(x® - 8)x x2
e+ 1 == —4x.
2 4
W3 onpepgenenns mesioro ypaBHEHHA M YCJIOBUM Ilepexoja K pas
HOCHJILHOMY YPAaBHEHMIO C OJHOM IlepeMeHHON BBITEKaeT, 4YTO JII06oe
Iesoe ypaBHeHHE MOXKHO IIpeof6pa3oBaTh B PAaBHOCHUJILHOE €My ypas-
HeHue Buaa P(x) = 0, roe P(x) — MHOrodJeH CTaAaHZAPTHOrO BHAA.
IIpeo6pasyem, Hampumep, K TAKOMY BUAY YpaBHeHUe

("3‘%+1=x§—4x.

s aToro ymMHOXKHMM 00e 4acTH ypaBHeHHA Ha 4, mepeHeceM Bce
€ro 4JeHHI B JIEBYIO YaCThb, U3MEHSA IIPH 3TOM 3HAKHU, U IIpeobpasyem
B MHOIOYJIEH 3alMCaAHHOE B JIeBOH YaCTH YpPaBHEHUdA IleJioe BhHI-
paxenue. Ilomyunm:

2(x® — 8)x + 4 = x* - 16x,
2x* ~8)x + 4~ x2+ 16x =0,
2x* - x*2+4=0.

Cmenenvio ypasrenus guda P(x) = 0, 20e P(x) — mMHOzo4eH cmak:
dapmmnozo euda, Ha3viéaemca cmenendb 3mozo MHozowlena. Cmenemvio
npou3BobH020 Yel020 YDABHEHUSA HA3bLeaemcs cmeneHb PAGHOCULY:
HO20 eMy YPABHEeHUA YKA3aHHOZO 8ulda.
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3aMeTHM, YTO eCJH B MHorodieHe P(x) Bce KoaddHIMEeHTH IpH
CTeleHAX IIepeMEeHHO# X U CBOGOAHBIN YJieH PaBHEI HYJIO, TO CTEIEHb
TAKOr0 MHOTOWIEHA He OIpejesieHa, a 3HAYUT, He OmpejesieHa U cTe-
IIeHb COOTBETCTBYIOLIEr0 ypaBHEHMSI.

B paccMOTpEeHHOM NIpUMeEpe MbI MOJYYUIHA YpaBHEHUE

2x*-x*+4=0,

KOTOpOe ABJAETCHA YPaBHEHHMEM YeTBepTOi cTeneHU. 3HAYHUT, PABHO-
CHJIBLHOE €My MCXOJHOeE IleJI0e YPABHEHHE TaKyKe ABJsIeTCA yPaBHEHUEM
YeTBEePTOM CTEIleHM.

Ilenoe ypaBHeHHMe mepBO# CTEIEeHH MOKHO IIPUBECTH K BHAY

ax+b=0,raea =0, 1)
a BTOpPO CTemeHU — K BUAY
ax?+bx+c¢c=0,rnea#0. 2)

CooTBEeTCTBEHHO, IeJIble YPABHEHUSA TPEThHEH M YETBEePTOH CTEmeHH
MOKHO IIPMBECTH K BHUAY

ax®*+bx2+cx+d=0,raea#0,
ax* + bx® +cx?+dx+e=0,rpea=#0.

Boobi1ie 1esroe ypaBHeHHe 7-# CTEIEHU NIPUBOJUTCS K BHAY
ax"+bx" '+ecx"" i+ ... +px+q=0,

rRe X — IepeMeHHad, a, b, ¢, ... , p, § — HEKOTOpbIe YHCJIa, IPAYEM
az0.
Kopenb ypaBHeHHs nepBoil creneHH (1) BrIYMCIAETCA, KaK HU3-

b "
BECTHO, 0 dopMyJe x = —a® 8 KODHHM YDaBHEHUA BTOPOH CTeneHH (2)

HAXOAATCA o dopMyJe x = #, rae D = b® — 4ac, D > 0. Ina

YpaBHEHUH TpeThe#l M 4YeTBEpPTOH cTemeHed TaKKe M3BECTHHI ¢op-
MyJIbI KOPHE#, HO OHM OYEHb CJIOKHbl U IPAKTHYECKH UMM HE IIOJb-
ayorca. JIns ypaBHeHUM HATOM CTelleHM, a TaKxke 06ojsee BHICOKHX
creneHeil, Kak nokasaj B 20-x rogax XIX Bexka HOpBEXKCKUI MaTeMa-
ik H. AGens (1802—1829), dopmys KopHe#l BooGLIe He CymiecT-
BYeT.

YpaBHEHUE TIEPBOI CTEIIeHU UMeeT OAUH KOpeHb, yDaBHEHUE BTO-
poit crerreHu umeeT He OoJsiee ABYX KopHe#. MOXKHO AZOKAas3aTh, 4YTO
BoOOIIe YpaBHEHME N-il cTereHU uMeeT He Gojiee n KOpHeEH.

Ecnu ypaBHeHME C LIeJBIMH KO3(DMUIIMEHTAMH HMeeT LeJbii KO-
peHb, TO €ero MOXKHO HaliTH, MCMOJIL3Ys CIAEAVIOIIYIO TeopeMy.
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Teopema. Ecnn ypaBHeHMe
aoXn+ axxr~x+ .. + an-1* + an= o,

B KOTOPOM BCe KO3(MULMEHTbl — LieNble Ynucna, npuyem csoboa-
HbIA YfleH OT/INYEH OT HYNA, UMEEeT Lefbli KOPeHb, TO 3TOT KO-
peHb ABNAETCA LeNnTeneM CBOOOAHOro uneHa.

JokaszaTenbcTBO. lNycTb HEKOTOPOE LE/0e YAC/IO T ABMSeTCA
KOpHeM [JaHHOro ypaBHeHWA. Torfa BepHO paBeHCTBO

alr n+ axr i~x+ ... + an.xr + an=0.
OTcloga
an=-a0rn- alr m~1- ... - an_xr,

an=T1(-a0r nl - axt m~2- ... - <t, 1),

B npaBoii yacTu 3TOr0 paBEHCTBa 3anMMcaHO MPOM3BEAEHMWE [BYX
MHOXMNTeNen, Nepeblii U3 KOTOPbIX SIBASETCS LeNbIM YMCIOM Mo Npea-
MOMOXeHWto, a BTOPOA — B CU/y TOTO, YTO MPOU3BEJEHME U CyMMa
LenbliX Yncen sBASETCS LeNbIM UYMCOM, MPUYEM KaxXablli U3 3TUX
MHOXWTENE OTANYEH OT HYNA, TaK Kak andg 0. CnepoBatefibHO, Mo
onpeAeneHnto, angennTca Ha T, T. €. Le/blii KOPEHb MHOFOY/IEHA SIB-
naeTca aenutenem cBo6oAHOro yneHa. Teopema AgoKasaHa.

MpuBeaem NprMepbl NPUMEHEHUS 3TOV TEOPEMBI.

Hunbc XeHpUK Abenb (1802—1829) —

HOPBEXCKNI MaTEMATUK, OAWH W3 KpymHeii-

KX matemaTtnkos XIX Beka. VcknounTesbHble

mMaTeMaTM4yeckme Croco6HOCTM Hadan MposB-

nATb ¢ 16 net. PaboTbl Abens okasanm 60/b-

o€ BAUSHWE Ha pa3BUTUe BCel MaTeMaTUKW.

OHWN NMpUBENM K MOSBMEHWIO psfa HOBbIX Ma-

TemMaTMyecKmx AUCUMNANH (Teopun lanya, Te-

opun anrebpanyecknx GyHKUWUR) 1 coden-

CTBOBa/IM BCeOOLLIEMY MPU3HAHMIO TEopUn

(hYHKLMIA KOMMIEKCHOTO MepeMeHHoro. Abenb

fLoKasan, 4to anrebpamyeckume ypaBHeHUS

cTeneHn Bbiwe 4-i B 06WeEM Cyyae Hepas-

pelrMbl B paguKanax, ykaszan Takxe YacTHble

TUMbI YPaBHEHUIA, paspellnMbIX B paguKanax.

Abenb — oavH 13 co3fjartenieii TeOpuKU ANAUNTUYECKUX (DYHKUWIA. Bosbluoe

3HayeHMe UMeLOT ero paboTbl NO 060CHOBaHMID MaTEMaTMYECKOro aHam3a.

Abenb Hanucan nepeyto paboTy, MOCBALWEHHYIO UHTErpasibHbIM YPaBHEHUSM.

PaboTbl AGens 0CTaBMIM 3aMETHBIN Cef B TEOPUN UHTEPMONPOBAHUS (yHK-
uniA, TeOpUN PYHKLUNOHANBbHBLIX YPaBHEHW U Teopumn yumcen.



§ 4. YpaBHEHUA C OQHOW NEepeMeHHOon 63

Ilpumep 1. Haiizem nmesnblie KOPHM yYpaBHEHUA
2xt—x*-9x2+4x+4=0.

Henurensmu cBobogHOro useHa ABaAKTCA yucaa 1, -1, 2, -2, 4,
—4. IlopcTaBaas 3TH YUCJIA B ypaBHEHHE, HANJEM, UTO €ro JeBas YacThb
ofpalaercsa B HYJIbL ITIPH X, paBHOM 1, —2, 2. 3HAYUT, ypaBHEHHE UMEET
TPH LEJIBIX KOpHA: X, = 1, x, = ~2, x3 = 2.

OrBeT: 1, -2, 2.

Ilpumep 2. [loxakeMm, 4TO ypaBHEHUE
xt-3x+3x+2=0

He MMeeT pPalUOHAJNBbHBIX KODHeEIl.

IloncTaBnas B ypaBHeHHME AEJIUTENIH CBOGOAHOTO YJI€Ha, T. €. YHCJIa
1, -1, 2, -2, y6e:xgaeMcA, 4TO ypaBHEeHHEe He HMeEET IeJbIX KOpHeil.
IokaxeM, YTO OHO He HMeeT TaK)ke APOOHBIX PAIlMOHAJIbHBEIX KOpPHEH.

P

HomycTM, 4TO HecoKpaTuMas Apo6b 7’ ranep€Z,qe N, q#1, aBna-
ercsa KopHeM ypaBHeHHA. Toraga BepHO paBEHCTBO

B -ofef 22 20

a4 3HAYUT, 1 PABEHCTBO
p' - 3p°q + 3pg® + 2¢* = 0,

IoJyYeHHOe M3 HEero yMHOXKeHHeM ofenx uacteil Ha ¢*. JleBas yacTb
3TOro0 PaBEHCTBA HE JeJHUTCH HA ¢, TAK KaK IPEeJCTaBJIsAeT cO00H cyM-
My, B KOTOpPOii Bce ciaraemMele, KpoMe IepBOro, AejJATCA Ha ¢, a mpa-
BaA 4acTb paBeHCTBa AejuTcA Ha ¢. IlosyyeHHOe mpoTHBOpedYHE IO-
Ka3hlBaeT, YTO IIPEAIIOJIOMKEHHEe HEeBePHO M HUKaKoe ApoGHoe YuciIo
He ABJAETCA KOPDHEM ypaBHEHUA.

Hrak, Mbl HOKa3aJiM, YTO YPaBHEHHE HE MMeEET PAIMOHAJBHBIX
KOpHe#.

Ilpumep 3. Pemum ypaBuenue 636xZ + 635x — 1 = 0.

IIpumeHeHHe HOpMYJIbl KOpHEil KBaJAPATHOTO YPABHEHUS CBS3AHO
371eCh C TPOMO3IKUMU BhIYMcIeHuAMH. IToctynum nnave. IlonpiTaemes
HalTH IEeJNLIi KOpEHb YPABHEHUA. B CHJIYy JOKA3aHHOM T€OpEMBI, €CJIN
ypaBHEHUE UMeeT IeJIbiii KOPEeHb, TO OH ABJSAETCA JeuTeNeM uucia —1,
7. e. paBeH 1 miu —1. IlogcraBnasa B ypaBHeHHEe BMECTO X 3TH YHCJA,
ybesxxgaemcs, 4To 4yucao ~1 sABAAETCA ero KopHeM. Bropoit kKopeHb
HaiifeM, BOCHOJb30BaBMIUCH Teopemoit Buera. Tak kak x, = —1

1 1 1
M XX, = ~gag’ TO Xy = (—m) :(-1), 1. e. X, = g35-

1
OrBeT: -1 1 636
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INpumep 4. Pemum ypasuenue x* + x + 10 = 0.

HcneiTeiBas AeauTean ¢BOOOZHOrO 4jeHa, HaXOJUM, YTO OLMH U3
KOpHei ypaBHeHHs paBeH —2. IIpyrux KopHe#l 3TO ypaBHEHHE HE MMeeT.
B camom gene, dyuakunio y = x3 + x + 10 MOXKHO pacCMATPUBATEL KaK
cymmy byEKnui y = x° u y = x + 10, Ka)KAaA U3 KOTOPBIX OIpenesIeHa
Ha R u ABnsercs Bospacralomeil. 3HaunT, QyHKuMa y = x°* + x + 10
BO3pacTapIad M, [0 CBOMCTBY MOHOTOHHON (DYHKIIWH, Ka’KJoe CBOe
3HauYeHHe, B YACTHOCTH 3HauyeHue, pasHoe (), OHA NIPUHUMAET TOJBKO
IIpH OJHOM 3HAYEHHH apryMeHTa.

OrBeT: —-2.

178. fIBnsaerca nu JaHHOE ypDaBHEHHE [eJIbIM yDaBHEHHEM:

3 _ 5
a) T 2% 86x—%=1; e)x+1—6x=2;
3 -_—
6) Vx -1 = 19; w) 2222 0,15
x* -1 - 4 241 _
B)x_1—18x—4, 3) x+ 17 =x + 4
2 _ 1, _ . 22 = 43— 1-
r) 1,07x 3x =0,1; ) N x 1;
1., = . X — 2yt — x69
R) 3% Vax; K) N 2x* - x
179. KakoBa cTenleHb YPaBHEHHS:
3 _ 2 _
a) %x4 - x(xT4); p) & 42)18x+1) Cdx - 1
7 T
6) * 5 = ng; n = \@4(" +5) _ 02502

180. IIpn KakuX 3HAYEHHUAX @ YpPaBHEHHE
a) (ax® — 1)(ax® + 2) = 3ax® siBnAeTca ypDaBHEHHEM IIATOH CTEIEHH;
6) (2 — ax®)(ax — 1) + 2x° = 0 apasAeTcA ypaBHEHUEM LIECTOH cTeneEn?

181. Tokaxkute, 4TO nIpu J0OOOM 3HaueHUU b ypaBHEeHUE
a) (bx? — x + 1)(bx® — 2) = 3x"(b — 5) sABAsETCA YPABHEHUEM CceAbMOit
CTeleHu;
6) (bx® — x*)(bx? + x) + 14x8 = Tbx® sBnAserca ypaBHeEHHEM BOCHMOit
CTemeHH.

182. IIpn KakuX 3HAYEHUAX a
a) yncmo 2 — J3 sBasercs xopHeMm ypaBHeHHA x* — 2x2 + 3a = 0;
6) uncno /3 + /5 ABIAeTCA KOpHeM ypaBHeHMA x* — 6x% + 4a? = 0?
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183. CocraBbTe Kakoe-I60 ypaBHeHHe NATOM creneHu Buga P(x) =0,
rae P(x) — MHOro4JieH CTAHAZAPTHOTO BHJA, €CJIM U3BECTHO, YTO MHO-
JKECTBOM €ro KOpHeH sBJIsSeTCA MHOXKeCTBO A, rze:
a)A={0; -1; 1; 2; 3}; B) A = {1; 3; 5};
6)A={~V2;v2; - 2 3;5; 1) A={0; 4; -8}.

184. NmeeT J1u Lesible KOPDHU YPaBHEHUE:
a)x*+2x* - 3x*+2x2-1=0;

B)xb-xt+x2+x-2=07

185. Haiigure nesbie KOpHU YpaBHEHUA:
a)x*+x-2=0; B)x* +x*-3x3-1=0;
6)6x* - Tx +1=0; r)2xt-3x2-2=0.

186. okaxkure, 4To HEecOKpaTuMasa ApobOb g, rnep€Z,g€N,

g # 1, He MoXKeT GBITH KODHEM YPABHEHHA
x5~ 24x* + 173 - Tx* +x -2 =0.

187. okaxure, YTO He HMEET PAIIMOHAJIBLHEIX KODHEH ypaBHEHUE:
a)x*-x2+3=0; 6) x° -3 +x-2=0.

188. [okasxkure, 4yro rpadpuku pyuknuit y =x*+6my=~-3x + 1
IEepPeceKaloTCA B TOYKE ¢ MPPAIMOHAJIILHOK aGCiiuccoii.

189. Penrure ypaBHeHUe:

a) 2002x% — 2001x — 1 = 0; B) 37x%2 + 73x ~ 2 = 0;

6) 116x2 + 115x — 1 = 0; r) 57x% — 101x — 26 = 0.
190. Penture ypaBHeHHE:

a)x*+3x~4=0; B) x*+x— 34 =0;

6)x*+x-10=0; r) 2x® + x = 18.

\
./ YnpaxHeHus ONs NOBTOPEHUs

191. IIpu KaKuX 3HAYEHHAX d IPOM3BeJeHUEe MHOrOYIEeHOB x° +
+ a?x® + 4a n x® + 3x? — x TOMIECTBEHHO PABHO MHOrOYJEHY CTaH-
JAPTHOTO BHJA, HE COAEp KalleMy
a) x'; 6) x3?

192. IIpu xaKux 3HAYEHUAX 4 U b rpaduk dynkuuu y = ax® +
+ bx — 4 npoxozut 4yepe3 Touxku A(-3; 2) u B(1; 6)?

193. Haitgure o6sacth onpejeseHud M o6sacTh 3HaYeHUH (DyHK-
nuu y = x% - |x| - 12.

3 0. Maxapuraes «Anre6pa. 9 xi. e
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¢

10. ¥/ nMpuembl pelieHws uenbix ypaBHEeHU

ITenoe ypaBHeHUEe TpeThei uiau 6ojiee BHICOKOH CTEIIEHU B OTAEND-
HBIX CJIYy4YaAX yAAaeTCsA PEelINThb, UCIOJb3YyH CHEeHHAJbHBIE IIPHUEMBL.
PaccMOTpUM HEKOTOpBIE M3 HHUX.

OnuH 13 TpUEeMOB pellleHns ypaBHeHus Buja P(x) = 0, rae P(x) —
MHOTOWIEH, CTEIIeHb KOTOPOroO BhIIIE JBYX, COCTOMT B PA3N0NCEHUL
MHOZOYUIeHa Ha mMHoIumeau. C IOMOIIBIO PA3JIOMKEHUST MHOTOUWIEHA
Ha MHOYKHUTEJIM YIAeTCs MHOTAA pellleHue YPaBHEHUS N-il CTeneHu, Iae
n > 3, CBeCTH K pelIeHUIO ypaBHEeHWH 0oJjiee HU3KHUX CTEIEHEH.

Ilpumep 1. Pemum ypaBuenue 4x® — 11x + 3 =0.

Pasnoskum mHorouwnen 4x® — 11x + 3 ma muoxurenu. Ilna sroro
ogHouwleH —11x npeacraBuM B BuAe cyMMbI —9x — 2x. Ilonyunm:

4x* - 9x - 2x+3=0,
(4x® - 9x) - 2x - 3)=0,
x(2x - 3)(2x+3)-(2x -3)=0,
(2x-3)2x2+3x-1)=0.

13 ycnosusa paBeHCTBA HYJIIO IPOU3BELEHUS BHITEKAET, YTO IOJTyYeH-
HOe PaBeHCTBO BepHO, Korga 2x — 3 = 0 mau xorma 2x* + 3x — 1 =0.
I'oBopAT, 4TO AaHHOE ypaBHEHHME PABHOCHJIBHO COBOKYIIHOCTH YypaB-
HeHUH

2x—3=0wumm 2x2 + 3x ~ 1 =0.

B sanucu ans 0603HaYEHNSA COBOKYIHOCTH HCIOJIB3YIOT HHOTAA
2x -3=0,
2x2 + 3x~1=0.

MHoOxeCTBOM KOpHeH HCXOJHOro ypaBHEHHMA ABJAeTcA obbenu-
HeHHUe MHOYKECTB KOpHell ypaBHeHU, BXOAAIIUX B 3Ty COBOKYIIHOCTb.
Pemus ka)xJoe U3 ypaBHeHHUH, HaigeM, YTO MCXOJHOE ypaBHEHHUE

HMeeT TPHU KOPHA:
3-V17. _ _ -3+\17
X = —g

KBaJAPATHYIO CKOOKY, HalpUMep IHUINYT: [

x,=1,5; x, = —

OrserT: 1,5; =3 _4‘/{'7; -3 +4‘/ﬁ.

J1a pasnoxeHUA Ha MHOXKHUTEJIM MHOro4JeHa TpeTheil uiau Gosee
BBICOKOH cTeneHU GbIBaeT yAOGHO MHOrAA BOCIIOJb30BATHCA TEOPEMOi
0 KOpHe MHOTOYJIEHA.

Teopema. Ecau wucno a aensemca xopuem muozounena P(x) =
=ayx" + a,;x*" '+ ... + a,_x + a,, 20e a, # 0, mo amom mHozounen
MOXCHO npedcmasumb 6 6ude npousdsedenusn (x — a) Py(x), 20e Py(x) —
muozounen (n — 1)-i cmenenu.
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JokaszaTenbcTBO. TaK KakK 4nMC/O a ABAAETCS KOPHEM MHO-
rouneHa P(x), To P(a) = 0. CocTaBMM pasHOCTb W Mpeobpasyem ee:
P(x) - P(a) = alkxn+ axn~1+ ... +an x + an-
- (@tn+ axam~1+ ... +anla + an =
=aQxn- anf + axXxnl - an~) + ... +an xx - a).
Monb3ysicb (hopMyoli pasHOCTU M-X CTEMEHel, NpeacTaBUM Kax-
[Oyt0 pasHoCTb BMga XT - at, rge v eN. T > 1, B BUAe nponssegeHuns
[IBYX MHOXMWTE/NEN, OANH U3 KOTOPbIX PaBeH X - a. BbIMONHUB BblHE-
CEHVE MHOXMUTeNs 3a CKOOKM W npeobpa3oBaB BblpaXeHMe B CKOOKe
B MHOIQY/IEH, MOTYYUM

P(x) - P(a) = (x - a) 1(x),
roe Pr(x) — mHoro4neH (n - 1)-i cteneHw.
Tak kak P(a) = 0, To oTclofa cnegyeTt, 4to

P(x) = K Ax).
,EI,OKa3aHHaFI TeopemMa ABnAeTca cneagcTteBuem bonee 06LIJ,EFO YTBEP-

XOEHWS:
OCTaToOK OT [AeNeHUs MHOToY/IeHa

P(x) =akkn+ axn 14 ... Yanlx + an
Ha [IBy4Y/ieH X - a paseH P(a).

3710 yTBEpXKAeHMe Ha3biBalOT TeopeMoil Besy. OHa 6bina Bnepsble
cchopMynmpoBaHa M AoKasaHa (hpaHUY3CKUM MaTeMaTUKOM 3TbeHOM
Besy (1730—1783), OCHOBHble TPyAbl KOTOPOr0 OTHOCATCS K BbICLUEN
anre6pe.

Mpumep 2. Pewunm ypaBHeHne x3- x2- 3x - 1=0.

Ecnu paHHOe ypaBHEHUE MUMeET Lefbli KOpeHb, TO OH siBASeTCA
jenutenem umcna -1, 1. e. paBeH 1 unm -1. MNpoBepka y6exaaeT Hac,
YyTo YMCNo -1 — KOpeHb ypaBHeHWUs. 3Ha4YuUT, B CUAY [O0KasaHHOW

JTbeH besy (1730—1783) — paHLys-
CK/A MaTeMaTuK, uneH MapmKCcKon akagemmm
Hayk. OCHOBHbIe TPyl Mo anrebpe — uccne-
[0BaHVe CBOWCTB CMCTeM anrebpanyeckmnx
YPaBHEHWIA BbICLUMX CTEMEHEN 1 UCKUeHNE
HEM3BECTHbIX B TakKMX CUCTEMaX — Cbirpanu
HEMa/I0BOXHYIO PO/ib B Pa3BUTUM TEOPUWN Of-
pefenuTeneii. Teopema 06 ocTaTKe OT fdene-
HU MHOFOYSIeHa Ha NIVHeWHbI ABYYNEH CO-
Jepxxanacb B KHure «O6wwas Teopus anre6-
PaNYeCKVIX ypaBHEHWIA», ony6/IMKoBaHHO B Ma-
pwke B 1779 rogy.
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TeOpPeMBbl, ero JEBYIO YaCTh MOKHO IIPEJCTABUTD B BHJE IIPOU3BEJEHNA
(x + 1) P(x), rae P(x) — MHOrO4YJeH BTOPOM CTEIIEHH.

s Toro uro6nl HaliTn MHOrowIeH P(x), pasgenum x% — x2 —3x - 1
Ha (x + 1).

HeneHue MHOTOUJIEHOB BBIIIOJHHM «YTOJKOM»:

xX-x-3x-1|x+1

Tt x? x*—-2x-1
-2x*-3x
T —2x*-2x
-x-1
T —x-1
0

Hrak,
xX-x2-3x-1=(x+ 1)(x% - 2x - 1).
M3 ypaBHeHUsA
+1D)x2-2x-1)=0
moJiyyaem
x+1=0mmx?-2x-1=0.

PemnB 3TH ypaBHeHMs, HaiifeM, UTO AJaHHOe ypaBHEHHME TPeThel
CTEIIeHU UMEET TPM KOPHA:

x,=-1,2%=1~+2 x,=1+ 2.

OrBeT: -1; 1 - «/E; 1+ 2.

Ona pemreHus UeNblX ypaBHeHUI TpeThbeil uiu 6oJjiee BHICOKOM
CTeNeH! MHOTZA MCIOJb3YIOT M3BECTHBIA BaM Memod 86edeHus HOB0l
nepemennoii. PaccMOTpMM mpHUMeHEeHUE 3TOr0 METOAA IIPH pPeIIeHHH
BO3BPATHLIX YPaBHEHMH 4-# cTemeHH.

Bosspamnuvim ypagHenuem Ha3bIBaeTCs ypaBHEHUE BHUJA

apx"+ax"" '+ ..+a,_,x+a,=0,r0e a,#0,

B KOTOpOM @, =a,_,, k=0,1, 2, ..., n.
BosspaTHOe ypaBHEeHHNE 4eTBEpPTOil cTelleHH B O0IIEM BUJE MOXKHO
3aIIMCATh TaK:

ax*+bx*+cx®2+bx+a=0,roea=0.

Tak kak uucyao 0 He ABJIAETCA ero KOpPHEM, TO TaKOe ypaBHEHUe
MOSKHO PEIIUTb, Pa3ZeUB 06€ ero YacTH Ha X2 U BBeAA IIePEMEHHYI0

1
y=x+ }.
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Ilpumep 3. Pemrum ypaBHeHHE

x1 -2 -x2-2x+1=0.

Oco6eHHOCTDb 2TOr0 YpaBHEHHUSI YETBEPTOH CTEIIEHH COCTOUT B TOM,
yTo KoddPUIUeHTs, OZUHAKOBO yJaJIeHHbIe OT HaYaJia U KOHIA, PaB-
HH MexAay coboii. Pasgenum ofe yacTi ypaBHEHHA Ha X2, ITO MOMKHO
cZeiaTh, He Hapyliasg PaBHOCHJIBHOCTH, TaK Kak uucio 0 He aBiseT-
cs KopHeM ypaBHeHHs. Ilomyuum

2 1
2

xX*-2x~1- - +

p o =0.

CrpynnupyeM NepBBIA YJIEH C IIOCJHEAHUM, & BTOPOH — C IIpeAmno-
CJIeTHHM M BbIHECEM 3a CKOOKH BO BTODPOMH I'DyIIIIeé MHOMKHTENDb ~2:

(x2+%)—2(x+%)—1=0.

1 2
BBezeM HOBYIO IEpEMEHHYIO § = X + x Torga (x + %) =y? T.e.

1
x"’+2+;§=y2,

2 1 2

x+;2-=y—2.

Ilonyuaem ypaBHeHHe
@-2)~-2y-1=0, 1.e.
y¥-2y-3=0.
Pemns ero, naiigem, uro y, = -1, y, = 3.
3HauuT,

1 1
x+;=—1mmx+;=3.

IlepBoe U3 3aTHX ypaBHEHHUH He MMeeT KOpHeH, a BTOpoe HMeeT
3-v56 3++5
3 H .

3 3uaunT, 3aflaHHOE ypaBHeHue x* — 2x3 —

KOpHH

- x* - 2x + 1 = 0 umeeT KOpHHU

3-V5. 3++5
2 2
Emre ogHEM MeTOAOM, KOTODPBIM HCHOJBL3YETCS IIPM PEIIEHUHU Ie-
JIBIX YPABHEHUI, ABJIAETCA Memod HeonpedeseHHbLX KOIpPuyuenmos.
PaspsacHUM ero Ha mpumepe.

3-5 . 3+5
2 2

OrBeT:

Ilpumep 4. Perunm ypaBHeHUe
x—6x+6x2+10x-3=0.
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IloacTaBasia B ypaBHEHUEe JEJIUTEJH CBOGOZHOTO 4JIeHAa, HaMIeM,
YTO OHO MMEET KOPHU: X; = —1 U X, = 3. 3HAUYHUT, 3TO YPABHEHHUE MOK-
HO IpeJCTABUTH B BHJE

(x + 1) x~3)x2+px+¢q)=0.
KoadduuuenTsl p ¥ ¢ HaitleM B3 PaBeHCTBA
(x2 ~ 2x — 3)(x* + px + q) = x* — 6x® + 6x% + 10x — 3.

IToanyuaem

-3q = -3,
-3-2p +q = 6.

Orciopa ¢ =1, p = —4.
CrnenoBaresJbHO, HCXOLHOE YpaBHEHHE NPUBOAUTCA K BHAY

(x+1)x—-3)(x2—4x+ 1) =0.
M3 pasencrsa x2 — 4x + 1 = 0 HaiifleM oCTanbpHble KOPHHM ypaB-
HeHUA: X, = 2 — /3, x,= 2 + /3.
OrBerT: —-1; 3; 2 - \/5, 2+ 3.

IIpubauxeHHbIe 3HAUEHUA KOPHEH HEKOTOPBIX IEJbIX YpaBHEeHHMH
yAaeTcsa MHOTAA HAWTH, UCIOABL3YS 2paguyeckuil cnocoo.

YA [

T Ilpumep 5. Pemrum ypaeHe-
+ Hue x3 —x2-1=0.
IlpeacraBuM gaHHOE ypaB-
HeHue B Buae x = x% + 1, Ilo-
CTPOMM B OJHOH CHCTEME KO-
opauHaT rpaduku GyHKIUH y = x°
uy=x%+1 (puc. 42). 3tu rpa-
| ¢buKU nepecekalTCA B TOYKe, abc-
b IUcca KOTOPO# mpUGINKEHHO paB-
Ha 1,5. 3nauur, ypasHeHune x° -
- x2 ~ 1 = 0 umeeT KopeHs x = 1,5,
B paccMoTpeHHOM npuMepe
—|1 MBI HE MOXKEM YTBEPKAATb, UTO
1 HAULUIH nNpUbIHKeHHOe 3Ha4YeHUe
—L2 KOpHA ¢ ToyHocThIo 40 0,1. Brosme
_13
|
A

S

N___w_l_#__cnﬂ

T
|
w
1
|
[ ]
}
L
Ny
R
—
|
|
N
|
|
(V]
|
[y

BO3MOXKHO, YTO M3-38a HETOUHOCTH
yepTrexka OGblIa JOWyIlleHa OIING-
ka. IIpy HeOo6XOAUMMOCTH KOpHH,
I HaleHHbIle rpaduyecKuM cIio-
Puc. 42 coboM, YTOYHAKT C IMOMOIILIO
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BHYMCJHeHMA. VI YTOUYHEHHMA KOp- vk
Hell NCIIOJIb3YETCs clleqylolee CBO-
CTBO: ecy rpaduK GyHruum y = f(x)
upeAcTaBiseT co60i HenmpepbIBHYIO r \\
JUHUIO U Ha KOHIAX HEKOTOPOro

npoMexxyTka [a; b] dyHKIMA IpUHM-
MaeT 3HAYEHHMS PA3HBIX 3HAKOB, TO
BHYTPH 3TOI'O IPOMEXKYTKA HAXOANTCH
KopeHb ypaBHeHUd ¥ = f(x) (puc. 43).

VYTOUHMM KopeHb ypaBHEeHHMA x° — Puc. 43
- x*-1=0. PucyHok 42 no3sojaser
NPeAIIONOKUTb, YTO KOPEHb YPABHEHUA INPUHANJIEIKHT IIPOMEKYTKY
[1; 2). HeiicTBUTENBLHO, BBINOJHNB IOACTAHOBKY B dopmyiy f(x) = x° —
- x2 - 1, ybesxgaemcsa, uto f(1) < 0, a f(2) > 0.

PasmesiuM OTpPe30K KOOPAHWHATHOM IpAMOM ¢ KoHnamu 1 u 2 Ha
ZecATh PABHBIX YaCTEl TOYKAMM:

1,0; 1,1; 1,2; ...; 1,8; 1,9; 2,0.

ByneM BhIUMCIATh 3HAYEHUSA (PYHKIUH HA KOHIIAX KaMKJOoro us
00pasoBaBIINXCSA OTPE3KOB, HCIOJIL3Ys IPU HEOOXOAMMOCTH KaJbKY-
aaTop. YTo6bl YMEHBIINTL YUCJIO MCIBITAHMHA, HaYHEM ¢ TOYKH 1,5.
Hmeem f(1,5) = 1,52 - 1,52 -1 =23,375 - 2,25 — 1 > 0. YuursBag,
uro f(1) < 0, MOXXHO 3aKJIOYUTh, UTO KOPEHb YpABHEHUA IIPHHAMAJE-
#AT npoMekyTKy [1,0; 1,5]. CpaBEuBaA ¢ HyJeM 3HauYeHHA PYHK-
MM Ha KOHIIaX OTPE3KOB, ompenesiseMbIx Toukamu 1,0; 1,1; 1,2; 1,3;
1,4; 1,5, naxogum, uto f(1,4) <0, a f(1,5) > 0. 3HayuT, KOPeHb ypas-
HeHHS IpUHAJJIEKUT npomexxyTry [1,4; 1,5]. Kaxzaoe u3s uucern 1,4
u 1,5 apaserca kopHeM ypasHeHusa x° — x2 — 1 = 0 ¢ Tounocteio 10 0,1.

AHaJIOrHYHO MOXXHO HaWTH IpuUbIMKeHHbIe 3HaUeHUs1 KOpHe# 3To-
ro ypaBHeHus ¢ TouHocTro ao 0,01, 0,001 u . x.

Q
wY

194. Peuminre ypaBHeHUE:
a) x* - 0,16x% = 0; B) p = 11p° + 12p%;
0) 1,2y2 — 6y = 0; r) 2x3 = x% - 6x.

195. HaiiguTe KOOPAMHATHI TOYEK IIepeceYeHUs ¢ OCAMHU KOOp-
JAMHAT rpaduKa QYHKUMH:
a)y = x* — 5x% B) y = 2x® — 3x? — 2x + 3;
B)y=2x2—2x— x + 2; r)y=2x®-4x* + Tx - 14.

196. YkaxkuTe KOOpDAUHATHI TOYEK NepecedeHUA rpaduka pyHK-

nmu y = ax® — 3x — 2x + 3 ¢ oCcbI0 X, ecau U3BECTHO, YTO OFHOM M3
3THX TOYeK sABasgerca Touka A(1,5; 0).
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197. PemuTte ypaBHeHUE:

a) x* + 9x — 10 = 0; r)pP-3p+2=0;
6) m* —b5m — 2 =0; n 23 -2 -1=0;
B) x3 4+ 2x + 3=0; e)dx* - 5x+1=0.
198. Pemnte ypaBHeHUe:
a)x®+ 5x+ Tx+3=0; By’ —y2 -8y +12=0;
6) x®+2x—4x+1=0; y-y?-14y + 24 =0.
199. HaiiguTe KOpHU ypPaBHEHUS:
a) x3 = x% — 2; r) (x + 2)* + 2(x — 1)? = 66;
) x3+xt—-x+2=0; DE+3)°-(x—-1)2%-4=0;
B)x*+x2-Tx+5=0; e)(x -3 +8(x-2)¢=0.

200. Peminte ypaBHEHHME, MCIOJIb3Ys PA3JIO)KEeHHE HA MHOMKHUTEJH:
a)x*—-3x'+x-2x2+x-2=0;
6) x>+ x?—6x® - 6x2+ 8x +8=0;
B) x> — 3x3 + x2 - 3 =0;
r) x - 9x*+ 8=0.

201. Pemnre ypaBHEHHE:
a)(y~ 1)+ (y+ 1) =16; 6) (t — 3)* + (¢ + 1)* = 256.

202. Pemnre ypaBHeHHE:
a) x3(x + 1) — x¥(x — 2) = 24;
6) (x% + 1)(x® + 3) = 32 ~ 4x%(x? + 5);
B) (x — 1)(x + 1)(x? + 1) + x%(2x — 1) = 242 — x3.

203. Haiigure Hy M QYyHKINN:
a)y=x"~3x"+ 2x* - 6x>+ x - 3;
6) y = x° + 2x* ~ 5x% ~ 10x% + 4x + 8;
B) y = 2x% + 2x* — 3x® — 8x% - 2x — 2.

204. Peminte ypaBHEHUE, UCIIOJIb3YS BBeIeHHME HOBOH ITepeMeHHOM:
a) (x? + 4x)? — (x + 2)? = 416;
6) (x2 - 2x)? + (x — 1)2=173;
B) (x? + 6x)? — 4(x + 3)? = 156;
r) 3(x% + 2x)? = 35(x + 1) + 115.

205. 3anummure B 00IEM BHUJE BO3BPATHOE ypaBHEHHE: &) MIATOH
cTeneHy; 6) TpeTbeil CTEeHU; B) BTOPOH CTeNeHH; I') IepBOM CTeNeHH.

206. JoxakuTe, 4TO BO3BPAaTHOE ypaBHEHHE HEUETHOH CTENeHH
nMeeT KopeHb ~1.
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207. Peminre BO3BpaTHOE YpaBHEHHUE:
a)x'-5x*+6x2—-5x+1=0;
6) x*+3x*—8x>+3x+1=0;
B) 4x* — 8x® — 37Tx* -~ 8x + 4 =0;
Nxt—x+x2-x+1=0.

208. 3nas, 4To OMUH U3 KOpHeH ypaBHeHus 4x* — 12x% + 13x2 ~
- 12x + a = 0 paBeH 2, HaiifuTe @ U APyrue KOPHU ypDaBHEHMS.

209. Pemnre ypaBHEHHE:
a)xt—56x% +3x2+ Tx~2=0; 6) x* ~dx3+ x2+4x-2=0,

210. PemiuTe ypaBHEHUE, PA3JIOIKUB €ro JIEBYIO YaCTh Ha MHOMKH-
TeJX METOAOM HeompejaeJIieHHBIX Ko3(hduineHToB:
a)2x! —4x*+ x2 - 6x - 3 =0; B)2x* + Tx® + x2 - 8x + 2 = 0;
6) 3x* + 3x*-8x*+x—-3=0; r) 2x* + 5x* - 5x* - 13x -4 =0,

211. C momMompio rpaduKoB peliuTe ypasHeHue x° + 2x — 1 =0.
Haiinure nBe mocyiefoBaTebHbIe AECATHUYHEIE JPOGH C OJHUM 3HAKOM
mocJie 3aIATONH, MeXKIY KOTOPhIMHU 3aKJIOUEH ero KOPeHb.

212, Pemure rpaguyeckn ypasaenue x° — x — 2 = 0. C nomMouis1o
BhIYHcIeHuit yrounure fo 0,01 HalizenHoe 3HaYeHUE KOPHS.

\
—*—H—'—'—‘—' ‘/ YnpaxHeHus QNS NOBTOPEHUN

213. N306pa3ure cxeMaTuyecKu rpaduk GYHKIHUHA U YKAXKUTE 06-
JIACTh 3HAYEHMI 9TOM PYHKIUM:
a)y=x2—6x+8; B) y = x> — 6|x| + 8.
6) y = |x® ~ 6x + 8;

214, TIpn kakux x 3HaueHusas ¢yHknmuu y = —0,5x + 3,6 npu-
HAJJIeXKAT IPOMEKYTRY [2; 4]?

215. Ilpu kakux a u b rpaduk Gyakuuu y = ax? ~ 2bx + 1 npoxo-
zut yepe3 Touku M(—1; 3) u P(2; 4)?

216. fBsserca 1 pAaIMOHAJILHBIM WIN HPPAIMOHAILHBIM YHCJIOM abc-
IMCCA TOYKHM IepecedyeHus rpaduKoB GyHKumit y = x3 ~ 4 u y = —2x + 27

11. \’/ Pewenue ApOOGHO-paUMOHaNbHBLIX
YpaBHEeHUH

YpaBHeHUe, JieBasA M IIpaBad YaCTH KOTOPOrO MPEACTABJIAIOT COOOH
panMOHAJIbHBIE BHIPpAXKEHUA, HA3bIBAIOT, KAK U3BECTHO, PAIlMOHAJNBHBIM
ypaBHeHneM. Eciu o6e yacTH panuoOHAJILHOTO YPABHEHUS MJIH XOTSA GBI
OfHA U3 HUX ABJAIOTCA APOOHBIMH BHIPAKEHMSIMU, TO TAKOe ypaBHE-



74 Fnasa 2. YpagHeHUS U HEPaBEHCTBa C OOQHOW NEepeMeHHO!

HHMe Ha3blBaeTcs OpOOHO-DAYUOHAAbHbIM YypasHeHUem. IIpumepamu
IPOOHO-PAMOHAJIBHBIX YPABHEHHI MOrYT CJIY’KUTb YPaBHEHHUS:
2

x-4 1 _ 2 |
x2-1 x x+1
5 _ _ o
x+4_3x 2
6x2—1=£.

X

JIi06oe npobHO-palnMoHANILHOE YPABHEHHE MOMKHO 3aMEHHTH PaB-
HOCHJIBHBIM YpaBHEHHEM BHAA
P(x)
o -9 )
rae P(x) n Q(x) — MHOTOYJIEHBI.
YpaBHeHHUIO (1) YIOBJIETBOPAIOT T€ M TOJBKO Te 3HAYEHHA X, NPH
KoTophlX P(x) = 0 u Q(x) # 0, T. e. ypaBHeHHne (1) paBHOCHJIbHO

cucTeMe
P(x) = 0,
Qx) = 0.

OTcrofia BeITeKaeT M3BECTHLHIM BaM OOI[Uif HpHEM pelIeHUusA APo6-
HO-PAIlMOHAJIbHBIX YPABHEHUH, KOTOPHIH COCTOMT B CJIEAYIOLIEM:

— YMHOXKAIOT 00e 4acTU ypaBHEHMs Ha oOLIMII 3HAMeHATeJb APO-
Oeit, BXOJAIUX B ypaBHEHUE;

— peruaT IIOJIy4eHHOe Iiejloe ypaBHeHHe;

— HCKJIOYAIOT U3 ero KOpHeil Te, KOTOphIe 00palialoT B HyJb 00-
muil 3HaMeHaTeJb apodeit.

IIpumep 1. Pemmum ypaBHeHHE
2x2 — 3x ~ 2
x -2
YMHOKHMB 00€ YacTH YpaBHEHUA HA X — 2, IIOJYYHM IIeJIoe YPaBHEHUe
2x% - 3x — 2 = x® — 2x2,
KOTOpOe NPHBOAUTCA K BHAY
x3-4x2+3x+2=0.
ITonyueHnHOe 1es0€e YpaBHEHHE PABHOCHUJILHO YPABHEHHIO
(x—-2)(x2-2x-1)=0
1 UMeeT TpH KopHA: 2, 1 — «/5, 1+ \/5
EBermx=2, tTox—-2=0;ecmu x =1 — ~/§, 0 x — 2 # 0; ecau
x=1+ 2, Tox-2#0.
3HaAYUT, YUCTIO 2 He ABJAETCA KOPHEM HMCXOAHOTO YpaBHEHMd,
auncna 1 — V2 u 1 + V2 seasiores ero KODHAMH.

OrBer: 1 — \/E; 1+ \/5.

= x2,
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HHorxa apoGHO-pamuoHANBHOE YDaBHEHUE YAAETCA DEmHUTh, HC-
noap3yA Kakmne-aubo HecTaHAAapTHHIE I1peoOGpa3oBaHMSA.

x+3+x+2 _x+H5 x+8
x+2 x+3 x+4 x+T
YMHOKeHHe ofenx yacTe ypaBHeHHMs Ha oOImuil 3HaMeHAaTeNb
apoGeif CBA3AHO CO CJIOMKHBIMH TOYKAECTBEHHBIMH IIpe00pa3sOBaHUAMH.
ITocTynuM mHaye. Beigeanm B KaXJ0o# APo6GH HENTYI0 YacTh:

Ilpumep 2. Pemum ypaBHeHHe

1 1 1 1
It evetl- =1ttt o
Orciona
1 1 1 1

=x+4 tx+7
s Toro urofel YIPOCTHUTH HMPeoGpa3oBaHMs, CIOMUM OTHAEILHO
IpoOH B JIEBOM M IIPaBOM yacTAX ypaBHeHUsa. I[loayuum

1 _ 2x+11
x+2)x+3) (@x+x+7)

x+2 x+3

YMHOKeHHe 00eux uyacTeil MOJYUYeHHOTO YpaBHEHUS Ha obOmymit
3HaMeHaTeJb ApoOedl MPUBOAUT K YPaBHEHUIO

(x + 4)(x+ 7)=(2x + 11)(x + 2)(x + 3).
PackpbiBas CKOOKH M II€PEHOCA BCe WIEHH YPABHEHUS B JIEBYIO
Y4CTh, IIOJYyUYaeM

x?2+ 11x + 28 = (2x + 11)(x? + 5x + 6),
x2+ 11x + 28 = 2x° + 10x% + 12x + 11x2 + 55x + 66,
2x% + 20x%2 + 56x + 38 = 0,
x% + 10x2 + 28x + 19 = 0.

IlonyueHHOEe ypaBHeHUE TpeTheil CTEeIeHH PaBHOCHJIBHO ypaBHe-

HHIO
(x+ 1)(x*+9x +19)=0

H ¥MeeT TPU KOpHSA:
x = -1, x, = —4,5 ~ 1,25, x, = ~4,5 + /1,25.
IIpu kKaxxaoM M3 9THX 3HAYEHUH X mpoHU3BeeHHe
(x +2)0x + 3)(x + 4)(x + 7)

He obparaercsa B HYJb.
3HaynuT, UCXOJHOE YpaBHEHHE MMeeT TPY KOpHA:

_1, _4,5 - \/1,25, _4’5 + \}1,25.
Orser: -1; -4,5 — \/1,25; -4,5 + /1,25,
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B oTaenbHBEIX cay4YaAX yAaeTcs PEIIUTh APOOGHO-paImHMOHAJILHOE
ypaBHEHHUE, UCIIOJb3YysA BBeJeHHEe HOBOM IepeMeHHOM.

IIpumep 3. Pemimm ypaBHeHHe

7 1
+ = =0,
GioE-D Grae-o 1"
BrinosHUB YMHOXKEeHUE ABYUJIEHOB B 3HAMeHaTeadAX Apolei,
MOJIYYUM

1 7 1 _
Frx-2 F+x-20 4 = 0.
BeesieM HOBYIO nepeMeHHYI0 y = x2 + x. Iloqyunm ypaBHeHHe

1 7 1 _
7-2tg-20t2 ="

OTrcrona
4y ~ 80 + 28y ~ 56 + y* ~ 2y — 20y + 40 =0,
y* + 10y — 96 = 0.
PemnB 310 KBaJipaTHOE YpaBHEHUE, HaljeM, 4YTO
y, =-16, y,=6.
Kakxoe u3 HalijeHHBIX 3HAYEHHUH YAOBJIETBOPAET APOOHO-PaIMoO-

HAJbHOMY YPaBHEHMIO C IIePEMEHHO# Yy, TaK KaK He ofpaliaer B HyJb
obmuit 3HamMeHaTeJ b Apobei. 3HAYMT,

x>+ x=-16 unu x2 + x = 6.

Pemas kakjoe U3 5THX ypaBHEHHIi, HaliijieM, YTO IepBoe U3 HHUX
He IMeeT KOpHeH, a BTopoe mMeeT KODHH: X; = —3, X, = 2.

IIpu x = -3 1 x = 2 o6muii 3HamMeHaTeNb Apobei, BXOAAIIUX B
HCXOAHOEe YDaBHEHMEe, He o0palaeTcA B HyJIb. 3HAYHAT, HCXOJHOE ypaB-
HeHHe uMeeT ABA KOpHA: ~3 u 2.

OrBerT: ~3; 2.

IIpumep 4. Pemium ypaBHEHUE

B | 1
3+ = = 3z(x+;).

1
Beesem BcnomoratesbHYIO NEpPeMEHHYIO Y = X + x Bripasum
1
yepes y cymmy x° + -+ Ameem:
Pt 5= (x+l)(x2—1+i).
x x 22
1

1
W3 paBeHcTBa y = x + » Haxoaumm, 4To y:=x*+ 2 + 2

T.e.x"’+$=y"’—2.
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Hrax, monyuyaem ypaBHeHHE
1
yy* - 3) = 37y
Orciopga
1
2 -3- 3—) = 0,
y(y 1

y=0nnny2=6i,

=0mm y = -5 WIn Yy = 5
y= y="3 y=3-
Pemas ypaBHeHHA
1 1 5 1 5
x+__0,x+____2_’ x+___2_’

HalileM, YTO mepBOe M3 HUX He MMeeT KOpHeH, BTOpoe MMeeT KOpHU —2

W -7, & TpeThe MMeeT KOPHH 5 M 2. Tak xkak x° # 0 npu ITUX 3HAa-

YeHHAX X, TO KaxJ0oe U3 HUX ABJIETCS KOpHEM UCXOQHOrO YPaBHEHUA.
1. 1
OrBerT: -2; —5; 55 2.
» 2’ 2’
B paccmoTpeHHBIX mpHMepax HECJ0XHO ObljIO BeIGpaTh mojcra-
HOBKY, ITO3BOJISIONYIO nepeiiTu K Gojiee mpocToMy ypaBHeHuo. MHo-
rga Qs 3Toro TpefyeTcA IpeABapUTENbHO BBHINOJIHUTH HEKOTODHIE

npeo6pa3oBaHu4.

342 3
IIpumep 5. Pemum ypaBHeHHE (x"’x——::%zfi =2

Jlerko nmpoBepuTh, 4TO uncjo 0 He ABISAETCS KOPHEM YPaBHEHHA.
Paspenum yncauTeNb U 3HaMeHaTeJb APoOHM, 3aIMCAHHOM B JIeBOH
YaCTH YpPaBHEHHs, HA Xx2. Honytsz PaBHOCHJILHOE YPaBHEHHE

x + ; 3

z =7
(x—1+g)
x

2 3
Iycrs x + > =Y Toraa ﬁ =7

. 1
PemuB 370 ypaBHeHHe, HailieM, 4TO Y, = 3, Y, = 3 3HauuT,
2 2 1
x+ 3 =3 umm x + =3

IlepBoe U3 9THMX ypaBHEHMiI MMeeT KOpHH X, = 1, x, = 2, BTOpOE
ypaBHeHHNe KopHel He umeeT. Tak kak x> —x + 220nmpu x=1u x =2,
TO NCXOJHOE YypaBHEHHE MMeeT ABa KOpHA: 1 u 2.

OrBeT: 1; 2.
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I
-3
A\
|
-6
I
Puc. 44

HNuorpa ypaercsa HalTH npuOIMKeHHbIe 3HAYEHUA KOPHeH Ipob-
HO-pPanMOHAJBHOrO YPABHEHUS, UCIOJL3Ys rpadpuUyecKUil MeTOox.

IIpumep 6. Pemium ypaBHeHUE }—f_i—z = 0,5x2.

. . 6
ITocTpoum B oHO# cucTeMe KoopAMHAT rpaduKu GyHKUIHHR iy = -3

uy = 0,5x% (puc. 44). T'paduKH mepeceKalTCsa B OAHOM TOuKe, abc-
myucca KOTopoi nmpubiauskeHHOo paBHA 3,2. 3HAYUT, JAHHOE YPaBHEHNE
MMeeT €JUHCTBEHHBIA KOpEHb X =~ 3,2.

217, Pemnre ypaBHEHUE:
x2+1 x*-1 2x +1 2x 3

a) -2 x+1 =8 B).x"+8+x2—2x+4=x+2;
-2, .. 2p+7 2 5p _
6) x-2 Xt =2 I‘)81;3+1 2p +1 4p2—2p+1_0'
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218. HajiguTe KOpHU YpaBHEHHA:

x+5H + 1 _ 1
Y P _6x+8 2 _Tx+10 x-2
2% - 3 3 2

O F_x-42 Z_1ix+28 -7

219. JoxkakuTe, YTO HE UMEET KOPHeil ypaBHeHUe:

1 1 3x -1
Vo+1 T4 6x-3-%
12¢ 23 1

01 %+4 22+ Tx_ 4

x(x2-1 x+4
B 3x-2 '6-3x =

0.

220. HaiigiuTe KOpHU ypaBHEHHUA:

1 1 1 1
a)x+10 x-1"  x+8 x-3’
1 1 1 1.
6)x—4+.7c—5_x—8+.7c~1’

x+2 x+11 _ 2¢x-5 x-1,
D+l x+10 Zk—7 x-2
22+9 x+8 _ 2¢x+15 x+12

%33 x+4  x+5 x+6°

221. Hadiznre HaubGoabINiA KOPeHb YPaBHEHUSA:

2+2  x2+8 _ .. x22-1 x*+1 _, 1
) T2t =5 B yvatrrz 1 v
%2 +1 x2 4 x? 2+1 _, 2
6) x—1+x+2_6’ I‘)x+2 x+1 x+2

222. Pemnte ypaBHEHHE:

x x+2 x+1 x+1 x x+1
732 x x-2°-0 B) -3  x+1 xz+2°-%
X x-1 2x x+1 x+38 3x
6) z+1 x Txz+3- 1 D~ Tx+1l xz+2°3

223. Pemunre ypaBHEHHUE, UCIIOJIb3Y S BBEJEHNE HOBOM ITIePEMEHHOM:
1 + 1 6 .
) Fixr2t  Zix Erx+6
6 1 + 2 _ 6
V¥ 2 @ -x+3 F -2+ 4
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224. HaiiguTe KOPDHM YpPaBHEHUA:
2y _ L1 x \
(] - a2

x 4 \x+2
2 2
M) (_217_) -2=
6) ( 550) +(52g) -2=0.
225. IIpu kakux 3HaueHUAx b cymma gpoGeit
3% +1 8b 4 6 2b% + 2 50 72
a) o U 3z . PaBHa 4; ) b M 3z ] PaBHa
226. HaiiguTe KOpHU YpaBHEHUSA:
31 12
)y - g7 =15 6) p=o 3 ¥ t2y=-1
227. HaijuTe KOPHHM ypaBHEHHUA, YAOBJIETBOPAIOINNE YCJIOBHUIO
3
2 3 24 3 2 12

Deatd-2 P2 Oyt gt Ao

228. Pemnre ypaBHEHUE:

11 T, 1 _ 1 _ 1.
8) 1 #+8 B B) %x+3) +3x+2 60
-1 1 _ 1. | S S
6) piss pie7 24 N Yx-2 G-I 12
229. HaiijurTe KOpHM ypaBHEHHS, YAOBJIETBODPSAIOINIHE YCJIOBHIO
a)x3+%=8%(x+%); B)x3—%=7(x—%).

6) ' ~ = = 55(x - 1);

230. Pemure ypaBHeHHe, BBHIMOJHHUB IPEJBAPUTEJIbHO mpeobpa-
30BaHMe ero JIeBOM 4acTH:
x3 - x 2

_r-x _ 2, (® -~ 2x +5)*
8) GZ+8x-1) 20

( = 92
6) 2 +5x 23'

231. C momompo rpadMKOB BHIACHUTE, CKOJBbKO KOPHEHl HMeeT

6 .
ypaBHeHHe 5 = x® u HaliiuTe NPUGINIKEHHO 3HAYEHHUS ero Kop-

HeMH.
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232. PemuTe rpaduyecKH ypaBHEHHUE:

x+ 7 x+6
8 731 = Z + 4; 6) — = x%.

\
T ‘/ YnpaxHeHUs OAs NOBTOPeHWUs

233. PemuTe cucTeMy HepaBeHCTB:
0,3x - 1,1 < 0,7, ) 0,5 - 0,2x > 1,7,
Y10.2x + 6 > 0,1x + 4 0,6 - x < 1,6 - 3x.

234. HaiiguTe nesble pellieHNsA ABOMHOI'O HEPaBEHCTBA:

a)—1<12"—7‘§ <0; 6)—1,5<@<1,5.

235. Ilapa6osa y = ax? + bx + ¢ upoxoauT 4epes Touky A(1; ~3).
Haiiaure a, b u ¢, ecim H3BECTHO, UTO BEPINMHON napaboJbl ABIAETCA
roaka B(0,5; —4).

236. U3o6pasure cxemaTuyecKku rpaduk GQYHKOUH Y = %g

KakxoBa oGiacTh onpenesneHnA QyHKuuN? YKaKUTe IPOMEKYTKHU BO3-
pacTaHMA U yObIBaHUA (DYHKLIUM, €CIU OHM CYIIeCTBYIOT.

\
Frep ‘/ KOHTpONbHbIE BOMPOCHI U 3aAaHUNA

1. Kakoe ypaBHeHHe HA3HIBAETCA LIE€JBIM YPaBHEHHEM C OXHOH Iie-
peMeHHO#? UTO HA3HLIBAETCA CTENEHBIO 1I€JIOTO YPAaBHEHUS € OJZHOM
nepemennoit? Kakosa crenenp ypaBHenusa x*(1 — x?) = 5x® ~ x%?

2. ChopMynupyiiTe 1 JOKAXKHTE TEOPEMY O LIeJIOM KODHE ypaBHE-
mua P(x) = 0, rge P(x) — MHOrowieH, B KOTOPOM Bce KOa(pdHULIEeHTh —
LeJsble Yucsa, IpudeM CBOGORHBIN 4jleH He paBeH HYJIO.

3. ChopmynupyiiTe U1 ZOKAXKUTE TEOPEMY O IIPEACTABJIEHUH MHOTIO-
yneHa P(x) = apx" + ax" ' + ... + a,_,x + a,, rae a, # 0, B BUge
npoussepennd (x — a)P,(x), rae P,(x) — mMHOrodseH (n — 1)-i crenenu.

4. Ha npumepe ypaBHEeHMH

2 - 2x2+ x - 1=0u x(x + 1)(x + 2)(x + 3) = 5040

pas3BbACHUTE, KAK PellaloT 1ejioe ypaBHEHHEe ¢ IIOMOIIBIO PA3JIOKeHU
HA MHOYKUTEJIM M BBEJEHHMsS HOBON IepEeMEHHOM.

5. Kakoe ypaBHeHMe Ha3bIBaeTcA ApOGHO-panuoHaJibHBIM? B uem
COCTOMT OCHOBHOH NIpueM pelleHUs APOoOHO-pamMOHAJIBHBIX ypaB-
HeHuiA?
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HEPABEHCTBA

§5. /‘\ C OAHOWA NEPEMEHHOW

12. \/ PeweHne uenbix HEepPaBeHCTB
C OAHOW NepeMeHHOH

HepaBeHCTBO ¢ 0fHOI ITepeMeHHO#, 06e YacTH KOTOPOro sBJAIOT-
cAd PAIMOHAJBLHBIMHM BBIDAXXEHUSAMHU, HA3BIBAETCA PAUUOHANLLHLLM
Hepasencmeom. Eciu B paMOHAJILHOM HEpPaBEHCTBE JieBas U IpaBafd
YacTH — ILeJble BhIpa)XeHHUs, TO TaKOe HEePAaBEHCTBO Ha3bIBaeTcHd
yenbim HepaseHCmeoM.

IIpuMepaMu I[eIBIX HEPABEHCTB MOTYT CJHYXKUTH HePaBEHCTBA

0,1x* > x2 — J5,

2
(CET T ER S

W3 onpepesieHns 1eJIoro HEPaBEHCTBA U YCJIOBUM ITepexoZa K PaBHO-
CUJIBHOMY HEDaBEHCTBY BBITEKAeT, 4YTO JI06oe 1ejioe HepaBEHCTBO
C IepeMeHHO# X MOXKHO Ipeo0pa3oBaTh B PAaBHOCHUJIBHOE €My Hepa-
BeHcTBO Buga P(x) > 0 miau P(x) < 0, rage P(x) — MHOrO4JeH CTaH-
aaptHoro Buga. Ilo cremeHu MHOroujieHa OIpejessieTCs CTEIeHb
HepaBeHCTBA.

HepaBeHcTBO mepBoif cTermeHu B OGIIEM BHJE 3allMCHIBAETCA TaK:
ax +b>0umumax + b <0, rae x — nepeMeHHas, @ U b — HEKOTODbIE
yucaa, npuyem a # 0. IIpuem perreHnsi HepaBeHCTB IIEPBOM CTENEHH
BaM xopomio ussecteH. [Ipu a > 0 HepaBeHCTBO ax + b > 0 3amMeHAOT

b .
PABHOCHJABHBIM HEPaABEHCTBOM X > _59 MHOXKECTBOM DEIIEHHUH KOTO-

b
POTO ABJAETCH IIPOMENKYTOK (——; +00o|, a npu @ < 0 ero 3aMeHSIOT
a

b .
PaBHOCHJIBHBIM HEPABEHCTBOM X < "E, MHOXXECTBOM PEIICeHHMH KOTO-

pOro SIBJISAETCS NMPOMEMXYTOK (—oc; —%). AnasornyseblM 0o6pa3oM pe-

MIAIOT HEPABEHCTBO ax + b < 0.

HepaBeHCTBO BTOPOii cTemeHM B OOILIEM BHJE 3alMCLIBAETCHA TaK:
ax®+bx+c¢>0wmax?+ bx+c <0, rage x — nepemenHas, a, buc —
HEKOTOphIe uKciaa, npuyeM a # 0. PellleHne HepaBeHCTBa BTOpO# cTe-
IIeHYU CBOAMTCS K HAXOMAECHHUIO IPOMEKYTKOB, B KOTOPHIX KBaAPATHY-
HaA QYHKIUA IPUHUMAET IIOJ0KUTETbHbIe MM OTPUIIATEIbHbIE 3HAUE-
HHUA.
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D<O D=0 D>0
y y AY

a>0

0 £ 0 £ 0 %

yA Y, Y,

0O ?c [0] x [9] x
a<0

Pwuc. 45

Ha pucyHke 45 moKazaHO cXeMaTHYECKHM, KAK PACIIOJIOXKEH OT-
[OCUTEJIBHO OCH X B KOODAMHATHOH IJIOCKOCTH rpad®uk QyHKIUU
t=ax®+ bx + ¢ B 3aBUCHMOCTH OT 3HaYeHUs AUCKpUMHUHaHTa D, rae
) = b? - 4ac, KBagpaTHOrO TpexuwieHa ax? + bx + ¢. U3 pucyHka BUI-
10, KAK CBA3AH 3HAK KBAJPATHOrO TpexujeHa ax? + bx + ¢ co 3HaKOM
toatpdunmenta a npu D <0, D=0, D > 0.

Ecnu D < 0, To 3HaK KBaJPaTHOTO TPeX4JieHa cognadaem co 3Ha-
(OM @ TIPH JIOOBIX 3HAYEHHAX X.

Ecnu D = 0, To 3HaK KBaJipaTHOTO TpexXdJeHa cogdnadaem cO 3HaA-
(OM @ OpH JIOOOM 3HAYEHUH X, KPOME KOPHA TPexXuJIeHa.

Ecium D > 0, To 3HaK KBaJPATHOTO TPEX4JIeHA NPOMUBONONONEH
'HAKY @ B MIPOMEXKYTKe MeKAYy KOpDHAMHU U cosnadaem cO 3HAKOM a4
JHEe 3TOTO IIPOMEKYTKA.

ITH MOJIO¥KEHUA MOTYT CJYKHUTh OIOPHEIMUA IIPU pEellleHHH Hepa-
JEHCTB BTOPOM CTemeHH.

IIpumep 1. Pemum HepaseHcTsBo 2x2 — 5x + 2 < 0.
BeIuuCcIUB JUCKPUMUHAHT KBAJPATHOrO TpexuwieHa 2x2 — 5x + 2,
roayuum D = 25 — 16 = 9 > 0. 3HauuT, TPEXUJIEH UMeeT ABA KODHA.
. 1
>emiuB ypasHeHue 2x? — 5x + 2 = 0, HaiifgeMm, uTO X; = 30 X2 = 2. Ham
140 HANTH MHOXKECTBO 3HAYEHMI X, IPM KOTOPBIX TPeX4JeH IpH-
iMMAaeT OTpPUIATeJIbHble 3HAYEHUs, T. €. ero 3HaK IPOTHBOIMIOJIOMKEH
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3HaKy nepsBoro Koadwbunuenra. Tak kak D > 0, To 3TO BHINOJIHAETCA
B IIPOMEXKYTKE MEXJY KOPHSAMHU. 3HAYUT, HEPABEHCTBO BEPHO, €CJH

1,
e (E’ 2)'
. (1.
OrBeT: (2,2),

CiefyeT 3aMeTHTh, UTO JJIsA pelleHHs HepaBeHCTBa Buja ax’ +
+bx+c¢>0umuax®+bx+c <0, rge a0, MOXKHO HE 3aIIOMHHATL
BBIBOJ| O COOTHOIIIEHHH MEXAY 3HAKOM KBAJAPATHOrO TpeXuieHa ax’ +
+ bx + ¢ 1 3HAaKOM Koo PHUIMEHTA @, & UCIIOJNb30BATh CX€MATHYECKH
u300paKeH bl rpaduK GyHKIuY y = ax? + bx + ¢, KOTODPBIA CTPOUTCA
C Y4eTOM 3HAaUYeHUH KODHeEH, eCIM KODHH CYIIeCTBYIOT, H 3HaKa K03d-
dunuenTa a.

IIpumep 2. Pemumm HepaBeHCTBO
2x2 -9x + 9> 0.

Ipaduk pyaxknuu y = 2x2 — 9x + 9 ecTs napabosa, BETBH KOTOPO#
HanpasJieHbl BBepX. [IJI TOro 4To6nl OmpeAe/]IdTh, KaK 3Ta napaboia
PACIIO0JIOMKEeHA OTHOCHTEJIBHO OCH X, PEIIMM ypaBHeHHe

2x*-9x +9=0.

IT0 ypaBHEHUE MMeEeT ABa KOpHA: x; = 1,5, x, = 3. 3HaunT, napaboia
nepeceKaeT och X B ABYX TOYKax, abcmucchl koropeix 1,5 u 3. Hso-
6pasuB napabosy cxemaTniyeckn (puc. 46), Mbl MOYKEM cZeJIaTh BbIBOZ,
4TO JaHHOEe HEPABEHCTBO BEPHO, €CJaH X € (—00; 1,5) uau x € (3; +),
T. €. MHOKECTBOM DeIlIeHHil HEpaBEHCTBA ABJIAETCA 00'beAMNHEHHNE ITHX
IIPOMEMKYTKOB.

OrBeT: (—90; 1,5) U (3; +00).

ITesoe HEPABEHCTBO C OAHOM MEePEeMEHHOH
TpeThe#l nm GoJiee BHICOKOM CTEIIEHU MHOTAA
yAaeTcd PelNThb, MCIOJb3Ys CIeIUaTbHbIHR
METOX, MOJIYYUBIIUN HasBaHUE Memod ukH-
mepeanos.

- IIycTs naH ABy4YJIEeH X ~ @, TAe @ — HEKO-
1,5V3 *  ropoe uyucno. OTMETHM Ha KOODAUHATHOK
npaMoii Touky a (puc. 47). CieBa OT TOUKH 4,

Puc. 46 T.e. 0pd X < @, AByWIEH IPUHHAMAET OTpPHU-
naTeJbHble 3HAYEHHS, & CIIPABA OT TOYKH 4,

T. €. IPH X > a4, OH IPUHUMAET MOJIOKUATENb"

-+ _ Hble 3HAYeHMA. 3HAYMT, IIPU IepexoJe Jepes
a X TOYKY @ ABYYJIEH X — G MEHAET 3HAK. IT0

Puc. 47 CBOMCTBO JIEXKUT B OCHOBE METO/]a HHTEPBAJIOB.
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PaccmoTpum Tenepbh PYHKLIHUIO
f(x) = (x + 4)(x ~ 3)(x — 8).

OG6nacThi0 onpefejieHNs GYHKIUU SABJIAETCA MHOMECTBO Jei-
CTBHTEJIBHBIX uKcesl. OTMETHM HA KOODAMHATHOM IIPAMON HYJIN QyHKIINH,
T. €, Touku ~4, 3, 8 (puc. 48). UcciegyeM 3HaKU 3TON (DYHKIHMHU B KaXK-
JioM 13 06pa30BaBIIIMXCHA IIPOMEKYTKOB (—00; —4), (—4; 3), (3; 8), (8; +0).

- + - +

-4 3 8
Puc. 48

M

Jlo6as Touka 13 IpPOMeXKYTKa (—00; ~4) JIeKHT JieBee HyJei QyHK-
onu, Orciofia BBEITEKAET, YTO B 9TOM IIPOMEMKYTKE KAMABIA U3 MHO-
xurenei x + 4, x — 3, x — 8 oTpunaTeNIeH H, 3HAYUT, OTPUMATEIbHBIM
YUCJIOM fABJIAETCS HX mpousBeaeHue. B mpomeskyTtke (—4; 3) aobasa
TOYKA JIEXKUT IpaBee TOYKM —4, HO JieBee TOUeK 3 U 8, U MO3TOMY IpH
nepexoze U3 MPOMEXKYTKA (—00; —4) B IPpoMeKYTOK (~4; 3) MHOXH-
TeNb X + 4 MEHAET 3HAK, a8 Ka)KAblil U3 MHoXKuUTeneit x — 3 u x — 8
coxpaHder 3HaK. CiiefoBaTeJIbHO, B MPpOMEXyTKe (—4; 3) nmpoussene-
uue (x + 4)(x — 3)(x — 8) aABAAeTCA NMOJOKUTENBLHBIM YHcIoM. C mo-
MOILBIO AHAJIOTHYHBIX PACCYMKAEHUHA MOMKHO YCTAHOBHUTH, YTO B IIPO-
mexkyTKe (3; 8) mpoussegenne (x + 4)(x — 3)(x — 8) npUHUMAET OTPHU-
naTeJibHOe 3HaYeHHWe, a B MPOMeXKYTKe (8; +00) — I0JIO:KHTENIBHOe.
YepemoBaHne 3HAKOB byHKIIUH

f(x) = (x + 4)(x — 3)(x — 8)

OKa3aHO HA KOOPAMHATHOM mpsmoi (cM. puc. 48).

Boobme ecau dyHKIUA 3amaHa GopMyJIon

fx) = (x — 2, )0(x — %) ... (x — ),

rge x — IEPEMEeHHAas, X, X3, ... , X, — HEKOTOpHIE YHCJIA, CPEAH KO-
TOPBIX HET PABHBIX APYT APYTY, TO B KAMAOM M3 IIPDOMEXKYTKOB, Ha
KOTOpBIe HYJIH QYHKIMHU pa3buBaiOT 00JIaCTh OIpesiesieHus, 3HAK HyHK-
OHH COXPaHSETCA, a IPH Iepexofie Yepe3 HYJb ee 3HAK U3MEHAETCH.

OTO CBOMCTBO MCIIOJIB3YETCs IIPH PEINEeHWH HEPABEHCTB BHIA

(x - xl)(x - xz) b (x - xn) < O’ (1)
(x~x)x~2x)...(x—x,)>0,
rge X — MepeMeHHas, X, X, ..., X, — He paBHBIe JPYT APYry 4ucJa.

IIpuBegem mpuMeps.
IIpumep 3. Pernum HEpaBeHCTBO
x-3x2-x+3<0.
Pa3yoKuB JIeBY10 YaCTh HEPABEHCTBA HA MHOMKHUTEJIH, MOJYUUM
(x-3)(x~-1)x+1)<O.
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- + - +

-1 1 3
Puc. 49

N

OTMeTUM Ha KOODAMHATHON HNpsAMON HyJIU GYHKIHH
fx) = (x = 3)(x ~ 1}x + 1),
T. e. yucaa 3, 1 u ~1 (puc. 49).

OnpepennM 3HaKH QYHKIMM B Ka)KAOM M3 06pa30BaBIINXCS IIpo-
MeKYTKOB. IIpu aToM yZo0HO HAaUMHATH C IIPOMEKYTKAa, KpailHero
cnpaBa. Bce TOUKH 9TOro mpoMesKyTKa PacIoJIOKeHbI IIpaBee Jiroboro
U3 HyJel ¢pyHKIUKN. 3HAYUT, B 9TOM IPOMENKYTKE KaKABIA M3 MHO-
KUTEeNeH x — 3, x ~ 1, x + 1 MoJOKHUTENEH, & IIOTOMY ITOJIOMKHUTEb
HBIM YHCJIOM SBJSAETCS UX Mpou3BeAeHNe. 3HaKM GYHKIMU B OCTaJb:
HBIX IIPOMEIKYTKAX OIpEefeJHM, HUCIOJb3ys CBOHCTBO YepenOBaHH
3HaKOB (cM. puc. 49). MHO)KecTBOM pellleHWil HepaBeHCTBa SABJIAETCH
o0'befHEHHE TPOMEKYTKOB (—o°; —1) u (1; 3).

OrBeT: (—o0; —1) U (1; 3).
IIpumep 4. Pemum HepaBeHCTBO
x(7Tx + 2)(3 — x)(x%2 + 4) > 0.

Tax KaK MHOMXHUTENb x2 + 4 mpu Jo6oM X NPUHUMAET IOJOMXKH-
TeJIbHOE 3HaueHHue, TO JaHHOe HepaBeHCTBO PABHOCUJILHO HEPABEHCTBY

x(7x + 2)(3 — x) > 0.

IIpuBenem 3To HepaBeHCTBO K BuAy (1). I1sa aToro B ABYUJIEHe
7x + 2 BbIHECEM MHOXKHTEJb 7 3a CKOOKH, a ABYUWIEH 3 — X YMHOMXHM
Ha —1, UBMEHUB IIPH BTOM 3HAK HepaBeHCTBa. Ilosyuyum

7x(x + —?)(x ~3)<0.
Orcroma
x(x + %)(x -3)<0.
OTMeTNM HA KOOPAWHATHOH NPAMON HYJIM QYHKIUH
flx) = x(x + %)(x - 3)

¥ ee 3HAKH B 00pA30BABIIMXCSA MPoMeXyTKax (puc. 50).
-+ - +

3

e @
(=X }
1Y

Puc. 50
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MHo)KecTBOM pelleHHII HepaBEHCTBA x(x + %) (x — 3) <0, a 3ua-

YHT, 1 PABHOCHUJIBHOTO €My 3aJaHHOI'O HEpPpaBEeHCTBA, CIYXXHUT 06’1:8}11{'

HeHUe MPOMEKYTKOB |—0G; —% u (0; 3).

OrBer: (—oo; —-?—) U (0; 3).

3amMeTHM, YTO CYIIECTBEHHBIM ABJsAETCS TpeGoBaHUeE, YTOOR! B QOp-
myne f(x) = (x — x,(x - x,) ... (x — x,) cpegu 4yucenx x;, Xy, ... , X, He
610 ObI PABHBIX ApYT APYry. B IpOTHBHOM cilydae B IIPOM3BEACHHU
MOKeT OKa3aThCA YETHOE YMCJIO MHOMKUTEJIEN BUJA X — X, M IIPH IIEPEX0-
Je 4epe3 TOUYKY X, 3HAK IIPOU3BefeHUA He GyfeT MeHATbCA. ITO cieayer
VYNTHIBATH IIPU DEIeHHH LIeJIBIX HEePaBEHCTB METOAOM HWHTEPBAJIOB.

Ilpumep 5. Pemum HepaBeHCTBO
x(x + 3)(x —4)(x—-2)2<0.
OTMeTHMM Ha OCH KOOPAWHAT HYJH QYHKIHH
f(x) = x(x + 3)(x — 4)(x — 2)
H ee 3HAKH B KA3KI0M U3 00pas0BaBIIIMXCS MHTEPBAJIOB, YUMTHIBAA IIPH 9TOM,
YTO IpK IEpeXofie Yepe3 TOUKY 2 3HAaK QYHKIMM He MeHsercA (puc. 51).

- + - -+

— e —  — o —9¢ - o »

-3 0 2 4 x
Puc. 51

MHOXecTBOM pelmeHHi HepaBeHCTBa ABJAeTCA o0begUHEHHE IIpome-
®KyTKOB (—°°; —3), (0} 2) u (2; 4). 3ameTuM, YTO 3aMEHHUTHL O0BEAH-
HeEMe npoMeKyTKoB (0; 2) u (2; 4) npomexkyTkoM (0; 4) Henb3A, TaK
Kak py x = 2 3HaueHHe QyHKIUU paBHO 0.

OrseT: (—00; —3) U (0; 2) U (2; 4).

O6muii Buj rpabuxa GyHKIUU y = f(x) mokasaH Ha PUCYHKe 52.
lpadpuk mepecekaer ocb x B Toukax ¢ abcmuccamu —3, 0, 4 u kaca-
eTc OCH X B TOUYKe ¢ abcruccoit 2.

Y,

Puc. 52
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237. Pemnre HEpaBeHCTBO:

a) x?—11x + 24 < 0y n) —9x2 + 12x — 4 > 0;

6) 2x2 + 11x ~ 6 > 0; e)0,1x>+ x —2,4<0;

B) -Tx?-6x+1 > 0; K)3x2—x+5>0;

r) 2,6x*+x+ 0,1 > 0; 3) -2x2-4x -6 > 0.
238. Pemrute HepaBEeHCTBO:

a) 6x%> — x < 0; r) x2 < 5x;

6) 7x*+ 8 > 0; o) x2 < 9;

B) 8x% > 11x; e) x2 > 16.

239. HaiigTe MHOKECTBO pellleHUIH HepaBeHCTBa:
a) Tx(Tx —4) + 2(Tx + 2) > 0;
6) 3p(p ~ 2) < 2p(p + 4) ~ (p ~ 16);
B) 2(6 — x) + 3x(x — 1) < 04
r)(y -3y ~-36-y <1.

240. Ilpu xaxux 3HAYEeHUAX G
a) Kaxjoe perenue HepaseHcTsBa 2x%2 ~ x ~ 3 < 0 aBiasleTcsa peme
HHUEM HepaBeHCTBa 3x — 2a > 0;
6) kaxjo0e pelneHue HepaBeHcTBa x2 — 2,5x — 6 < 0 aBaserca peue
HHUEM HepaBeHCTBa Ha — 2x > 07

241. Pemure HEPaBEHCTBO:

2% —x _ x+ 2, ¥ +y _y.
5 2’ B) 31~ 4 35

+

1 1, x2 4 _x-T
) —x—1>§, r) 7-1 g <0

a)

6) X

242. Hakaure HanbGoJblllee 1ejioe YHMCJIO, YAOBJIETBOPSIOIee
HEepaBEeHCTBY:

8) (5p - D +2) - L <,
6 But2e-D Qu-hurd g

243. HalizuTe HanMMeHbIIee 1€JI0€ YHUCJIO, YAOBJETBOPAIOIIeE
HEpPaBEHCTBY:
a) 6x-2x @Bx-1Bx+1 <1;
2 3
_ _ 2
6) By + 1My - 2) _ -1 < 0,5.
6 3
244, Ilpu xaKUX 3HAYEHUAX X MMEET CMEICJI BhIpaKeHHe:

[ox2 _ [4x2 _
2x° + 5x - 3. B) 4x* — 4x - 3,

a)

4 ? x -2 ?
Va2 + 4x - 12 2¢2 - x + 8
O = RS T



§5. HepaseHcTBa ¢ OQHOW NepeMeHHoOWn 89

245. PemnnuTe cuCTEMY HEPaBEHCTB:
){x2—2x—48<0, {6p2+11p—2<0,
a

3x-6 >0 10p2 +3p-1< 0;
) 952 — 30y + 25 > 0, x > 1,422,
r
0,2y - 0,1 > 0; 9x2 + 5x -4 < 0.

246. HaiiguTe Bce Liesble YMCJa, YAOBJIETBOPAIOIIHE CUCTEME
HEPABEHCTB:

)t2—3<0, ) 2p? ~13p + 6 < 0,
B
2 -2t <0 3p> — 28p + 44 < O

5 x2 —6x +5 <0, 6x2 — 35x + 11 < 0,
r
x2-4x +4 > 0; 2x? ~ 4,5x < -1.

247. HaiiguTe MHOXXKECTBO 3HAUEHMIH X, YAOBJIETBOPAIOIIUX COBO-
KYIIHOCTH HEPABEHCTB:

x2 -11x + 30 < O, )6x2—11x+4<0,
a
0,3x —1 > 0,6; 4x% —13x + 9 < O.

248. IIpn KaKUX 3HAUYEHHAX X HE MMEET CMEICJIa BhIpaKeHue:
8) V3x ~ 2 + Jx? ~ 5x; 6) V2x2 — 6x + Jx? — 6x + 8?

249. HaliguTe MHOKECTBO pelieHUi HepaBeHeTBa X2 — 3x < 1, mpwm-
HaJuleMKaux npomexkyTky [—1; 1).

250. Haiinnre MHOECTBO 3HAYEHUH X, YOBJIETBOPSAIOIINX CUCTEME:

x?2 ~ 85 < 0, x2 + 7,6x <O,
a) {|3x —1 <0, 6) 413+ x <0,
x-4>0; 2x — 9 > 0.

251, IIpn KakuxX 3HAUEHUSX M BEPHO OpH JIOO0M X HEPABEHCTBO:
aAx*+Cm~-3)x+m>-m+4>0;
6) x2+ (2m - 6)x + 2m® - m + 3 > 0?

252. IIpn KaKUX 3HAUEHUAX b BePHO IpPH JIOOBIX X HEPABEHCTBO:
a) bx? ~ 8x + b < 0; 6) bx2 — 3x + b > 0?

253. IIpu kakux 3HaYEHUAX P MHOMKECTBOM pelleHui HepaBeHCTBa

px2-2p-1x+2p<0

ABJIAETCH MYCTOE MHOXKECTBO?
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254. Ilpu kakux 3HaYeHUAX R Bce TOYKM rpadpuka GyHKIMH
a) y = x® — 4kx + k(k — 1) pacnonoseHs! Boillle OCH X;
6) y = —x% + 6kx + k(k + 1) pacnosioskeHbl HUMKE OCH X;
B) y = kx? + 2(k + 1)x + 4k pacnosno<eHnl HUMKE OCH X?

255. Hcnionb3yss MeTOJ WHTEPBAJIOB, PEIINTE HEPABEHCTBO:

a) (x + 1,2)(x + 1%) > 0

o fce Y- 2o <o

B) x(x — 4)(x — 4,2)(x - 4%) <0.

256. Pemnre HepaBeHCTBO:
a) (bx — 2)}(x + 6) > 0;
6) (x — 0,3)(6x ~ 1)(b — 2x) > 0;
B) (2x — T)(x + 6)(4 — x) < 0;
r) x*(x + 3)(3 — 2x) > 0;
o) x(2x — 15)(x ~ 6)2 < 0;
e) x(2x + 3)(x - 1,6)* > 0.

257. Haiigure KOOpAUHATHI TOYEK, B KOTOPBIX rpaduK PYHKIUK

y = (x — 2)}(2x + 3)(3x — 4,5)

a) mepeceKaeT och X; 6) KacaeTcsa ocH x.

258. IIpu KaKNX 3HAYEHHAX 4
a) MHOXKEeCTBOM pelIeHNi HepaseHcTsa (x — a)’(x — 4)(x + 6) < 0 as-

JAeTcs YUCJOBOM NpoMeKyToK (—6; 4);

6) MHOXKecTBOM perreHnit HepaseHcTBa (x + a)’(x — T)(x + 5) > 0 a8
ndeTca o6 beJUHEHHE YHUCIOBBIX IPOMEMKYTKOB (—00; —-5) u (7; +90)?

259. Pemnre HepaBeHCTBO:

a) (2 + x)(49 — x%) < 0; o) (2 — 3x®)(x2+ 7)< 0;

6) (x* — 1)(x2 + 11) > 0; e) (x2—6x + 5)(x + 8) > 0;
B) (2% — T)(x® + 18) < 0; x) (2 — x + 11)(4 — x) > 0;
r) (2 - 11)(15 - x?) > 0; 3) (x2 — 9)(x? + 2x + 14) > 0.

260. Haiigure MHOMECTBO pemIeHUii HepaBEHCTBA:
a) Tx® — 2x* — 28x + 8 > 0;
6) x* + 6x*2~x—6<0;
B) x* - 5x2 + 8x — 4 > 0;
r) x* + 2x2 - 5x -6 < 0.
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261. PemuTe HEpaBEHCTBO:
) (x-8)*x®-3x+4) > (x - 8)%x + 1);
6) (2x — 3)4(x? ~ x) > (x — 1)(2x — 3)%;
B) (x* —4x + 4)(x®2 — 1) < (x — 2)¥(x + 5);
r(x+6)%(x2+ x — 1) < (x% + 3x)(x + 6).

262, Ilpn KaKUX 3HAYEHUAX X UMeeT CMBICJ BRIPAXKEHHE:

) \/(x +4)3 - x) . 6) J(x? — 6x)(x? + 2)?

x2-25 22+ x

263. HaiiguTe 06JsacTh onpefeseHUA QYyHKIUM:

Dy =2 - x)x + 19); B) y = Ja ~ 222 + 6x - 12;
Oy=J@x* - x)x? + T); 1) y=Jx® —bx2 + Tx - 3.

\
T ’/ YnpaxHeHUs O/s NOBTOPEHUS

264. Kakne u3 gaHHBIX QYHKOME COXPaHAIOT 3HAK Ha Bcei o6ia-
CTH OIIpeJleJIeHH A :
y=2x*+ 1L, y=~vx+3; y= Jx +6;y= —J;;
y=6x+4;y=-16x% y=—x*-4;y= %?

265. U306pasuTe cxemaTudeckud rpadux GyHKOUHM y = vx — 3
I YKaXKMTe AJIS Hee MPOMEKYTKHM 3HAKOIOCTOSHCTBA.

266. IIpu KaKMX 3HAYEHUAX X DABHbI 3HAYEHUS ABYYJIEHOB:

8)5x' + 9 m x* + 37x%; 6) x* — 10x% u 12x% + 75?

267. HaiiguTe cymMMy M IIpOM3BeJeHHE KOpHeH OHKBaJpaTHOTO
VDAaBHEHMA:
8) 2! - 14x® + 45 = 0; 6) x* — 2x2 - 63 = 0.

268. Pemtnre ypaBHEHUE:

5-2c 1 _ 2 2x-2
3-x"z-3 b 6) 3x_3

13. \’/ PeweHune ApPO6GHO-paLMOHaNbHbIX
HepaBeHCTB C OAHOW NepeMeHHOW

HepaBeHCTBO ¢ OomHOM mepeMeHHO#, 00e YacTH KOTOPOTrO paIuo-
HAJIbHBIE BHIPDA)KE€HU S, HA3bIBAETCH, KAK H3BECTHO, PAIMOHAJbHBIM
HepaBeHCTBOM. EcJM B pamMOHaJLHOM HepaBeHCTBe ob6e yacTH MM
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XOT#a GBI OAHA U3 HUX ABJISIOTCH APOOHLIMH BBIPAYKEHUSIMH, TO TAKOe
HEPABEHCTBO HA3LIBAETCH OpPOGHO-DAUUOHANbHbIM HEPABEeHCMBOM.

IIpumepamMu ApOGHO-PALMOHANILHBIX HEPABEHCTB MOTYT CJYIKHTh
HEePaBEHCTBA:

5 2 1 ., 1 _ 37,
x+1 x  x+1’ x<2 2’

—«/_E[f_x<2x4+1'

Ecan B p;poﬁno-paunonam;nom HepaBeHCTBE IIEPEHECTH BCE YJICHH
B JIEBYIO YaCTh N IpeACTABHATH IIOJIYYEHHOE npoﬁno-paunonam,noe

BhIpaXeHHe B BHJ€ OTHOIUEHHA ABYX MHOI'OYJEHOB, TO IIOJYYHTCH

HepaBeHCTBO BHJA % > 0 unn % < 0, rge P(x) u Q(x) — mHOrO-

YJIeHbI.

(x)

P
Tak kaKk HepaBEHCTBO ) > 0 paBHOCHUJBHO HEPaBEHCTRBY
P(x)Q(x) > 0, To nya ero pemeHus MOMKHO HCIOJIb30BATh METOJH HH-

P(x)
TepBaJIOB. AHAJIOTUYHO AJIs pPelleHUs HepaBeHCTBA 0x) < 0, paBHO

CHJILHOTO HepaBeHCTBY P(x)@(x) < 0, TaKike MOXKHO BOCHOJIb30BaThCA
MeTOAOM HMHTEDBAJIOB.
IIpuBesemM mpumepsl.
x® - b5x2+3x-15
x>+ 4x -12
Pa3no:xnB Ha MHOMKUTEH YHCJINTENL 1 3HAMEHaTeJ b Apobu, mpex-
CTaBUM JaHHOE HEPABEHCTBO B BHAE
(x - 5)(x% + 3)
(x +6)(x - 2)

IIpumep 1. Pemum HepaBeHCTBO > 0.

> 0.

Tak kak x> + 3 > 0 npm J1060M X, TO 3TO HEPABEHCTBO PABHO-
CHJILHO HEPABEHCTBY
_x-5
(x + 6)(x — 2)
OrMeTHM Ha KOOPAUHATHOM MpsAMOI 3HaUYeHHs x, oGpalaliiye B
HYJb YACIUTENb UJIHA 3HAMEHATeJNb Apo0u, U 3HAKH JPOOH B KaKIOM
13 o6pa3oBaBIINXCA IIPOMEXKYTKOB (puc. 53). MHOKeCTBOM peIlleHMmil
MCXOJHOT0 HEPABEHCTBA ABJAETCA 00'beJHNHEHUE MPOMEXKYTKOB (—6; 2)
n (5; +00),

0.

- + - +
-6 2 5 x
Puc. 53

OrBerT: (—6; 2) U (5; +00).
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IIpumep 2. Pemum HEepaBeHCTBO u—xj-I)za(z—;_zg—) <0.
Pasnosx B Ha MHOKHTEIH YHUCIUTENb U 3HAMEHaTeNb JPo6H, IIpes-
CTABMM JaHHOe HepaBeHCTBO B BHJe
(x - 1)%(x + 2)
(x — 1)%(x - 8)(x + 3)

OTMeTHM HA KOOPAHMHATHOH IIPAMOH 3HAYEeHHA X, obpalnaIiue B
HyJIb YHCJIUTEb WJIN 3HaMeHaTedb Apo6u. Onpegenum 3HaK Apo6u B
KAXKZOM U3 06pa3oBaBIIAXCA IIPOMEKYTKOB, YIUTHIBAA IIPH 3TOM, YTO
IpH mepexozae Yeped TOuKy 1 sHak aApobu He meHsaercda (puc. 54).

ME0KeCTBOM pelIeHUH TOJIy4YeHHOT'O HEpaBEeHCTBa, a 3HAYNT, U PaBHO-
CHIBHOTO eMy HCXOAHOTO HEpPaBEHCTBa ABJIAETCHA O0'beJUHEHME IIPO-
MexyTKOB (—°; —3), (-2; 1) u (1; 3).

< 0.

-+ - - +

-3 -2 1 3
Puc. 54

N J

OrBeT: (—o0; ~3) U (-2; 1) U (1; 3).

3 6 6 (x - 1)%(x + 2)
MeTHM, UTO CJTH G5l MBI COKPATHIH APOOE " 737(x _ 3)(x + 3)

x+ 2
Ha (x — 1)?, To moayuuau 661 HepaBEeHCTBO @-3x+3 < 0, xoTopoe

He PABHOCHJILHO MCXOZHOMY. JleiicTBATEIbHO, YHCIO 1 yAOBIETBOPAET

NOSyY€eHHOMY HEPABEHCTBY, HO He SBJAETCA DelIeHHMEeM HCXOJHOTIO
P(x)

HepaBeHCTBa. Boo6llle IpH pelIeHNN HePaBEHCTBA BUAA oy > 0 wiam

Q(x)
LCI on 22
Q(x) HeJIb3s1 JONYCKAaATh COKpallleHHuA APO0H Q( x)’ TaK KaK 3To

MOXET IIPMBECTH K HaApPYLIeHWI0 PABHOCHUJIBHOCTH.
OcraHOBUMCSH Tellepb Ha PEIIeHUH HEeCTPOrdX HEePaB€HCTB BHAaA

Hx) Px)
7 > 0% g <O

. P(x)
MEoecTBOM pellleHUHl HepaBeHCTBa A105) 2 0 aBinsaercsa o0b-

. P(x)
¢[HHEHHEe MHOJKECTB DELIeHUU HepaBeHCTBa Q) > 0 u ypaBHEHHA

P(x) N P(x)
—_— = —_— <
) 0. MHOKecTBOM pellleHHiI HepaBeHCTBa 0(x) 0 asnsercsa
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. P(x)
ob0begHEeHe MHOXKECTB pelleHUi HepaBeHCTBa =) < 0 u ypaBHe-

Plx) _
HUA ooy =0.

2

IIpaumep 3. PemiuM HepaBeHCTBO —((i +25))((:j.?)) 2 0.

OrMeTM Ha KOOPAWHATHOM NpAMOM 3HaUeHMs X, obpalarogue B
HYJIb YUCIHATENb WJIH 3HAMEeHaTeJb APOOH, U ONpeAe] UM 3HAK Jpobu
B Ka)XJ0oM M3 ob6pasoBaBHIMXCs MHTEepBaJioB (puc. 55). HepaBeHCTBY
VIOBJIETBOPAIOT Bce 3HAYEHUA X, IPH KOTOPBIX 3Ta AP0OGh IPUHHUMAET
MOJIOXKHUTENbLHEIE 3HAUECHNUS, a TaKyKe uucjaa 2 u —3, obpalmaromiue B
HYJb €e YUCJHUTEeNb. 3HAYUT, MHOYKECTBO DellleHWHl HepaBEeHCTBA CO-
CTOUT M3 MpoMeKYTKOB (—5; —3], (7; +°°) u uucaa 2.

-+ - - +

el el

-5 -3 2 7
Puc. 55

=Y

OrBeT: (—5; —3]1U {2} U (7; +00).
IIpumep 4. HaiigeM, npy KaKUX 3HAYEHHAX X 3HAYEHUA apobr

9y — 3 TPMHAJUIEKAT YUCTOBOMY IIPOMEIKYTKY [3; 5]

TpebyeTcs pelINThL ABOHHOE HEPABEHCTBO

bx -1
< <
3 9% — 3 5.
3anuieM 3TO ABOKHOE HEPABEHCTBO B BHJE CHCTEMbl HEPABEHCTB:

5x -1 >3,

2x - 3

Sx-1 45

2x — 3

Hcnonpaya Meron MHTEPBAJIOB, HAWEM, YTO MHOYKECTBOM pelleHMmit
IIepBOr0 HEpPaBEHCTBA ABJAeTcA mpome:xkyrtok (1,5; 8], a Broporo —
obbeauHEeHNe IIPOMeKYTKOB (—°; 1,5) u [2,8; +0). MHOKeCTBOM pe-
IIeHWH CUCTEMBbI, & 3HAYUT, U PACCMATPHUBAEMOro ABOMHOIO0 HepaBeH-
CTBa, CJYKUT llepecedeHre 3TUX MHOXKECTB, T. €. IIPOMEKYToK [2,8; 8]

(puc. 56).
WWWWW,' 5 2ig\aaw'éa&«WWWW%WW«sm““m x

Puc. 56
OrBeT: npH x € [2,8; 8].
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269. Pemunre HEpaBeHCTRO:

5 3-2¢)5+ 3
) 5rg > 0 s B0 o
6-x)Cx-9) _ (Tx + 1)(11x + 2)
%) x+5 0; r) 18x — 4 > 0.

270. Hailigure MHOXKeCTBO pellleHUIl HepaBeHCTBA:
- 4x (x-H2x+17)

a) 32 = 0; r) 18 2 0;

0 Gy <0 n S0 <o

V58S o 0 Bt <o
271. PeminTe HepaBeHCTBO:

2) —23;2_—i)x+18>0; r) x“-—!?:z-4<0;

R R e

5) —‘J’—_"%’iﬂ > 0; e) £ 5’;2_‘“38" —4 <.

272. Ilpy KaKUX 3HAYEHHUAX X MUMEET CMBLICJ BhIpaXKeHHeE:
2) ’x2+x-6_ Ix" 4x2+x-4?
x-8 \I x+1

273. Ilpu KAaKUX 3HAYEHHUAX X HEe MMeeT CMBICJIA BhIpaXKeHUe:

~J6 - x?

NI N 6)

x+1

274. IIpy KakKMX 3HAUYEHUAX g BEPHO NIPH JIOOBIX X HEPABEHCTBO:

ax ax— 3
a)xz_-l-l<5; 6)):2 2<15?
275. HaiiguTe MHOYKECTBO pelleHUH HepaBeHCTBA:
6 1 2 1
Dy_2 % <0 B) y+1 x-1°0L
3 2 3 3

46 x+1° 0 Dx+2 x-2 2
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276. Pemnre cucreMy HEPaBEHCTB:

x+5>x+3 2x+3<2x+1
a){x-4 x-1 B) { x + 2 x
3x~-T>x+1 32 - x)=Tx;
6x"‘1<2’ 6x+1> 2x’
6) { x+ 4 r) 3x x+ 4
5(x - 8) > 6x; 13 - 12x > «x.
277. Pemnre ABOTHOEe HepaBeHCTBO:
3x - 8 x-8
a)2<m<3; B)—'1<x+1<3;
X 4+ x
6)0<x+4<2; r)1<3x+2<2.

278. Haiigure Bce 1ejble 3HAYEHHUSA X, YIOBJIETBOPAIOIINE JBOH-
HOMY HepaBeHCTBY:

x+2 3x +1
a)l < g <6 6)-1< g—5, <L
2a-1
279. IIpn KaKUX 3HAYEHUAX a4 IHAUYEHHUA Apodu 2+3

a) IPUHAJJIERKAT NMPOMEXKYTKY [1; 2];

6) Haxo#ATCA BHE NMpoMexyTKa [4; 7]?

6 -2
x+1

280. IIpn kakNX 3HAYEHUAX X TOYKH rpaduka QyHKIHHA Y =
PAacCIIOJI0XEeHbI:
a) BhIIIE NPAMOM Y = 2;
6) BHyTpM noJioChl, OrpaHM4YeHHON NpAMBIMUA ¥ = 1 u y = 52

\
INEERE ‘/ YnpaXHeHus ON8 NOBTOPEHUN

281. Pemnre ypaBHeHuE:
a) x3 — 36x =0;
6) 4x* = 25x% — 6;
B) x* + 10x% + 24 = 0;
r) 5x® —~ 16 = 40x* — 2x.

282. Haiijure KOOpAMHATHI TOYEK NepecedyeHUus rpadpuka GyHkK-
ouu Y = J2x? - 10x + 82 ¢ ocamu KOOpAUWHAT.
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283. IIpn KaKNX 3HAUYEHUAX @ MHOKECTBOM pellleHUil HepaBeHCTBa
(x + a)¥(x — 6)(5x — 2) < 0 aBaseTcA YUCI0BOH npomekyTok (0,4; 6)?

284, ITocrpoiiTe rpaduk QyHKIHAN:
a)y=|2x - 17[; B)y =|4x — 6| — 3;
6)y =|5x + 11}; r)y=—|x+ 4|+ 5.
285. IIpn KaKUX 3HAYEHHUSX G HEPABEHCTBO
(@a-2)x2~-4x+a+2<0

BEpHO mpH JioGom x?

\
IR ‘/ KOHTpOsnbHble BONPOCHI U 3aaHUN

1. Kak cBasaH 3HAK KBaJpaTHOro TpexuJeHa ax? + bx + ¢ co 3xa-
KoM Ko3ddunuenta a uipu D < 0; D=0; D > 07

2. Ha npumepe HepasBeHeTB x> — Tx + 6 > 0, x> —4x + 4> 0
1 x? - 2x + 8 > 0 06bACHUTE, KAK MOKHO DEIIMTh HEPABEHCTBO BTO-
poit crereHn ¢ OZHOI IepPEMEHHOM.

3. ChopmysupyiiTe cBOiCTBO QYHKIMM, HA KOTOPOM OCHOBaH Me-
Tox nHTepBasioB. Ha npumepe HepaBeHCTB (x + 8)(x — 6)(x — 11) < 0
u(x + 11)%(x — 3)*(x + 4)(x — 6) > 0 06bACHHATE, KAK pEIIAIOT Hepa-
BEHCTBO METOJOM HMHTEDBAJIOB.

(x)

P
4. PaBHOCHJILHBEI JIM HepaBeHCTBa Q) >0 un P(x) Q(x) > 0;

% < 0 u P(x) Q(x) < 0? Ha npuMepe HepaBeHCTB i:_+6§c -0

1 1
-5 " %38 < 1 o6'bACHUTE, KAK PEIIAIOT CTPOrHe JPOOHO-panuo-

HaJIbHbI€ HEPDABEHCTBA.

P(x)

5. PaBHOCUJIBHBI JIU HepaBEHCTBa ) 2 0u P(x) Q(x) 2 0;

P -
Z?%% < 0 u P(x) - Q(x) < 0?7 Ha nmpumepe HEPABEHCTB %—% <0

5¢x + 6
—x 2 x 00'bsICHHTE, KAK PeIaloT HecTporue ApoGHO-pPanuoHAab-

Hble¢ HEpaBEHCTBA.

| 10. Makapbidep « Anre6pa. 9 xi.»
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YPABHEHUSA
N HEPABEHCTBA
C NEPEMEHHOM
§6. A NOoA 3HAKOM MOAYNA

14. \‘/ Pewenne ypaBHeHuHA
C NepeMeHHOW Nnofg 3HaKOM MOoAayns

PaccMoTpUM IpueMBl DELIEeHUA YPaBHEHWM, COAEepIKalluX Iiepe-
MEHHYI0 IO 3HAKOM MOZYJS.

IIpocTeiimue ypaBHeHUdA BUjA |x — a| = b, re a U b — HeKOTOpHe
yucyaa, HeTPYAHO pPelaTh, MCIOJb3ys reoMeTpUYecKHe Ipej-
craBieHus. Kak U3BeCTHO, PACCTOSIHNE MEXAY TOYKaMHU KOODAMHATHOH
NPAMOM PABHO MOAYJIIO Pa3HOCTH KOODAMHAT ITUX TOUEK. IloaTomy
3a7a4y «pPeIlUTh ypaBHEeHuE |x — a| = b, rge b > 0» mMoxHO copmy-
JIMPOBATHh MHAuYe: «HAWTH KOOPAMHATHI TOYEK, HAXOAAINMXCS Ha KO-
ODAMHATHOM NPAMOM Ha PAaCCTOAHUHU b eJUHHUIL OT TOYKH C KOODJAUHA-
TOH a».

IMpumep 1. Pemum ypasuenne |x — 2| = 3.

Ha xoopauHaTHOM nNpAMOH Ha pacCTOSHUHM, PABHOM TpPEM €IWHU-
LIAM OT TOYKH 2, HAXOAATCA TOYKM ¢ KoopauHaTamu —1 u 5 (2 - 3=
= -1, 2 + 8 = 5). 3nauuT, ypaBHeHUe |x — 2| = 3 uMeeT ABa KODHS::
-1mub.

OcHOBHOI pueM penieHusi YpaBHEHUH ¢ IepeMEeHHOM 110/, 3HAKOM
MOJAYJA COCTOMT B TOM, UTOGBI, MCIOJB3YyA OIpejeJIeHHe U CBOMCTBA
MOJYJIS YMCJIa, OCBOGOAUTECA OT 3HAKA MOAYJIA, 3aMEeHsA JaHHOe ypaB
HeHHe DABHOCHJBHBIM €My ypaBHeHHMeM, CHCTEeMOH HJM Co-
BOKYITHOCTBIO ypaBHEeHMii.

Haunem ¢ Hau6oJiee MPOCTOTO CIy4as, KOTAa YPABHEHHUE UMEET B
|f(x)| = b, rae b — HekoTOpOE UMCIIO.

Ecau b < 0, To ypaBuenwue |f(x)| = b ne umeer kopueii.

Ecau b = 0, To ypaBuenue |f(x)| = b paBHOCHJIBHO ypPaBHEHHI
f(x) = 0.

Ecaun b > 0, To ypasHenue |f(x)| = b paBHOCHIIBHO COBOKYIIHOCTH

f(x) = b,
f(x) = —b9

JKeCTB KOPDHeil ypaBHEHHM, BXOJALIMX B 9Ty COBOKYIHOCTb.

H MHOMECTBOM €ro KOpHeﬁ ABisgeTcA oObegUHEHUEe MHO-

Ilpumep 2. Pemum ypaBHenue |x% — 2x — 4| = 4.
JanHOEe ypaBHEHHE PABHOCHJIBHO COBOKYIMHOCTH

x2 ~2x -4 = -4,

x? - 2x -4 =4.

It
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Pemras mepBoe ypaBHeHHe, HaiieM, YTO OHO umeeT KOpHH 0 u 2.
Pemas BTopoe ypaBHeHHe, HaiijeM, YTO OHO MMeeT KOpPHU ~2 U 4.
O0BbefuHEeHEe MHOMKECTB KOpDHell 9THMX ABYX ypaBHEHHUM, T.e. MHO-
JecTBO, cocroAllee u3 uncea 0, 2, —2 u 4, ABIAAETCS MHOMKECTBOM
KOpHei 3aJlaHHOTO YpaBHEHHSA.

OrBerT: 0; 2; -2; 4.

OcTaHOBHMCSH Tellepb HA PeNIeHHH ypaBHeHu# Buia |f(x)| = |g(x)|-
Moaysnu gBYX uMceJl paBHBI, €CJIM 3TH Yucja Jubo paBHEI, JU6GO ABIA-
10TCa mpoTHBONON0kKHBIMH. [loaToMy ypaBHerue |f(x)| = |g(x)| pasro-
CHJIBHO COBOKYITHOCTH

g(x),
~g(x).

[f(x)
f(x)

Mpumep 3. Pemum ypaBuenue |x2 + 2x — 1| =|x + 1
3T0 ypaBHEHHE PaBHOCHJIBHO COBOKYIIHOCTH
x2+2x~1=x+1mmx®+2x~1=—(x+1).
Pemras kaxxgoe M3 3TUX ypaBHeHMi, HaileM, YTO IlepBoe U3 HUX
umeeT KOpHHA 1 m ~2, a BTOpoe mmeeT KOopHH 0 u —3. O6benuneHnE
MHOXKECTB KODHEH 9THX YpaBHEHHMH, cocToAlee ua uucen 1, ~2, 0 u -3,
ABJISIETCS MHOYKECTBOM KOpPHe#l 3aJJaHHOro ypaBHEHHA.

OrBerT: 1; -2; 0; —3.

Bosee cl10:XHEIM sIBJA€TCA CAy4ail, KOrJa ypaBHeHHE MMeeT BHUJ
|f(x)| = g(x). 3 onpenenennsa MOAYJsA CIEAYET, YTO KOPHH ypaBHe-
HUf JOJIXKHBLI YAOBJETBOPATH yciaoBuio g(x) 2 0. Ilpu cobaroaernn
3TOr0 YCJOBMS MCKOMble KODHU YpPaBHEHUS JOJKHBI TaK¥Ke YIOBJIET-
BOPATb COBOKYIHOCTH f(x) = g(x) wnu f(x) = —g(x). 3uaunT, ypaBHeHNe
|f(x)| = g(x) paBHOCHJILHO COBOKYITHOCTH ABYX CHCTEM:

{f(x) = g(x), _— {f(x) = —g(x),

gx)=>0 g(x) > 0.
3aMeTHM, YTO IPU 3TOM COBOKYITHOCTBH ABYX CUCTEM MOJKHO 3aMe-
g(x) = 0,
HHTBH cucTeMoit <[ f(x) = g(x),
[f(x) = —g(x).

Ipumep 4. Pemnm ypasHenue |x? ~ 4x + 3| = 2x — 5.
910 ypaBHeHHEe PABHOCHUJILHO COBOKYIHOCTH JBYX CHCTEM:

x2 ~4x + 3 = 2x — 5, x x? ~ 4x + 3 = -(2x - 5),
1%
2% - 5>0 P 2x -5 >0.



100 Fnasa 2. YpaBHeHUS U HEPABeHCTBA C OAHOW NEPemMeHHO’

Pewmaa ypaBHeHue x% — 4x + 3 = 2x — 5, HaiizieM, YTO OHO MMeeT
KopHH 2 1 4. U3 Hux ycnosuio 2x ~ 5 2 0, T.e. x 2 2,5, yaoBiuer-
BOpsAET TOJbLKO YMcjo 4. 3HAYUT, IepBas CUCTeMa MMeeT €MHCTBEH-
Hoe pemenue: x = 4. Pemasa ypasHenue x% — 4x + 3 = —(2x — 5), Hait-

eM, 9TO ero KOpHAMHU CJyKaT yucja 1 — J§ nl+ \/§ W3 HUX yC-
aoBuio 2x — 5 2 0, T.e. x 2> 2,5, yAOBJIETBOPSAET TOJILKO Yncio 1 + J§
3HauuT, BTOpAsA CHCTEMA MMeeT eJUHCTBEHHOEe pemeHue: x =1 + V3.

MHOeCTBOM KOpHeH HMCXOJHOTO YPABHEHHA CIAYIKUT 00beAUHEHHe
MHOKECTB pPelIeHHl CHCTeM, T. €. MHOXKECTBO, COCTOfIllee M3 yucel

4mnl+ \/5
OrsBeT: 4;1 + \/§

OauH M3 pacHpOCTPAHEHHBIX IIPUEMOB, KOTOPBIM YACTO ITOJIBb3Y-
I0TCs TIDH pellleHWH ypaBHEHUH C mepeMeHHOM moj 3HAKOM MOAYJM,
COCTOHUT B TOM, 4YTO OCBOGOKIAIOTCA OT 3HAKA MOAYJIA, BBIAENAS IIpo-
MEKYTKHM, B KOTODBIX BBIDAaK€HHE, 3alIMCAHHOE II0J 3HAKOM MOZAYJA,
COXpaHsAeT 3HaK.

Mpumep 5. Pemuum ypaBuenne x* — 4|x — 3| ~ 2x — 7 = 0.

910 ypaBHEeHHMe MOKHO CBeCTHM K BHAY |f(x)| = g(x). Ymobree, o
HAKO, BOCIOJIb30BATLCA Te€M, YTO ABYUYJEH COXDPAHAET 3HAK Ha Kax-
JOM M3 IIPOMEKYTKOB, HA KOTOPbIE €ro KOpeHb, T. €. YUCJIo 3, pasdu-
BaeT KOODAMHATHYIO npsaMyio. OcBo6oxJadAcCh OT 3HAKA MOXYJA, I0-
1y4aeMm, 4TO NAHHOe YpaBHEHHME DPABHOCHJIBLHO COBOKYIIHOCTH JIBYX
cucrem:

x2 - 4x~-3)~2x-T7=0, x2-48-x)-2x-T7=0,

HJIH
x2>3 x < 3.

Pemasn ypasHenue x> — 4(x — 3) — 2x — 7 = 0, HalzeM, 4TO OHO
umeeT kopHH 1 U 5. YunTeiBaA ycjaoBue X > 3, HAXOAUM, UYTO pellie-
HHMEM NepBOii cUCTeMBI ABJAeTcs uucio 5. Pemnas ypasuenue x2 — 4(3 -

— x) — 2x ~ 7 =0, HaiineM, 4TO OHO UMeeT KopHHU ~1 ~ V20 u -1 + ~/§6
W3 Hux ycaoBuio ¥ < 3 yAOBJIETBOPSAET TOJBKO KOpeHb —1 — J20.

3HauYUT, peleHUeM BTOPOi cucTeMsbl aBisgeTca yucao —1 ~ +/20. Ciue-
JOBaTEJbHO, MCXOJHOMY YPaBHEHHIO YAOBJETBOPSAIOT ABa YMCJA: 5 u

-1 - J20.
OrBerT: 5; -1 - ~/2_0

Ipumep 6. Pemwum ypasHenue [x + 1| + |x — 4| = 5.
Kopau gByusneHoB x + 1 U x ~ 4 pa3buBalOT KOOPAUHATHYIO IIpA-
MYI0 Ha TpH nmpoMexxkyTka: (—o°; —1), [—1; 4], (4; +00). OcBobGoxk Aa5ICH
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Puc. 57

OT 3HAKOB MOZYJS Ha KaMKAOM K3 9THX IIPOMEXKYTKOB, MOJYYHUM, 4TO
JaHHOe ypaBHeHHE DPABHOCHJIBHO COBOKYIIHOCTH TPEX CHCTEM:

-x-1—-x+4=25, x+1-x+4=25,
NN
-1<x<4
x+1+x-4=25,
WU
x > 4.

x < -1

Pemum kaayro u3 stux cucreM. Haxogum, 4To nepBasi ¥4 TpeThs
CHCTEMBI He UMEIOT pellleHUil, & MHOXKECTBOM peIlIeHuil BTOPOi sBjIfA-
erca npomexxyTok [—1; 4]. 3HaUUT, MHOXKECTBOM KOpDHell MCXOZHOTO
YPaBHEHUSA SIBJIAETCA IIPOMEXKYTOK [—1; 4].

OrBerT: [-1; 4].
¥Y6eauTbcss B IPAaBUJIBLHOCTH 9TOT'0 OTBETA MOYKHO, 06paTHBIIKCH
K rpaduKy GyHKIuM y = |x + 1| + |x — 4] (puc. 57).

286. OrmeTbTe Ha KOOPAWHATHOM IpsAMOil TOuKy A(—4) ¥ TOYKH,
yAaJeHHBbIe OT Hee Ha PACCTOSIHHE, PaBHOe
a) 2 eqMHNIAM; 6) 4 exuHNLIIAM; B) 7 efuHHMIAM.

287. PeminTe ypaBHEHHE:
a)|x - 5|=38; 6)|x + 8| =1; B) |6 — x| = 4.

288. HaiiqnTe MHOMKECTBO DellleHNit ypaBHEHUS:

a) [8x - 1| = 5; 6) |2 — 8x| = 0; B) [16x — 32| = -1.
289. Pemure ypaBHeHHSA:

a) |x2 - 1] =0; B) [x* — 5x + 1| = 5;

6) |8 — x2|=1; r)|x®-x+1|=1.



102 Fnasa 2. YpaBHeHMS N HEPABEHCTBA C OAHOW NEPEMEHHOH

290. CKoIbKO KopHe#t mMeeT ypaBHeHme |x — 12| = a? - 5a + 6
B 3aBHCHMOCTH OT 3HauYeHWii a?

291. HaitiutTe KOPHH ypaBHEHHS:
a) ||2x -1|-1| =0; &) ||x +6|-6| =6;
6) [|x+1/+3[ =5  n|7-|3x-1| =2.
292. Pemnre ypaBHeHHUe:

a)|2x2 - 3x + 1| =|x* + x - 2|;
6) [11x2 — 10x + 2| = |*2 + x|.

293. Haiifure KOpHU ypaBHEHUS:

a) |x? + 3x — 4| = 3x; r) |2x2 + 5x — 10| =5 — 2x;
6) |x® — 4x + 4| = x; mn|x*-x+3|=x+2;
B) 6x = |x* + 8x — 8; e)x—1=|6x%+2x - 2|

294. Pemnre rpabndecKu ypaBHEHHe:

Wat=lel 6y =lxh  mat=lr-2l

295. Pemnte ypaBHeHMe:

a)x?—4)x+1|-41=0; 6) 3x* - 5|x — 2| - 12=0.
296. PemnTte ypapHeHuUe, UCIOJIbL3YH BEeJleHNe HOBOH epeMeHHoOi:
a) (x* ~ 4)|%[ + 3= 0; B) |x|3_z'|x|9+3=x2+’|i|_e‘
x2 - 4)x -2 _

6) (p* — V) lp| = -6; r) T -2 1.

297. Peuminre ypaBHeHHE:
a)x?+ 2x +|x+1|=0;
6) x> —2x+2-|x—-1|+1=0;
B) 4x(x — 1) +|2x — 1| = 1.
298. Pemute ypaBHeHue |x — 2| + |x — 3| = 1 u npommtiocTpu-
pyiiTe OTBeT ¢ IoMolIbIo rpadbura bysknuE y = |x - 2| + |x — 3|
299. Pemnre ypaBHeHue:
a)ly—4[+|y-6|=8; B) |x| +|x - 1] +|x - 2|=3;
6) |y +3|-|y-2|=5; r) x|+ |x - 4] + |x - 5] = 12.
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300. Hajiznre KOpHM YpDaBHEHHSA:

3 5
a)lx—_—-2-|=x—4, B)m=x—l,

610 edr 2
)|2x—3|—x ’ r) x+2[ ~ 3°

301. Peminre ypaBHEHHE:

3x-2 B8x+4 _ 1 4 4
BTy “x-ex k-2 Op-xg - zs3 1=0

302. Pemnte ypaBHEHHe:

a) x*+ |x — 4|+ 2=0; 6)]}_;27—x|x—2|=0.

\
NN ‘/ YnpaxHeHUs QNS NOBTOPEHUS

303. PemnTe HepaBeHCTBO:
a)6x*>x+ T; 6) 25x% + 4 < 20x; B) 17Tx2 + 1 < x.

304. Penmnte ypaBHEHUE:
a) 3x* — 7x* - Tx + 3 =0; 6) x® — x?=3x%-2x2 - 1.

305. Hajijure KOODAMHATHL TOYeK IepecedeHHs rpabura QyHK-
uun y = x3 + 2x2 — 9x — 18 ¢ ocAMHM KOOpAMHAT.

15. \’/ PeweHne HepaBeHCTB
C NEepeMeHHON noAa 3HaKOM MoAayns

PaccMoTpuM IIpMeMBbl DeNIeHNs] HEPABEHCTB C TepeMEeHHOM II0J
3HAKOM MOJIYJIS.

IIpocreitnine HepaBeHCTBa Buda |x — a| < b mam |[x — a| > b, rme a
n b — HeKoTODHIE ymMca, IpuyeM b > 0, MOKHO pellIaTh, UCIIOJAb3YS
reoMeTpUYECKHe IIpPeJCTABIECHNS.

Ilpumep 1. Pemum HepaseHcrso |x + 1] < 5.

BanuireM JaHHOe HepaBeHCTBO B BHAe |x — (—1)| < 5. Ha 5 eau-
HHL, OT TOYKH ¢ KOODAMHATON —1 yAasleHBl Ha KOODAMHATHON NPAMOM
TOYKHU ¢ KoopauHaTtaMu —6 u 4 (-1 — 5 =—6, -1 + 5 = 4), a MeHee UueM
Ha 5 eWHHUII — TOYKH, 3aKJIOUEHHBIE MeXJy HAMH. SHAUYHUT, UCKO-
MOe MHOYKECTBO €CTh IMpOMEXYTOK (—6; 4).

OTrBeT: (—6; 4).
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OCHOBHOI IpHEM pelIeHNs HEPABeHCTB C IIePeMEHHOM 0/ 3HAKOM
MOJYJISl COCTOMUT B TOM, YTOOBI, MCIIOJbL3ys OIIpelesIeHHe M CBOICTBA
MOJYJIA Yncjiaa, 0CBOGOANUTLCA OT 3HaKa MOAYJs, 3aMeHAA JaHHOe He-
PaBeHCTBO PABHOCHJBLHLIM €My HEePaBEHCTBOM, CHCTEMOM HJIH CO-
BOKYIIHOCTbIO HEpPaBEHCTB.

Haunewm ¢ nepasencTs Bua |f(x)| < b uau |f(x)| > b, rae b — Heko-
TOpOe YMCJIO.

Ecau b < 0, To HepaBeHCTBO |f(x)| > b He uMeeT pemrenwii, a He-
paBeHcTBO |f(x)| > b BepHO IpH J060M 3HAYEHHUH X, T. €. MHOMKECTBOM
€ro pellleHHi ABJISEeTCA MPOMEXYTOK (—00; +00),

Ecan b > 0, To HepaBeHCTBO |f(x)| < b pPaBHOCHJILHO ABOHHOMY
HepaBeHCTBY —b < f(x) < b, a HepaBeHcTBO |f(x)| > b paBHOCHJIBHO CO-
BOKYITHOCTH

f(x) < —bs

f(x) > b.
910 00yCcI0BJIE€HO TeM, uTo 1pu b > 0 mMoAy/ b, MeHbIINM, yeM b,

MMeIOT YHcJla, IPpUHAAJIexallne npoMexXytky (—b; b), a Moay.b, 6oJib-
mnit, yem b, UMeIOT Yucia, HAXOAAIHUECS BHE 3TOr0 IIPOMEXKYTKA.

Npumep 2. Pemum Hepasencrso |x? — 5x| > 6.

JlaHHOe HepaBeHCTBO PABHOCHJILHO COBOKYITHOCTH JABYX HEpAaBEHCTB
x? — bx < -6,
x? - 5x > 6.

Pemasa nepBoe HepaBeHCTBO, HAlifieM, YTO MHOYKECTBOM ero pe-
meHn ABJAeTcA NpoMexyToK (2; 3). Pemasa BTOpoe HepaBeHCTBO,
HAMJeM, 4YTO MHOKECTBOM €ro pellleHU# ABjseTcsa obbeIuHEeHHe IIpo-
MeXYTKOB (—0; —1) u (6; +°°). 3HaUuT, MHOKECTBOM peIlleHMnil NCXox-
HOro HepaBeHCTBa ABJIAeTcA 00beJNHEHNe MHOXecTB (2; 3), (—o0; —1)
u (6; +00).

OTBeT: (—90; —1) U (2; 3) U (6; +0).

PaccMoTpuM Tenepn HepaBeHcTBa Buja |f(x)| < g(x) u |f(x)| > g(x).

HepasencTtso
|f(x)! < &(x) 1)
PaBHOCHJIBHO CHCTEME
f(x) < g(x), @
f(x) > -g(x).

Hoxaxem ato. Ilycth x, — pemrenune HepaBeHcTBa (1). Toraza Bep-
HEIM ABJAETCA HepaBeHCTBO |f(x,)| < g(x,) npumuem g(x,) > 0. Orciona
cJenyeT, YTO BepHO ABOHHOe HepaBeHCTBO

—8(x,) < f(x,) < 8(x,),
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8 9TO 03HAYAET, YTO X, — PEIIeHUe CUCTeMBEI (2). 3HAYUT, KaKaoe pe-
menne HepaBeHcTBa (1) ABnseTca pemerueM cucreMH (2). C moMourbio
aHAJOTMYHBIX PacCY’KAeHHH MOMKHO II0KA3aTh, YTO KaXKJoe pelleHHne
cucreMH! (2) siBiaderca peimeHueM HepaBeHcTBa (1). Eciim HepaBeHCT-
Bo (1) He mMeeT pelleHHii, TO B cucrteMa (2) He MMeeT peIIeHHIA,
n HaoGopor. Takum o6pasom, HepaBeHCTBO (1) 1 cucrema (2) ABaAOTCA
PaBHOCHJIBHBIMH.
Hepasenctno
|f(x)] > g(x) 3)
PaBHOCHJIbHO COBOKYIIHOCTH
[f(x) < -g(x),
f(x) > g(x).

Horaxem ato. Ilycts x; — pemrenue HepaBeHcTBa (3). Torza Bep-
HEIM SIBJIAeTCA HepaBeHCTBO |f(x,)| > g(x,). Orciofa, mo onpeseieHuio
Mozyas, f(x,) > g(x,) nim ~f(x,) > g(xy), . e. f(x,) < —g(x,). 3nauwr,
¥, — pellleHNe COBOKYIHOCTH (4), T. e. KaXXJoe pelleHne HepaBeHCT-
Ba (3) ABNsAeTCA pemieHMeM COBOKYINHocTH (4). lonycTuM Teneps, YTO
YHCJIO X, — pellleHue coBokynHocTH (4). Torma f(x,) > g(x,) man f(x,) <
< —g(x,). Ecan g(x,) > 0, To U3 3TOTO yCJAOBHSA CIegyeT, 4To |f(x,)| >
> g(x,), T. e. BepHO HepaBeHCTBO (3). Ecam g(x,) < 0, To cripaBeain-
BocTh HepaBeHcTBa (3) oueBmgnHa. Takum oGpasoM, KaKaoe pellieHHe
HepaBeHCTBA (3) ABJAETCA pellleHNeM COBOKYIHOCTH (4) B KaKJoe pe-
meHHe COBOKYIHOCTH (4) ABiAeTCa pellleHueM HepaBeHcTBa (3). Ecan
HepaBeHCTBO (3) He UMeeT PEIIeHHH, TO U COBOKYIHOCTD (4) He nMeeT
pewmennii, 1 HaobGopoT. CiefoBaTeIbHO, HEPABEHCTBO (3) ¥ COBOKYII-
HocTh (4) paBHOCHJIBHEI.

4)

Mpumep 3. Pemum Hepasencrso |x2 — 5x — 6| < x + 10.
JlaHHOe HepaBeHCTBO PABHOCHJBHO CHCTEMe

x2 -5x -6 < x + 10,

x2 -56x -6 >-x-10.

Pemrass HepaBeHCTBA, BXOAALIYE B 3Ty CUCTEMY, HaWieM, YTO MHO-
ECTBOM pellIeHHUH IIepBOTO SIBJIAETCS IIPOMeXYToK (—2; 8), a BToporo —
MHOXKECTBO Bcex uuces, kpome 2. IlepeceueHreM 3THX MHOXKECTB SIB-
JIeTCA MHOJKECTBO, COCTOAILIee U3 BCeX YHCeJI, IPUHAMJIEIKAILIUX IIPO-
MexyTKY (—2; 8), KpoMme uucaa 2.

OrBeT: (-2; 2) U (2; 8).

Npumep 4. Pemum nepaseHcrso |x? — Tx + 6] > x2 + x — 2.

JaHHOEe HEepaBEHCTBO PABHOCHJILHO COBOKYITHOCTH

x2-Tx+6>x2+x-2,
x2-Tx+6 < (x> +x-2).
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Pemum HepaBeHCTBa, BXOAALINE B 3TY COBOKYIMHOCTH. MHOXe-
CTBOM pellleHnii IepBOro HEPABEHCTBA ABJIAETCA MIPOMEKYTOK (—°; 1),
a BToporo — npoMexyTok (1; 2). MHEokecTBOM pelleHnil COBOKYIHO-
CTH CIYKHT 00beJUHEHHE BTUX MHOXKECTB.

OTBeT: (—-o0; 1) U (1; 2).

OcTaHOBMMCS Teleph Ha DELICHMM HepPaBeHCTB Buja |f(x)| < [g(x)|
wi |f(x)] > |g(x)|.

Eciu a 1 b — HEKOTOpbIe 4ucJIa, TO HepaBeHCTBo |a| < |b| BepHO Torza
U TOJIbKO TOTAa, Korga a? < b?. Ilosromy HepaseHcTso |f(x)| < |g(x)|
PaBHOCHJILHO HepaBeHCTBY f2(x) < g*(x), a HepaBeHCTEBO |f(x)| > |g(x)|
PABHOCHJILHO HEpaBeHCTBY fX(x) > g¥(x).

Ipumep 5. Pemum HepaBencrso |x? - x| < [x - 10].
JlaHHOe HEPABEHCTBO PABHOCWJILHO HEPABEHCTBY
(x% - x)* < (x — 10)%
Peras 970 HEPABEHCTBO, MOJYUUM
(x2—x)—(x-102 <0,
(x2 - 2x + 10}(x%2 - 10) < 0.
Tak xak TpexuwieH x* — 2x + 10 npm aio6oM X IpHHHAMAET MOJO-

JKHTEJbHBIE 3HAYEHHS, TO TIOJYUYEHHOE HEPABEHCTBO PABHOCHJILHO HEpa-
BEHCTBY

x2-10<0.
MHO%ecTBOM pellleHHii 3TOro HepaBeHCTBa, 8 3HAUNT, M PABHOCHIIb:

HOT'O €My HCXOAHOI'0 HEPABEHCTBA ABJIAETCS IIPOMEKYTOK (—«/ﬁ ; \/ﬁ )
OTrBerT: (—\/ﬁ; «/E)

Huoraa npy pellleHUN HEPaBEHCTB YAAETCS OCBOOOAMTHCS OT 3HA-
Ka MOAYJs, BHIAENAA NPOMEKYTKH, HA KOTODHIX BbIpayKeHHe, 3alli-
CaHHOE TIOJ] 3HAKOM MOJAYJIfl, COXpPAHSET 3HAK.

Ilpumep 6. Pemtum mepaBencTBo |x + 1| + |x + 4| < 5.

Kopun asyuieHoB x + 1 1 x + 4 pa36uBaloT KOOPAUHATHYIO Npd-
MYIO Ha TPH IpoMeXyTKa: (—°; —4), [-4; —1], (-1; +0o0). lanHOE He-
PaBEHCTBO PABHOCHJIBHO COBOKYIIHOCTHM TPeX CHCTEM:

{—x—l—x—4<5, {—x—1+x+4<5,
nIn

x < 4 -4<x<-1

{x+1+x+4<5,
HJIN
x > -1.
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MnoxkecTBOM pereHui IIepBoi cu- YA
CTeMEI CJIYSKHUT IIPOMEXKYTOK (—5; —4). \
Bo BTOpOI1 ccTEeMe MepBOE HEpaBeH-
CTBO BEPHO IIPH JIIO0OM X, M [103TOMY \
MHOXECTBOM €€ DellleHMii ABIAETCA
mpomeskyToK [-4; —1]. MHokecTBO
pemeHUi TpeTheil CHCTEMB — IIPO-
mMexkyToK (—1; 0). MHOXecTBOM pelnie-
HUI 3aIaHHOTO HEPABEHCTBA CAYXKUT | —6.1 —4.
o0beaMHEEeHMEe MHOMKecTB (—5; —4), | | l
[-4; -1] u (-1; 0), KoTopoe mpex- Puc. 58
craBiser co6oit mpoMexkyTok (—5; 0).

OtseT: (-5; 0).

Toctpous rpaduk GyrKnMHu y = |x + 1| + |x + 4| (puc. 58), MoxkHO
y0equThCA B MPABHUJIBHOCTH IIOJYYEHHOrO OTBETA.

po_L bl

i
i
[
@]
N
|
|
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RY

306. Hajigure, IpM KaKAX 3HAYEHUAX X DACCTOAHHWE MEXAY TOY-
Kamu A(x) n B(8)
a) mesbie 4; 6) 6oabmre 3.

307. PeminTe HepaBeHCTBO:
a)|lx-T7<4; 6)|x+5>68; B)|1-x/<23 1r)|3-x|>14.

308. HaiignTe MHOYKECTBO 3HAYEHHUH @, IPH KOTOPHIX IIPH JIOOBIX
3HaYEHHUAX X BEPHO HEPABEHCTBO:

a)|8 - x| > 2a - 1; 6)|7,2 + x| > 1,5 — 3a.
309. Pemnte HepaBeHCTBO:
a) |3x - 2] > 3,4; B) |22 — 3x| < 8;
6)|12x — 1| > 17; r) |16 — Tx| < 2.
310. Pemmte HEpaBeHCTBO:
a) x>+ 1| > 2; B) [x? — 2x| < 6;
6) |x? — 2x| < 8; r)|x>+x-1]> 1.
311. PemnTte aHAJIUTHYECKH M rpaduiecKH HepaBeHCTBO:
a)|x? - 1] < 3; 6) |x2 — 4| > 5.
312. Hajignre measle peleHNss HepaBeHCTBA:
a)|x? — 3| < 6; B) |x? + 4x| < 5;
6)|x2 - 8| <T; r) |x* - x| < 6.

313. Pemnre HepaBeHCTBO:
a)|x? + 4x — 5| < x* - 5; B) |x? — 5x + 4| < 3x + 4;
6) |[x* - 8x + 4| < x + 1; r)|2x* +x - 1| <4x + 1.
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314. PemnuTe HepaBeHCTBO |x2 — 2x| < x + 4 ¥ IPOMJLTIOCTPUPYiiTe
OTBET ¢ IIOMOIIbI0 rpaduKoB byHKnuA y = [x* — 2x|my = x + 4.
315. HaiiguTe MHOKECTBO peIIeHHIl HEPaBEHCTBA:
a) |x? + 8x — 4| < |3x|; B) |x2 — 3x + 2| < [3x - 2|;
6) |x* - 2x + 1| < |x - 3; r)|x? - x| >|x - 1].
316. Pemnte HepaBeHCTBO:
a)|x+ 1|+ |x - 2| < 5;
6) |x — 3| + |x — 4] < 11;
317. Pemnre HepaBeHCTBO:
a) x* + |x| — 6 < 0;
6) x* - 2|x| — 8 > 0;
318. PemmnTte HepaBEeHCTBO:
a)x*+ 2lx - 1| -6 <0;
6) x*+|x—-3|-9<0;
319. PemuTe HepaBeHCTBO:

7
a)lz_x_+_3|<5x+6; 6)

B)|x +3|-|x-4|<1
5/ > 3.

r)|x+6|+|x -

B) x + 3|x| < 18;
r) 2jx| + 15 — x> > 0.

B) 3x% — 5|x — 2| + 8 < 0;
r) 2x* - 7jx — 1|+ 3 < 0.

x2+3x-10

x+1 <o.

320. PemnTe ABOHHOE HEPABEHCTBO:
a) 1 <|3x - 8| <5; B) 1 <|2x - 11| < 5;
6) 2 <|7-5x|<12; r)3< |15 -2x|< 7.

321. IIpu KaKuX 3HAYEHUAX @ BCAKOe pellleHHe ABOHHOro HepaBeH-
cTBa 3 < |x — 2| < 4 ABIAETCA pelleHMeM HepaBeHCTBA X + 2a < 0?

322. HaiiguTe, IpM KAKUX 3HAYEHHUSIX X TOYKH rpadpura (PyHK-
nuu y = |2x — 3| pacnosoxKeHsl BHYTPH MOJIOCH], OTPaHUYEHHON TIpaA-
MbIMH Y = 2 n y = 5. IIpomsniocTpupyiiTe oTBeT, MOCTPOUB rpaduk
dyuxkunun y = |2x - 3|.

323. HaiiinTe MHOKECTBO 3HAYEHHUHN X, YAOBJETBOPAIOIIAX COBO-
KYIIHOCTH:

3x2 +2x-1<0,
a)

2x2 -8x -5 <0,
6)

2-x%2>0, 1,3 - x2 > 0,
|0,8 - 2x| < 1; |8x — 0,4| < 6.
324. PemnTte cCTEMY HEpaBEHCTB:

lx — 3| <2, |x + 4] > 2,
) {|3 o<1 ) {|2x 35| < 0,5
6 {|2x - 5| < 5, \ {!3x -1/<7,
|5x + 1| < 21; |lx — 7| < 2.
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325. HalignTe MHOXXeCTBO 3HAUYeHHWH X, YAOBJIETBOPAIOIIUX COBO-
KyIHOCTH:

) |x? — 8x| < |«], 6 |3x — 5| < |,
¥ -11<0; x2 - x < 2.

g I\
RN 7 YnpaxHeHMs Ans NOBTOpEHWUs

326. Pemute ypaBHEHUE:
a)x®-15x + 14 = 0; 6) x*—x2-Tx-5=0.

327. HaiiaguTe KOODAMHATHI TOYEK IepecedyeHHUs rpaduKoB GyHK-
miy=x*+2ny=6\x-1|

328. Uzo6pa3ute cxeMaTudecKu rpadmuk GyHKIUH
y=x2-9\x|+8

H YKQ)XKHTEe IPOMEKYTKH BO3PACTAHNS U YOBIBAHUSA 3TON QYHKIHH.

\
IR 0/ KoHTpOnbHbIE BONPOCHI U 3aAaHUR

1. O6bACHUTe, KAK DelIaloT YPABHEHUA M HepaBeHCTBa BUAA |f(x)| =
=b, |f(x)| < b, |f(x)] > b, raE b — MONOKHUTEIBHOE THCIIO.

2. O6bACHUTE, KAK DelIaloT ypaBHEHHA M HepaBeHCTBa BUja |f(x)| =
=|gx)|, [/(x)| > lg(x)], |f(x)] < |g2)l.

3. Ha npumepe ypaBHeHus |x + 1| + |[x — 4| = 7 u HepaBeHCTBa
|x| + |x — 2| < 3 o6bACHUTE, KAK PEIIAIOT yPABHEHHA M HEPABEHCTBA
TAKOTO BHJIA, OCBOBOMKIAACH OT 3HAKA MOAYJIA Ha IIPOMEXYTKAX, B KO-
TOPHIX BBIPAXKEHUe, 3aITUCAHHOE MO 3HAKOM MOJIYJisl, COXPAHAET 3HAK.

YPABHEHUA
§7. . C NAPAMETPAMU

16. \/ Lenbie ypaBHeHUs ¢ napamMeTpamMm

Penmmm ypaBHeHNs:
8x=17, 15x=17, -11x=7, Ox=T.

7 7
Kopenb mepBoro ypaBHeHHWs — YHCIO g»> BTOPOTO — YHCIO T&»

7 .
TPEThero — YMCJO0 —77» UETBEPTOE YPABHEHHe KODHell He mMeeT.
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Kaxx0e U3 faHHEIX YpaBHEHW UMeeT BHUA ax = 7. B 3aBucHMOCTH
OT @ BO3HHKAIOT pa3Hble cjaydau: ecaum a # 0, TO ypaBHEHHe HMMeeT

7 .
KOpeHb > ecnu a = 0, To ypaBHeHHe KODHEl He HMeeT.

PaccmaTpnBas ypaBHeHHe ax = 7, Mbl IPHUJaBaJN GYKBaAM Q M
PasHHIH CMBICJ, CUNTAA, YTO OYKBOH x 0003HAUEeHO HEM3BECTHOE YH-
cJIo, a OYyKBO#H @ — HeKOTOpoe (PHKCHPOBAHHOE UHMCJIO, 3BHAYEHHE KO-
TOPOro B Ka’KJOM KOHKDETHOM cJiyuae M3BeCTHO. B Takmx ciydasx
TOBODAT, YTO a4 ABJIAETCA NAPAMemMpoM, a ypaABHEHUE HA3LIBAIOT Ypas-
HeHUeM C napamempom.

C noHATHEM napaMeTpa Bbl, B CYIIHOCTH, YK€ BCTPEYAIUCH, XOTA
caM TEPMHUH «IlapaMeTp» He BBogmJcA. Tak, MpH pacCMOTPEHHH BO-
IIpoca .0 KOPHAX JIMHEHHOTO YpaBHEHHA ¢ OJHHMM HEM3BECTHBIM 3T0
ypaBHEHHE 3aIUCBIBAJIY B Buje ax = b. 34ecs napaMeTpaMu CJIYKUIM
OykBhI a u b. IIpn BeIBoAEe GOpPMyJIbl KOpHEil KBaJAPATHOr'O ypaBHEHUS
ax® + bx + ¢ = 0 napaMeTpaMy CYUTATH €r0 KOIPOUIUEHTH a, b u c.
IIpu usyuyenun amnHeitHOM GYyHKINH y = kx + b 3a mapaMeTphl NIPHHU-
MaaHu KoaddunmesTs £ u b.

PaccMaTpuBas ypaBHeHME ax = 7, MbI BBIAEJHIN cIrydau, Koraa a # (
u korga a = 0, u ycTaHOBMJIH, 4TO IPH @ # 0 ypaBHEHME MMeeT KOpeHh

7 .,
2’ 8 1pH a = 0 ypaBHeHUe He nMeeT KopHeid. Takum 00pa3oM, MbI ycTa-

HOBMJIM, KAK MOYXHO HAaliTHM KOPEHb YPABHEHUA IIPH JIOO0M 3HAYEHHUH 4.

B Takux ciyuyasx TOBOPAT, YTO MBI peULUNU YPABHEHUE C napamempoM a.
Boo6mme pewumd ypasneHue ¢ napamempom — 3Imo 3HAYUM Yc-

maHos8umb coomeemcmaeue, no3eonalujee 0aa 1106020 3HAYEHUR na-

pamempa Haiimu coomaeemcmaylowiee MHONECME0 KopHeil.
PaccMoTpuM npHMepHI.

IIpumep 1. PeminM ypaBHeHHME ¢ IapamMeTpoOM a:
ax - 2x =a%+ a - 6.

BrinmeceM MHOTO4WIEH X 3a CKOOKH:
(@a-2)x=a%*+a-6.

MEb1 umeeM JinHelHOe ypaBHEHHe, YHUCJIO KOPHEH KOTOPOTO 3aBH-
CHT OT TOTO, PABEH JM HYJI0 KO3GQGIMIIMEHT NPH X HIM OTJIHUYEH OT
HYJIA.

Ecrua - 2# 0, T.e. a # 2, TO ypaBHEHHE HMeET €JNHCTBEHHRI
KOpPEeHb
a’+a-6

*= a-2

Orcrona
v = (@ - 2)a + 3) _

Py a + 3.
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Ecmma-2=0,T.e. a=2, To ypasHeane npuaumaeT suj Ox = 0.
B aTom ciryuae J1i000€ YKMCIIO AIBJASAETCS KOPDHEM ypaBHEHHSA.

OrBerT: a + 3 npu a # 2; moboe umucio npu a = 2.

IIpumep 2. Pemmmm KBagpaTHOe ypaBHEHME ¢ apaMeTpoM b:

3x2-6x+b=0.
HaitneM AMCKpUMHHAHT 3TOro ypaBHeHmsi: D = 36 — 12b. Pac-
CMOTpHM ciyuaH, Korga D >0, D=0, D < 0.
ITycrs 36 — 126 > 0, T. €. 12b < 36, b < 3. B aTOoM cayuae ypaBHe-
HHe UMeeT ABa KOPHSA:

_ 6-—+/36 -12p . = 6 + V36 — 12
1= 6 ’ 2 = 6 .

Ecin 36 — 12b =0, T. e. b = 3, TO ypaBHeHHEe NMeeT eAUHCTBEHHBIH
KOpeHb — Ym0 1.
Ecom 36 — 12b < 0, T.e. b > 3, To ypaBHeHHe He MMeeT KOpHeil.

6 — v36 — 12 " 6 + 36 — 12b
6

6

OrBerT: npu b < 3; 1 nipu b = 3;

HeT KOpHe#t mipu b > 3.

Ipyroit Bujg 3ajay, OTHOCAIIMXCA K I€JBIM YPABHEHHSAM C Iapa-
MeTpaMm, CBS3aH ¢ nccliefoBaHHEeM ypaBHeHnii. HanpuMmep, Ans ypas-
HeHUHA C IapaMeTpaMH MOKHO MHOTAA ONPeJeJUTh YMCJIO KOpHeH IIpHu
pa3NMYHBIX 3HAYEHHSX NapaMeTpPOB, OI€HHTH 3HAYEHHUSA KOPHEeH
B 3aBUCMMOCTH OT 3HAYE€HHUN ITapaMeTpoOB # T. II.

PaccMoTpuM npuMepHI.

IIpumep 3. HajineM, Ipy KaKUX 3HAYEHUAX IIapaMeTpa a Om-
KBaApATHOE YpaBHEHHe

x-(@a+2)x*+3a-3=0

HMeeT 4eThIpe KOpHA.
Beegem HOByI0 nmepeMenHyo Yy = x2. IloslyduM KBafpaTHOE ypasB-
HeHHe

y:—-(a+2)y+3a-3=0.

JlaHHOe GMKBAJPATHOE ypaBHEHHMe MMeeT YeThIpe KODHS B TeX H
TONBKO B TeX CJYy4adAX, KOrja IMOJydyeHHOoe KBaApATHOEe ypaBHEHHE
HMeeT JBA IIOJI0KHTENbHEIX KODHS.

HaiiieM AMCKPMMHHAHT KBAJPDATHOTO YPABHEHMSA:

D=(@+2¢-4Ba-3)=a*+4a+4-12a +12=
=a®-8a + 16 = (a — 4)%
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W3 teopembl, 00paTHOIi TeopeMe Buera, ciaexyer, 4To paccMaTpH-
BaeMoe KBaJIpaTHOE YpaBHEeHME NMeET JBa MOJIOKNTENILHBIX KOPHSA IIPH
3HAYEHHUSAX @, YAOBJIETBOPSIOIIMNX CHCTEME:

(@a-47 >0,
3a-3>0,
—@a+2)<0.
Orcloa HAXOANM, UTO
a =+ 4,

1,
a>1 1. e {a>

a # 4.
a> -2,

3HaunT, AaHHOe GHKBaZipaTHOEe ypaBHEHHME HMEET YeThIpe KODHA
Ipu JO0bIX 3HAYEHUAX a, Ooapmux 1, kpome a = 4.

OTBerT: a € (1; 4) U (4; +00).

IIpumep 4. HaiigmeMm, npn KaKuX 3HAYEHUAX a ypaBHEHHUE

x2-2(a+1)x+a*+2a-3=0

MMeeT JBa KOPHSA, NPUHAIJIEKALINX IPOMEXYTKY (—5; 5).

danHoe ypaBHeHHE HMEET JBA KODHA, €CJIH AUCKDUMHUHAHT ero

TIOJIOXKHUTEJIEH.
Haxogum, urto

D=@+1p-(@+2-3)=14,

T. e. D > 0 npu no60M 3HAYEHHUH a.
Orcroza
x;=a+1- N/ =a-1,x,=a+1+ J4 =a+3.
Pemum cucremy

-b<a-1<5,
-b<a+3<5b.

IlepBoe ABOITHOE HEPABEHCTBO BEPHO, Korxa —4 < a < 6, a BTOpoe —
Korga —8 < a < 2. Haxozas ¢ noMouIb0 KOOpAUHATHOM pAMoit (puc. 59)
nepeceueHre MpoMeXYTKoB (—4; 6) u (—8; 2), moayuaem, 4TO ycjo-
BHIO 3a7laU¥ YAOBJIETBOPSAIOT 3HAUEHUS 4, TMPHUHAJJEKalIne obbefu:
HEHUIO NIPOMEKYTKOB (—4; 2).

-8 -4 6 *
Puc. 59

OTBeT: IpH a € (—4; 2).
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329. 3uan, 4TO OAMH M3 KOpDHeil ypaBHEeHMS
x4+ bx?=bx + 5 —4x?
¢ mapamMeTpoM b paBeH —1, onpenenuTe, 4eMy paBHO b, U HailfuTe Apy-
THe KODHM.

330. Kakme ciyuyam HAJO BBIJEJUTH NPH DEIIEHNH YPABHEHHS C
mapamerpoM a? 1A Ka)XAOro cjJydyas HaMAMTE MHOXKECTBO KODHE.

331. Pemnre OTHOCHTEJIBHO X YPAaBHEHHE:

a)ax =a + 6; n) ax + 8x = a* + 6a — 16;
6) cc ~ 2)x = ¢? — 4; e)b’x —x=b*+ 4b - 5;
B)p'x —3px=p* - 9; #)ex + x(2-5¢)=1—- 2¢;
r) ax + 5a = 30 + 6x; 3)(@a®+ 1)x + a(a - 2x) =1.
332. Pemnre ypaBHeHHE ¢ MapaMETpPOM a:
X _g3. y+8 ., _y-_4.

a)2x+a-3, r) 2 a 5

x x 5 .
) gg=x-1 Ma-i *Tarr
x-a _x-2, 3y -1 1
B)a—l_ a ’ e) a a+1 ¥

333. Ilpy Kakux 3HaUYEHUAX napaMeTpa b ypaBHeHUe 5_67: -b= :—13

AMeeT:
a) IOJIOXKHUTEJIBHBIN KOPEHb;

0) KopeHb, IPUHAJJIEKALINH TPOMEKYTKY (—1; 4);
B) KOpeHb, HaXOAALINIICA BHe IpoMexxyTKa [-2; 6]?

334. Ilpn Kakux 3HAaYEeHUAX IIapaMeTpa P ypaBHEHHe
Bx+p+2-Bx-p+1)¥2=12x + 4
HMeeT:

a) OTpPHIATEJILHBIA KODEHb:
6) kopeHb, IpUHAAJIEKAIMH TpoMeKYTKY (—0,5; 0,5)?

335. IIpn kakmMx 3HAYEHHUAX IapaMmeTpa a
a) ypasHenue a’x + 6 = 12 — ax UMeeT MOJIOKMUTENbHBIA KOPEHb;
6) ypasHenue ax + 8 = Ta’x — 4 UMeeT OTPHIATEJBHBINA KOPEeHBb?

336. Ilpr Kakux 3HAYEHMAX IIapaMeTpa a MMeeT ABa KODHA ypaB-
HeHue:
a)4x? - 2x + a = 0; B) 2x% + (a — 4)x — 2a = 0;
6) ax’ + 8x + 4 = 0; r)3x*+(2a+3)x+a+2=0?
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337. Ilpn KaKHUX 3HAUEHHAX HapaMeTpa { MMeeT €JUHCTBEHHHIH
KOPeHb YpaBHEHHE:
a) x2-tx+36=0; B)(t Dx*+tx—1=0;
6) tx!—6x +4=0; r)tx®2+ (¢ -6)x—-1=07?

338. IIpu kaKux 3HAYEeHHAX ITapaMeTpa b He MMeeT KODHEH ypas-
HeHHe:
a) 3x2 + 6x + 2b = 0;
6) bx? — 16x + 8 = 0;
B)bx? +(b—4)x+b-2=0;
r)(b—-3)x2-2b-Nx+b+3=07

339. oxkaxkuTte, 4TO MpH JIOGBIX 3HAYEHHAX 4 U b MMeeT KOpHH
ypaBHeEHHe;
a) (x — a)(x — b) = a%; 6) x2—2ax +a®-b-c2=0.

340. Pemute ypaBHenue ax? + 4x + 1 = 0 ¢ mapameTpoM a.

341. PermuTe OTHOCHTENBLHO X YPaBHEHHE:

a)ax?—x=0; o) x2—6x+a=0;
6) x* + 4a = 0; e)ax?+4x-2=0;
B) ax? — 6 = 3x? — 2a; x) x2 — 8x =¢% - 8¢;
r) px2 + 16 = 4x? + p%; 3) x? — 6a = a® + 6x.

342, PeminTte OTHOCUTEJIBHO J YpaBHEHHE:

¥ _{_Y¥_U4. -1 _1-6y  y°
)3 1= % B) T ==t
W+1*-y+2 _y 6,
6) 4 =3t
343. Pemurte ypaBHenue 3(x —2) - 2(y +11) +4 =0
a) OTHOCHUTEJIbHO X; 6) oTHOCHTEJBHO Y.
344. Pemure ypaBHenue 2x2 — 4xy + 1 =0
a) OTHOCHUTEJIBHO X; 6) OTHOCHTEJIBHO Y.

345. IIpn Kakux 3HAYEHHMAX MMapaMeTpa @ CyMMa KBaJpaToB KOp-
Hell ypaBHenus x% + ax = 2x + a + 3 pasHa 187?

346. IIpn kaknx 3HaYeHHAX napaMerpa b ypaBHeHHe

2x2 - (2b-5)x+b-3=0

HMeeT ABa KOpHSA, MpHHAMIexalue nmpomMesxyrry (—1; 1)?

347. IIpn kakux 3HaUEHUAX HMapaMeTpa P ypaBHEHUe

A-pPhx*+2px-1=0

HMeeT ABAa KOpHA, NMpHHAAJexKalIue npomMexxyTry (0; 1)?
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348. TokaxxuTe, 4TO ypaBHEHUE
(a+b+e)xt=2a+bx-a-b+ec
MMeeT DAI[MOHAJBHEIE KOPHM IIPH PAIMOHAILHBIX 3HAYEHHMAX Iapa-
MeTpoB @, b m c.

349. MokaskuTe, uTo ypaBHeHue x? + bx + ¢ = 0 He mMeeT pa-
OUOHAJLHBIX KOPHE, ec/ld 3HAaUeHUAMH IapaMeTpoB b u ¢ ABIAKTCA
neJble HeYeTHBIe YHCIIA.

350. PenminTe OTHOCHTENBHO X YPaBHEHHE, HCIIOJb3YHA Pa3IOKeHHAE
HA MHOKMTEJIN:
a)x*+ x=a’x - a; 6) x(x* — 1) — 2a = 2ax.

351. IIpn Kakux 3HAYEHHUAX mNapamerpa b ypaBHeHHe
x-b2-(b+1)=0
HMeeT JBa KOpHA?

352. Ilpn KaKMX 3HAYEHHAX NMapaMeTpa @ MMeeT 4YeThbIpe KOpHA

ypaBHEeHHe:
g)x'—(a+ 1)x*+a=0; 6) x* — 2ax? + (6a — 9) = 0?

353. U3BeCTHO, YTO YKMCJIAa M U N SABJIAITCA KOPHAMHM YpaBHEHHS
1+ ax + b =0 c napamerpamu a u b. CocTaBbTe OMKBaAPATHOE ypaB-
HeH¥We C TeMH ’Ke TapaMeTpaMH, MMelllee YeThipe KOpHS: —m, —n,
mun.

354. 3anmnmuTre ypaBHEHHE KAacaTeJbHON K rpaduky GyHKOIUH
¥ = f(x), npoxogsmeil yepe3 TOYKY 3Toro rpaduka ¢ abcmuccoit:
a)x = -1, ecnu f(x) = 4x%; 6) x = 2, ecan f(x) = —2x2.

\
RN ‘/ VYnpaXHeHUs AN NOBTOPEHUs

355. Pemure ypaBHeHUe:

a) x* - 6x% — 4x + 24 = 0; B) x*+ Tx - 8 =0;
6) x>+ Tx% — 16x — 112 = 0; r)x*+ T7x+8=0.
356. HaitnuTe MHOMKECTBO pellleHMi ABOMHOI'0 HepaBeHCTBa:
-1 x-2
al)l<x+2 < 8; 6)—1<x+3<1.

357. IlokaxxkuTe, KaK PaCIOJIOMKEHbl Ha KOOPAMHATHOM IIJIOCKOCTH
rpabuky GyRKIUHR y = k,x 1 y = ky,x, ecaun
a) b, > ky, > 0; 6) kB, <k, <O B) B, <0, k, > 0.
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17. \‘f Apo6GHo-paunoHanbHble ypaBHEHUS
C napamMeTpamMu

Bam naBecTreH o0ILIuil MpHeM pelIeHNs APOGHO-paIMOHAJIBHEX
ypaBHEHHI1 ¢ YNCI0BBIMH Ko3dbdunuentamu. [nsa Toro 4ToGh! pemut
TaKOe ypaBHEHME, YMHOKAIOT 00e ero 4acTH Ha OOLIMI 3HaMEHAaTelb
Ipobeit, BXOAAIINX B ypaBHEHHE, PEIIAIOT IIOJYYEHHOE I1eJI0€ YpaBHe:
HUe W NCKJIIOYAIOT U3 €r0 KOpHe# Te, KOTOopsie 00pallaoT B HYJIb 06
wuii 3HaMeHaTeNAb Apobei. AHAJOrMYHBIM 06pa30oM NOCTYHAIOT IpH
pelreHUHN ApoOHO-paAIMOHAJBHBIX YPaBHEHHI C IIapaMeTpaMHu.

PaccmoTpuM npuMepsl.

IIpumep 1. Pemrum oTHOCHTENBHO X ypaBHEHHE
4 b
-3 2°2

YMHOMxkHM 00e 4aCTH ypaBHEHNs Ha O6LIMii 3HaMeHaTe b Apoled,
T. e. Ha BeipaxxeHue 2(x — 3). IlosyuyuM ypaBHeHHe

8 —bx + 3b=4x —12.

Orcrona
(4 + b)x = 20 + 3b.

Ecan 4 + b =0, 1. e. b =—4, TO IOJy4eHHOE JUHEHHOE ypaBHEHNe
He MMeeT KOpHel, a 3HAYUT, He MMeeT KOpHeill M 3agaHHOe Jpo6Ho-
panuonaibHoe ypaBHeHmne. Ecam 4 + b 2 0, T. e. b # —4, TO pac

CMaTpuBaeMoe JIUHeNHOe YPaBHE€HH€ HNMeeT eIUHCTBEHHBIHN KOpeHb

+
x = % Oanako m3 ycaosua 2(x — 3) # 0 caenyer, 4To And 38

AAHHOTO npoﬁno-paunona.nbnoro YpPaBHE€HUA HAJAO0 UCKJIIOUHUTH Te 3HA

20 + 3b
yeHuA b, nmpu Kotopeix x = 3. U3 paBeHCcTBa 240 " 3 Haxofuy,

4TO TaKuX 3HaueHH# HeT. UTaK, ecnu b # —4, To 3aJaHHOE ypaBHEHHE

. 20+ 3b
MMeeT eIMHCTBEHHBIA KOPEHb X = —7——7~» & eClIH b = —4, To ypasHe

HUe He UMeeT KODHeH.

OTBerT: 22+gbnpn b # -4, xopHeH HeT npu b = —4,

IIpumep 2. PemnM ypaBHeHUe

2x _a-2 _ 4a-2a°
2x+a 2x-a 4x? - qa?

=0.
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VYMHOXHMB 00e 4acTH ypaBHEeHMA Ha oOuIuii 3HaMeHaTedb gpobeit
1 BHIIOJHHMB NpPHUBEJEHUE IMOJOOHBIX UYJIEHOB, IMOJYYHM KBaApPaTHOE
ypaBHeHHe
4x — 4(a - 1)x + a® - 2a = 0.

a-2

Pemus ero, HaliieM, 4TO X, = X,= 5 ITepBBI# KOpeHDb He

a

59
YAOBJIETBOPSAET UCXOJHOMY ,u;poﬁno-pannona.anOMy YPaBHEHHIO, TaK
KaK IIpH X = % oburmii 3HaMeHaTeNb Apobeit, BXOAALINX B YPaBHEHHE,

obpamiaerca B HyJib. OCTAETCA €llle BHISCHUTD, IIPK KAKKX 3HAYEHHUSX 4

BTOPOil KOpEeHb SABJIAETCH MOCTOPOHHHM J[JIf NAHHOTO YpaBHEHHS.

a-2
MoxcrasmB B paBeHCTBO 4x% — a? = 0 BMeCTO X BhIpasKeHHe o

HOAYYMM @ = 1. OTo 3HAUEHHEe @ HAZLO0 MCKJIOYHUTH.
Urak, npu a # 1 3ajaHHOe ypaBHEHHE MMeET €JUHCTBEHHBIN KO-

_9 .
, & Ipu @ = 1 ypaBHeHHe He UMeeT KOPHEW.

a
PeHb X = —5

OTBeT: npy a # 1, KopHe#t Het npu a = 1.

a-—-2
2
PaccMoTpuM Tenepp NpPHMEpP MCCJEJOBAaHUA YPaBHEHHA C Napa-
MeTpoM.

Iipumep 3. Haiigem, npn KaKkux 3HaUYEHUAX IMapaMeTpa @ ypaB-
HEeHHe

axo X-1,a
- 3 3
HMeeT ABa KOPHA, KA bl M3 KOTOPBIX NPHHAAJIEKHUT IIPDOMEXKYTKY

(-1; 1).
VYMHOHMB 06€ 4acTH ypaBHEHHS Ha 3X M BBIINOJHHB IIpeobpaso-
BAHUA, NOJYYUM ypaBHEHHE
Bax*-(a+3)x+1=0.
OTo ypaBHEHMe MMeeT JBa KOPHA, ecau @ # 0 u D > 0. Tax kak
D=(@+3?-12a=(@-3’,toD>0npua#3.Mlpua#0ua=+3

1 1
paccMaTpuBaeMoe 1eJjioe ypaBHEeHHEe HMeEeT KOPDHHU X, = § H X, = E'

06a aTH KOPHA YAOBJETBOPAIOT APOOHO-PAIIMOHAJIBHOMY YPaBHEHHIO.
IlepBhIii KOpPeHb NMPUHALJIEKHUT NMpoMeXYTKY (—1; 1). Bropoit KopeHb
OPHHAIJIEKHUT STOMY NPOMEXKYTKY NPH 3HAYEHHUAX @, YAOBJIETBODSA-
OIAX CHCTEME

—1<-1—<1,
a

az 0,
a# 3.
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MHoxecTBOM pelieHuil 9TOH CHCTEMB! ABJAAETCA OGbeJUHEHHe
npoMekyTKOB (—1; 0) u (0; 1).

OrBeT: mpu a € (—1; 0) U (0; 1).

358. BepHo Jin YTBEepKAeHHE, YTO IIPH JIIOOOM 3HAUEHUH Q@ KOpeH
ypasHeHus (x — 2)(a — 1) = b sBAfAeTCA KOpDHEM ypaBHEHUS x—f_)a =
=a—-17

359. PeminTe OTHOCHTEJNBHO X YPaBHEHHE:

_9 _1-a%, a 5 _ 18 |,
a)x-2a=""72" B) -3 x+3 #-0
2 a’-3a, 6 1 _ 3
G)x+3+ 3 =2a-—7— D¥_16 -4 4+x
360. PemnTe OTHOCHTENBHO Y YPaBHEHHe:
Sa__ 5 _ .. 6-y__2 . i_0
a)y—a y+a‘7’ B)y+2 y—a+1_0’
10 - a 6 _ 2 . 3y 4 _
) Yy 3t F- e~y 3 Noy-b y+o 1=0
xy
361. Pemute ypaBHeHUe ~+1 =Y 1
a) OTHOCHUTEJBHO X; 6) OTHOCHUTENBHO Y.

362. IIpn KaKUX 3HAUEHHUAX IIapaMeTpa ¢ ypaBHeHHe

1 1
x+—x'=c+c

AMeeT eJHHCTBEHHEBINH KOpeHb?
363. IIpn Kakux 3HaYeHHAX napaMerpa b ypaBHeHHe
T-x=b-5
nMeeT eJUHCTBEeHHBIH KOPDEHb M 3TOT KOpPeHb IIPHHAMJIEKHUT IIpoMe
KYTRY (—1; 1)?

364. HaitinuTe KOOpAUHATHI TOUYeK IeDeCeYeHMs C OCAMHU KOop-
AuHAT rpaduka GYHKIMHU:

_x-a, _ax-4
Y= 32 By="%72

365. Pemnre ypaBHeHHe C IapaMeTpOM a:
¥+1 a
ax -2 2-ax

= X.

366. HaiinuTe neibie 3HAYEHUA MapaMeTpa a, IIPU KOTOPKIX ypas:
HeHue
3ax ~13x _ 13a — 8a?

1+ =
x? -a? a? - x?
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HMeeT eJHHCTBEHHBIA KOpDEHb M 3TOT KOPEHb NPHHANJIEXKHT IIpOMe-
RYTRY (—5; 5).

367. Pemnte ypaBHEHHE OTHOCHUTEJIBHO X:

ax — 2b? - b% — 2adx
b? a’x

368. PemnTte ypaBHeHUe ¢ mapaMeTpaMu g u b:
) x% + 2bx _2x—a+b_0_
8) 221 b2 + 2ab a+b

x—a+x—b
x-b x-a

7 YnpaxXHeHus ONs NOBTOPEeHUS

369. Pemnre ypaBHEHHE:
a) |495 - |375x - 2” = 3;
6)|x— 4|+ |x+ 1]+ |x + 5| = 12.

+2=0.

6)

370. Ilpy KaKuX 3HAYEHHAX X MMEeT CMBICI BhIpaKeHHe:

J@x - 4)(8 - 2x - x%) V(& + x)(2x? - 13x + 15)
) ix-5 ’ ®) Zx -9 ?

371. B KaKHUX KOODAMHATHHEIX YETBEPTAX DACIOJIOXKEH TrpadHk

GyHKIHHU:
8)y=—|x* - Tx - 6|; 6) y = —x%+ |x| — 62

‘\
HEREEE /7  KOHTPO/ibHBI@ BOMPOCHI U 3aAaHUN

1. O6bacHUTE, KaKOe YypaBHEHHE Ha3BIBAETCS YpPaBHEHHUEM C IIa-
pamerpoM. IIpHBegUTEe PHUMEDHI.

2. YUto 3HAYHUT pPEIINTH YypaBHEHHE ¢ IMapamMeTpoM?

3. Ha npumepe ypaBHeHHI!

ax—-5x=a*-4a+5 un 2x*-4x+a=0

¢ mapaMeTpoM a OOBACHHTE, KAK DEIlalOT JUHEHHble U KBaAPATHHIE

ypaBHEHHUS C TapaMeTPOM.

4 7
x+2 - Z_1 00BACHHTE,

KaK pelaiT npoﬁno-paunona.nbnoe YpaBHE€HHE C IapaMeTpPOM.

4. Ha npumepe ypaBHeHHUS x‘j 3~
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NN ‘/ [lononHuTenbHble YNpaXHeHUs
K rnase 2

K maparpady 4

372. loka)KHUTe, YTO €CJIHM HHU OAMH H3 JHeJHUTeNel uucia a,,
He PaBHOTO HYJIIO, He SBJAETCH KOPHEM YpaBHEHHA X" + a,x" 1 + ... +
+a,_,x + a, = 0 ¢ ueneiMu KoadbbHUINEHTAMH, TO 3TO yDaBHEHHE
He MMeeT PAIMOHAJBHBIX KODHEH.

373. Pemnte ypaBHeHHe:

a)x?—x-6=0; r)x®+2x2+3x+2=0;
6) x* - 5x + 4 = 0; o) x3—4x* - 4x - 5=0;
B) x® + 4x? - 3x - 2=0; e)xt—4x* +3x2+4x -4 =0.

374. Hajinute KOOpAWHATH TOYEK IlepeceueHUs rpaduKoB PYyHK-
18517
a)y=2x*-x*~-x u y=6x~- 6;
)y=x+3x2~-x u y=x+ 28x — 42.

375. CocraBbTe GHKBajgpaTHOE YPABHEHHE, 3HAH, YTO OAHH M3 €ro
KOpHEH paBeH «/5, a apyroi paBeH 3 — «/§

376. Pemrute ypaBHEHHE:
a) (x2+6x)2 —4(x2+6x+1)-17=0;
6) (x2+x)2-5(x2+x—-4)+6=0;
B) x(x — 2)(x - 3}(x — 5) = T2;
r) (x — 3)(x + 2)(x — 6)}(x — 1) = —56.
377. Peminte ypaBHeHUe:
a) x'(x + 1)* — 40x%(x + 1)? + 144 = 0;

4 2
6) (x :43) _ 64(xx-; 3)

+ 900 = 0.

378. JlokakuTe, 4YTO YpaBHEHHE
x-1 N 2 2x - 2
x*+6x x2-6x x?-36

He UMeeT KOPHEeI.

379. HaiifnTe KOPHH ypaBHEHUSA:
3 x+ 2 3x -5
)@ 3 ¥ 4 P Lizm_2

] x+7 8x - 20
)f+3 -9 B+2_3x-3
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380. PemnTe ypaBHeHHe:

6 _ 38 2
a)4.;vc"+x+1_2;\c+1 22 - x+1°
5 1 + 1 _ 6x .
)2 8P 4+ 2x-6 3+ 2+ 4
40 3 __8x+2
B o s 123 -1 2+6x+3
2
NSRS 63

-1 x2+3 x+2¢2-3°

381. Pemnte ypaBHEeHHE
1 + 1 _ 1
2+2c-4 x*+2¢+4 " x*+2x-5"

K maparpady 5

382. HaijiguTe HaumMeHBbIIee IleJI0€ YHCJO, yAOBJETBODAIOLIEe
HepaBeHCTBY:
a)(7Tx — 1)(x — 5) — (12x — 4)(x + 1) > 0;
6) bx(x + 2) + (1 + 2x)(2 — 2x) < 0
B) (bx — 1)}x + 1) - 2x(2x + 3) < 0;
)3 -2x)(x-1)+ Bx—1)(x + 4) < 0.

383. HaiignTe MHOYXECTBO pellleHN1 HepaBeHCTBAa

a) 6x% — 0,8x — 0,64 < 0, TpUHALIEKAIINX ITPOMEKYTKY (—%? %)’

6) 3x2 - 1,7x + 0,2 < 0, HaXOAAIMNXCA BHE IIPOMEXKYTKA [%, %]

384. Haiigute 3HayeHHs a, NMPU KOTOPBHIX BEPHO IpH JIOGOM X

HepaBeHCTBO:
a)3x2—2x +a > 0; B)ax? - 2x + 1> 0;
6) —x*—4x —a < 0; rax:+4x+1>0,
385. PemuTe cucTeMy HepaBeHCTB:
2?2 - 17x - 19 < 0, 4x> + 5x - 21 <0,
a) {0,3x* - 4,8 < 0, 6) ¢x2 —x <0,
Sx-2>0; 2-5x20.

386. IIpn KaKMX 3HAUEHHUAX a4 KaKJAoe pellleHHe HepaBeHCTBA
3(a — 4x) + 2(x — 4) < 0 aBAAeTCA pelIeHMeM HepaBeHCTBa x2 — 4x +
+3>0?
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387. Ilpu KakuX 3HAYEHHAX M Bce TOYKH rpaduka GyHKIHH
y=x%4+ 2(m - 1)x + m(1 — m) pacrosoXeHs! BEIIIe OCH X?

388. Pemrnte HepaBeHCTBO:

a) x* —34x2 - 72 < 0y r) x* + 9x% - 22 > 0;
6) x* —2x2 - 15 < 0 nxt—3x*-x+3<0;
B) x* + x* — 30 < 0; e)xt+5x—x-52>0.

389. Haiigute o6aacTh onpefeleHNs PYHKIMHA:
a)y=+Jx* - 2x* + 3x - 6; B)Yy=Jx® + Tx - 8;
6) y = Jxt + 23 - 4x® — 4x; r)y=Jx® - x% + 3x + 5.

390. IIpy KaKkux 3HaYEHUAX @ MHOKECTBOM pelleHUii HepaBeHCTBa
(8x — a)¥(2x + 5)(x — 0,9) < O sBisIeTCS YMCJIOBOM IIPOMEKYTOK
(-2,5; 0,9)?

391. Haitgure HanboJIblliee 11eJI0€ YUCIIO, YAOBJIETBOPSIOIIEe HEpa-

BEHCTBY:
x+4x -5 7 9
a) (x - 3)? <0; 6)x2—5x+6+1<3—x'

392. Pemnte HepaBeHCTBO:

x% - 222 + bx - 10 xt - 2x% — 8x + 16
. 2 .
a) 3 -2x > 0; B) x3 0;
x3-x2+x-6 xt - 10x2 + 24
6) —gz-27 <0 ) -5 <0

393. IIpn kakux b 3HayeHUs JpodH Sb_T%lb

a) IpUHAIJIEKAT IPOMEXKYTRY (—4; 1);
6) HaxonAaTCca BHe mpoMexkyTka [—1,5; 3]?

K maparpady 6
394. Haiigure Bce mejblie 4ucia, YAOBIETBOPAOLINE YPABHEHUIO!
a) |x — 2,5/ + |x — 4,5| = 2; 6)|x + 38| +|x—2|=5.
395. Pemnre ypaBHeHHE:
a) 6x2 - Tlx| - 8 = 0; B) xlx - 6|+ 7=0;
6) x> - 18/x - 2| - 4=0; r) x/13 - x| - 22 =0.
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396. HaiiguTe Bce KOpHM ypaBHeHHs x2 + 6|3 — x| — 34 = 0, npn-
HaglexKalnne MpoMeXyTKY (—5; 5).
397. HaliauTe KOOpAUHATH TOUEK IMepecedeHMs rpaduKoB GyHK-
OHiA:
a)y=x*-5|x|+6uy=|x- 6
6)y=|x*+3x - 10/ m y = x% - 10.
398. Haiinure KOpHM ypaBHEHUS
a) x* - 6/x? — 1| - 6 = 0, npuHAaAIeKALUEe IPOMEXKYTKY (—4; 4);
6) x* — 10|x? — 2| — 11 = 0, npuHaAIekamAe TPOMEKYTKY (—6; 6).
399. PemmnTe HEPABEHCTRBO:
8) (x - 2| - 4)(x - 3| - 6) < 0;
6) (x + 1| — 3)(|x - 5| + 10) > 0.

400. Hajigure HauboJsilee 11eJ10€ YHUCJIO0, YAOBJIETBOPAIOIIEE Hepa-
BEHCTBY:

a)|7,5 + |8x — 2|| < 19,5; 6) |2,6 + |3x + 1|| < 17,6.
401. HaiiguTe BCe meJnie YNCJIa, YAOBJIETBOPAIOIINE HEPABEHCTBY:
a) x> - 5|x + 6| + 34 < 0; 6) x*+|x—-T7-13<0.
402. PemnTe HEPaBEHCTBO:
2 -Tx+12 | -5 + x
) -5 0 s It
x-Tx-8 2-x|+5
6) x—6l <0; P)I x-t|-2 x<2'
403. Pemrute cucTeMy HEpaBeHCTB:
10x* + x - 0,6 < O, 6x> + x-1<0,
a) {x* < 0,25, 6) {x* < 0,4x,
|5x — 1) < 0,4; |2x + 0,5 < 0,1.

404. Ilpy Kakux 3HAYEHHAX 4 Ka)KJ0e pelleHHe COBOKYIHOCTHU
5x2 — 14x - 3< 0, x| < a?
AIBJIAETCS pellleHHeM HepaBeHCTBA |X| < a
It - 2,5/ < 1,5 P P

K maparpady 7

405. HaliaguTe Bce HaTypajJbHble 3HAUEHUSA NapaMeTpa C, IpH KO-
TOPHIX MMEET JBa KOPHS ypaBHEHUE:
a)ex?+1=x*-8x—c¢; 6) 15¢2 — 16x = x2 - 2x - 1.
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406. IIpn kaKOM YCJOBHH ypaBHEHHE
ax? + 2ax = 2bx — a — b?
¢ mapaMeTpaMu a u b:
a) ¥MeeT OJNH KODEHb;
6) MMeeT ABAa KOpHI;
B) He MMeeT KOpHeiH?

407. Pemure ypaBrenue |x? + 8x + 4| = m, rie m — napamerp.

408. PemmnTe OTHOCHTEJNBHO X ypaBHEHHUE:
a) |0,3x — 4,5/ =a - 2; 6) |6 — 2x|=a + 8.

409. Pemnte ypaBuenue xy? ~ x = 4y + 4:
a) OTHOCHUTEJbHO X; 6) OTHOCHUTEJILHO Y.

410. IIpn Kakux 3HaueHHAX @ rpaduk pyHKnuu y = (x — a)®> -9
nepecexkaeT och abcruce B TOUKAX, a6CIICChl KOTOPHIX IIPHHAAJIENKAT
npomexxyTkKy (—6; 6)?

411. PemnTe OTHOCUTEJIBHO X ypaBHEHHe:
a) Tax - 3x = Ta? + 4a - 3;
6) 2ax — bx = 2a® — 3ab + b?;
B)x2—(a-b)x+ a®—-ab- 2 =0;
r) x2 - bax + 5bx + 6a% — 13ab + 6b% = 0.
412. PemuTte ypaBHEHHE C IIApaMETPOM a:
a) x* — (a® + 4)x% + 4a? = 0; 6) 8x* — ax? = 8x? — a.
413. Pelrnte OTHOCHTENBHO X YPaBHEHHE
x¥=(a - 1)x? + a?.
414. Pemnre ypaBHeHHNe ¢ IaPaMETPOM a:
20+3 2a-3 _ 2a

x+a a-x 3°

415. Pemnre ypaBHeHHE C TapaMeTpaMu a u b:
a-2b 1 1+ bx 1

2) x2—4bx=a+2b; 6) @& -2 a-x

416. IIpn xkaxom ycioBuHM IpsaMas y = ax + b umeer Gosee ABYyX
obmux Touek ¢ rpadukom dyHkmuu y = |x — 1| + |x — 3|?




| CUCTEMbI YPABHEHUW
U CUCTEMbiI HEPABEHCTB
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18. \/ YpaBHeHue ¢ ABYMS nepeMeHHbIMU
u ero rpaduk

VpaBrenus x(x — y) =4, 2y ~ x? = -2, x(x + y?) = x + 1 moryr
CAYIXUTH NPHMEPaMU YPaBHEHWI C JBYMS IeDEeMEeHHBLIMH.

Ecan B ypaBHeHHEe X(X — ¥) = 4 NOACTaBUTh BMECTO IIEPEMEHHOMN X
ee 3HaueHue —1, a BMecTo y — 3HadYeHHe 3, TO HOJYYUTCA BEPHOE Da-
BEHCTBO

-1-(-1-3)=4.

ITapa (—1; 3) 3HaueHmii MepeMeHHBIX X U Y ABJIAETCA peuleHUeM
ypasHenua x(x — y) = 4. YpaBHeHHe ¢ JByMdA NepeMeHHBIMHU HMeeT,
KK NpaBMJIo, GECKOHEYHO MHOTO DeIlleHuid.

IIpa ypaBHeHHA, MMeOLIXEe OLHO U TO K€ MHOXXECTBO DEIIeHHH,
Ha3BIBAIOT PABHOCULbHLIMU YDABHEHUAMU.

JIio6oe 1es10€ ypaBHEHHUE C JByMS TePEeMEHHBIMU MOXXHO 3aMEHUTh
PAaBHOCHJILHBIM YpDaBHEHHEM, B KOTOPOM IpaBasd 4acTb OymeT HyJseM,
a Jesass — MHOI'OYJEHOM cTaHZapTHoOro Buja. CTeneHb 3TOro MHOIO-
uJileHA HA3BIBAIOT CMeneHbl0 YpasHenus ¢ 08yma nepemernnvimu. Tax,
HallpuMep, YpaBHEHUe

x(x+y)=x+1

€CTh YypaBHeHHUe TpeTheil creneHu. Mcmosb3ys TOXKAECTBEHHBIE IIpe-
o6pasoBaHUA M CBOMCTBA ypaBHEHMi, ero MOMKHO Ipeofpas3oBaTh B
ypasHenue xy® + x® — x = 0, nIpaBas 4acTb KOTOPOrO — HYJIb, a JieBad —
MHOrO4JIEH CTAHAAPTHOTO BHJA TpeThell CTeneHH.

JInweitHOe ypaBHeHUe c¢ ABYMS IlepeMEHHBLIMHU, T. €. ypaBHeHUe
BHAa ax + by + ¢ = 0, siBIAeTCA ypaBHEHHEM IE€PBON CTENEeHH, eCJH
a Wi b He paBHHI HYJIIO.

Ecnu Bce pelieHns ypaBHeHUASA ¢ JBYMA IIePEMEHHBIMH N300pasuTh
TOYKAMH B KOOPAMHATHOMN NMJIOCKOCTH, TO IOJYYHUTCA Zpaduk ypasHe-
HUA ¢ d8yma nepemennvimu. Tak, rpaduKoM ypaBHeHHdA 2y — x2 = —2
aBageTca nmapaboJia, NoKa3aHHasA Ha pucyHke 60.
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Ecnu B ypaBHeHum ax + by =¢
x0Ta Obl OAMH U3 K03 GUIHeHTOoB
a wiu b He paBeH HYJIIO, TO €ro I'pa-
¢bukKom sABIserca npaAmas. Ecim
a =b =0, o upu ¢ = 0 rpadbuKoM
3TOr0 YPaBHEHUS ABJIAETCHA KOODAH-
HaTHaA IUIOCKOCTh, & mpH ¢ # 0 —
MIyCTO€ MHOYKECTBO.

ITocTpoerne rpad®uKOB HEKo-
TOpLIX YpaBHEHWH o0Jierdaercs uc-
noJb30BaHHNEM npeobOpasosaHuUil
rpaukKos.

Puc. 60 PaccMoTpuM npeoGpa3oBaHUs

rpad®HKOB YpaBHEHHI ¢ AByMs Iiepe-

meHHBIMH. JI06oe ypaBHeHHe ¢ ABYMS NE€pEMEHHBIMM MOMKHO IIpHBe-

CTH K TAKOMY BHAY, KOrjJa B ero nmpasoi yactu oyzaer O, a B J1eBO# —

BHIpAXKEHUe ¢ JABYMA NepeMeHHBIMH. BripakeHHe ¢ mepeMeHHBIMH X
U Yy MOKHO 00603HaunTh Tak: F(x; y). YuraroT: «F or x 1 y».

Cohopmynupyem npaBuJia, M0 KOTOPHIM BHITIOJHAOTCS IIPOCTEHIITHe
npeobpa3osanusa rpadpukoB ypaBHenmni F(x; y) = 0.

1) I'padux ypaBrenusa F(—x; y) = 0 MoxxHO nosyunTtk u3 rpaduxa
ypaBHeHHA F(x; y) = 0 ¢ IOMOINbI0O CHMMETPHH OTHOCHUTEJIBHO OCH J.

2) I'paduk ypasrenusa F(x; —y) = 0 MoXHO MOJYyYUTHL U3 rpaduka
ypaBHeHus F(x; y) = 0 ¢ mOMOIbI0 CHMMETPUH OTHOCHUTEIHHO OCH X.

3) I'pacmnk ypasuHenunsa F(—x; —y) = 0 MOKHO MOJIYYHUTH U3 rpaduka
ypaBaeHus F(x; y) = 0 ¢ moMomb0 IeHTPAJILHONH CUMMETDHUH OTHO:
CHTeJIbHO HauaJla KOODAWHAT.

4) I'paduk ypasHerus F(x — a; y) = 0 MOKHO NOJIy4HUTh U3 rpabuka
ypaBHeHHdA F(x; y) = 0 ¢ moMoInbio mIepeMeleHUs MapajieIbHO OCH X
Ha |a| exunun (Bnpaso, eciu a > 0, u BreBo, ecau a < 0).

5) T'paduk ypaBrenusa F(x; y — b) = 0 MoxkHO nosyuynts u3 rpaduka
ypaBHenusa F(x; y) = 0 ¢ mOMOIIbIO epeMelneHus Ha |b| exunun na-
pasienbHO ocH y (BBepx, ecau b > 0, u BHUS, ecau b < Q).

6) I'paduk ypaBHenusa F(ax; y) = 0 MOKHO ITOJYYUTD U3 rpaduxa
ypaBHeHus F(x; y) = 0 ¢ moMomibio coxaTHd K OCH Y B @ pa3, eciin a > 1,

1
U C [IOMOILIBIO PACTAMEHUSA OT OCH y B  Pas, eciu 0<ax<l.

7) I'paduk ypaBuenuda F(x; by) = 0 MOXHO nojsyuuTth u3 rpaduka
ypaBHeHud F(x; y) = 0 ¢ moMoubio coxaTud K ocu x B b pas, ecou b > 1,

1
¥ C MOMOIBIO DACTAMKEHHA OT OCH X B 3 Das, eciu 0<b<1.

8) I'paduk ypasrenns F(|x|; y) = 0 MOHO MONYUHTH U3 rpaduKa
ypasHenusa F(x; y) = 0, orbpocuB Ty yacTh rpaduka ypaBHeHHd
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F(x; y) = 0, koTopad pacnoJioykeHa B JIEBOH IOJYIJIOCKOCTH, M C IIO-
MOIIBbI0 CUMMETDPHHM OTHOCHUTEJbLHO OCH Y, OTOOPA3MB B 9Ty MMOJY-
IJIOCKOCTh Ty YacThb rpadmKa, KoTopas pacloJioyKeHa B IIPABOM mMOJy-
IJIOCKOCTH.

9) I'padbuk ypasrerus F(x; |y|) = 0 MosxHO moryunTh M3 rpadura
ypaBHeHus F(x; y) = 0, or6pocuB Ty 4yacTh rpadmka ypaBHEHHS
F(x; y) = 0, xoTopada pacIoJIoKeHa B HUMKHEH IIOJYIJIOCKOCTH, U C
OOMOIIb0 CHMMETPHH OTHOCHUTEJIBHO OCH X, 0TOOpa3MB B 3Ty IOJY-
IJIOCKOCTh TY YacThb rpaduKa, KOTOpas DaCIoJIoKeHA B BepXHeH IIo-
JAYILIOCKOCTH.

Ona npumepa OopoBeieM AOKAa3aTeabCcTBO yrBepikaeHud 1. Ilycrts
Touka A(m; n) npuHamIexRuT rpabdury ypasaeHus F(x; y) = 0. Torga
BepHO paBeHCTBO F(m; n) = 0. Touxka B(—m; n), CHAMMeTpHYHAasA TOUYKE
A OTHOCHUTEJNBHO OCH Y, OyJaeT mpuHaIJeXaTh rpaduKy ypaBHEeHHUS
F(-x; y) = 0, Tak KaK IpH NOJCTAHOBKE B HErO BMECTO X YMCJIa —m,
2 BMECTO Y YHCJIa 7 ITOJy4aeTcd BepHOe paBeHCTBO. TakuMm ke o6pasom
MOXKHO IOKa3aTh, 4TO Jo0as Touka rpadukra ypaBHeHus F(—x; y) =0
¢ IOMOIIbIO CUMMETPHUH OTHOCUTEJILHO OCH Y NMEPEXOAUT B TOUKY, IPH-
Hajiesxamyro rpadury ypasaeEns F(x; y) = 0. 3aauur, rpadpuxn ypas-
wenuil F(x; y) = 0 u F(—x; y) = 0 CHMMeTpPMYHBl OTHOCHUTEJIBHO OCH Y.

M3 pacCMOTpeHHBIX HaAMH NpaBUJ NpeoOpa3oBaHUs rpadUKOB
YpaBHEHHIi C AByMS IE€peMEHHBIMH JIETKO IT0JIy4YaloTCs IIDaBHJIa IIpe-
obpazoBaHNA rpadUKoB PYHKIUI.

Ilpumep 1. ITokaskeMm, uTo rpacMKoM ypaBHEHHUS
¥+yP+2x—-8y+8=0
ABJIAETCA OKDPY)KHOCTB.

Vpasuerme x*> + y® + 2x — 8y + 8 = 0 MoxkHO mpeoGpa3oBaTh B
paBHOCHJIbHOE eMy ypaBHenme (x + 1)2 + (y — 4)? = 3%, I'paduxom
ypaBHeRHs x? + y? = 3? ABAsAETCA OKPYKHOCTHL C NEHTPOM B Hauase
KOOpAMHAT M PaguycoM, paBHEIM 3 equannaM. IIpu nepemereHnu aToi
OKPY’KHOCTH BJIE€BO Ha 1 efuHuNy moiydaercs rpaduK ypaBHEHUS

(x + 1) + y* = 3%
IIpu mepeMemjeHUN IIOJIYYMBINErocs rpaduka BBepx Ha 4 eIUHHUNEI
nosyyaerca rpabuk ypaBHeHHUS
(x+1)¥2+ @y -4y =32
H, CJIeOoBaTeNbHO, rpadmK ypaBHEHUS
x*+y2+2x -8y +8=0.
Orcioza cienyer, 4ro rpadMKoOM JaHHOTO YPABHEHUSA SABJISETCH OKPYIK-
HOCTb C IIeHTpOM B Touke (—1; 4) ¥ paguycoM 3 eIUHUIBI.
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IIpumep 2. HauepTuM rpa-
¢uK ypaBHeHus xZ + 4y?=9.

Ilpencrasum 4y? B Buge (2y),
[IOJIYYUM ypaBHEHHE

x2+(2y)y¥=9,
rpauK KOTOPOTO MOXKHO IIOJYYHUTH
U3 OKpyxHOCTH X2 + Y2 = 9 caTu-
eM K ocH x B 2 pasa.

HauepTUM OKpPYKHOCTh C IEHT-
POM B HayaJie KOOPJHUHAT ¥ PAJHyCOM
3 emmHUNB!I (puc. 61). YMeHbIIUM
B 2 pa3a pacCTOAHHE KaKIOH ee
TOYKH OT OCH X, IIOJYy4YuUM rpadux
ypaBHeHHus x2 + (2y)? = 9.

3ameTuM, 4TO GUrypy, KOTOpas IOJYyYaeTCs CKATHEM OKDPYX-
HOCTH K OAHOMY K3 ee JUAMETPOB, Ha3bIBAIOT IAJAUNCOM.

IIpu nocrpoenun (cM. puc. 61) MBI BBIIOJHHWIN CXKATHE OKPYX-
HocTH x% 4+ y? = 9 B 2 pasa K ee AuaMeTpPy, KOTOPHIHA JIEXKUT HA OCH X.
3HAYNT, B pe3yJbTaTe IIOJYYHNJIHN SJIJIHIIC.

Puc. 61

417. Kakue us nap (5; 4), (1; 0), (-5; -4) n (—1; ——?-) SIBJISIIOTCA

pelieHNAMHA ypaBHEHHUS:

a)x2—y*=0; 6) x* — 1 = x%y + 6y?
418, HaiinguTe Takue pelieHns ypasHeHHA xy® — x2y = 12, B KOTOPEKX
a) 3BHaYeHHe X PaBHO 3; 6) 3HaueHue y paBHO —1.
419. OnpepennTe cTEeNEeHb YPABHEHUSA:
a) 2y — 3x3 + 4x = 2; r) (5x + y)(bx —y) = 0;
6) 5y* — 3y’x* + 2x* = 0; B) 2y — x?)? = x(x? + 4xy + 1);
B) (8x% + x)(4x — y?) = x; e) 3xy = (y — x%)(x? + y).

420. HaiiguTe TaKkue pemeHus ypaBHeHus y? — x% = 123, B ko
TOPBIX 3HAYEHHUS X U I — HATYDAJIbLHbIE YHCJA.

421. Kakas durypa siBaseTcd rpa@uKoOM ypaBHEHHUSA:

a) 2x = 5 + 3y; r) (x + 1,5)(x — 4) = 0;
6)6x2-bx=y—-1; n) xy —1,2=0;
B) 2(x + 1) = x% — y; e)x+y:=9?
422, ITocTpoiiTe rpadUK ypaBHEHHS:
a)3x — 5y —15=0; r) x2 + y% = 16;
6) (x + 3)(y - 5) = 0; ny x* — 2x| - y = 0;

B) xy + 12 = 0; e) 3|yl + x% = 0.
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423. HauepTnTe rpa¢duk ypaBHe-
HUA:

a)(x-3)72+yt=9;
)22+ (y - 22 =4;

2 ¥y _ ..
BTt =1

r)x=y?+ 2y - 8.

424, TTocTpoiite rpa¢dhuK ypaBHEHHA:
a) 9x% + y* =4; B) 3xy = 12; Puc. 62

1 1
6) x* + Zy* = 4; r) 3 xy = 6.

425. Hanuinte ypaBHeHHe, rpadHK KOTOPOr0 CHMMETPHYEH Ipa-
duxy ypasHenusa x® — xy + 8 = 0 oTHOCHTENBHO
a) ocH x; B) IIPAMO#i y = X;
6) ocu y; ) OpAMO# Y = —x.
426. CocTaBbTe ypaBHeHHUe, rpaUK KOTOPOTO IOJYy4YaeTcss PacTd-
*KeuveM rpaduKa ypaBHeHHA y = x2 — 3
a) or ocn x B 2 pasa;
6) or ocu y B 3 pasa.
427, TlocTpoiiTe rpa¢puK ypaBHEeHUA:
a) (x = 1)(y| + 2) = —4;
6) (x| + D@y - 2) = —4;
B) (x| + 1)(y + 2) = 4.
428. Ha pucyske 62 nsobpakeH rpadUK ypaBHEHHS C ABYMA
nepemenHbIMu. Haitaure no rpadury (mpubiukeHHO) ABa pelIeHHd:

a) ¢ OJMHAKOBBIMH 3HAYEHHUAMH X;
6) ¢ MPOTUBOIMOJIOKHBIMY 3HAYEHUAMH Y.

429. IlocTpoiiTe rpaduK YpaBHEHHUSA:
a)4x — xy =3y + 12;
6) x%y - 5x% — 16y + 80 = 0.

430. Haiiqure Takue pelreHus ypasHeHus x2 — y? = 63, B KoTo-
PHIX X ¥ y — IeJible Yncia.

\
P ‘/ YnpaxHeHUs A9 NOBTOPEHUS

431. PemruTe HepaBeHCTBO:
a) 64x? — 32x + 7 < 32x; B)4m? + 4m + 5 > 2;
6) x(2 — 3x) < 0; r) 5(1 - y%) = 5 - 2y.

5 10. Makxapuraes sAnre6pa. 9 Ka.»
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432. Pemnte cucteMy ypaBHeHWMid:

3x -4y +1 =0, 5x — 3y = 8,
a) 6)

x=2y+1 -2x + 3y = 4.

433. Haiifute KOpHU ypaBHEHUA:
a) 9x* + 35x2 — 4 = 0; 6) 4x* —5x*2+1=0.

19.\‘/ Cucrema ypaBHeHMIA
C ABYMSl nepeMeHHbIMU

3agauva. CyMMa KBafpaToB ABYX uHceJ paBHa 25. PasHocTh um-
ce paBHa 1. Haiigure 3T uncaa.

ITycty mepBoe umciyio x, a Bropoe y. Ilo yciooBuio 3afaum cymMma
MX KBaIpaTOB paBHA 25. 3TO MOMKHO 3aIHNCATh B BHAe YPaBHEHHUSA
¢ ABYMA N€ePeMEeHHBIMH

x4+ y? = 25,
PasHocTp unces x u y paBHa 1. 3TO ycjIoBHe AaeT ellle OHO Ypas-
HeHHe
x—-y=1.
B cooTBercTBUM C 3a7aueii TpebyeTcA HAWTH TaKWe Naphl 3Hade-

HUH X ¥ Yy, KOTOpble o0pamaioT 06a ypasHeHus x> + y2=25unx-y=1
B BepHble DaBEHCTBA, T. €. PEIINTb CHCTEMY

x? + y? = 25,
)
x-y=1
vA ITapa 3HauyeHWil IIepeMeHHBIX,
4 N ofpamaroIas KaxJoe ypaBHeHUe

CHCTEeMbl YPaBHEHHUII ¢ IBYyMS Tepe-
MEeHHBIMH B BepHOe DaBeHCTBO, Ha-
3bIBAIOT peuleHuem cucmembvi. Pe-
IIUTh CHUCTEMY — 3HAYUT HAWTH
MHOJKECTBO ee pellleHMH.

ITocTpoum rpaukm ypaBHe-
Huit cucremsl (1). I'padux mepso-
ro ypaBHEHHUS €CTh OKPYKHOCTH C
LIeHTPOM B Hadajle KOODAMHAT M
pazuycoMm, paBHbIM 5 (puc. 63).
I'pachukom BTOPOro ypaBHEHHS SB-
Puc. 63 JseTcsa npamas.
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Kaxkpoe pelenme ypaBHeHHA ¢ N [ [¥
ABYMS IE€PEMEHHBLIMM INDEACTABIAET Y
KOODAMHATHl HEKOTOPON TOUYKH €ro
rpadura. Karkgoe pellieHue cCHCTEMBI
€CcTh KOOPAMHATHI OOIIMX TOYEK rpa-
®¥KOB YpABHEHHI CHCTEMBI. 2
I'padpukn ypaBHeHmit cucteMsl (1) ~_] 2TN4
MMeIoT Be 00Iue TOYKH. SHAUMT, 3Ta | 4 | 9 |O, —
cucTeMa MMeeT ABa perreHus. Ucmouan- _2
3yd pucyHOK 63, Haitem (mpuOIMIKeH- %
HO) pellleHHA: -14

|

— (4]

x= U’—"Ay dE
—

V.
\ <z

X ~4 4 ~3 Puc. 64
nx,=-3,y,=—4.

Ecnu naiigennble npuCiauikeHHble 3HAYEHUS X U Y NOACTABHUTH
B ypaBHeHus cuctembl (1), To MoxkHO yGegmThcA, uTo mapkhl (4; 3) n
(-3; —4) ABAAIOTCA PEIIEHUAMH 3TOM CHCTEMBEI.

CaenoBaTeIbHO, UMeeTCA ABe maph! uuce (4; 3) n (—3; —4), yaos-
JIETBOPSAIOIINE YCJIOBHIO 3aJa4u.

Ilpn pemeHun 3gAa4y MBI IPUMEHWIN 2paduyeckuil cnocol peuie-
HUA cucmembt 08Yyx ypaeHeHull ¢ deyms nepemeHHbvimu. OH COCTOUT B
TOM, YTO CTPOAT rpaduKy o00MX YPaBHEHH# M HAXOAAT KOODAMHATHI
o0mux Todyex 3TUX rpadukoB. HeoGxoQmMo 3aMeTHTB, YTO rpaduuecKuit
¢noco6 103BOJIAET HAXOAUTDH PEIeHUS CHCTEMBI JINITh NPUOINIKEeHHO.

434. Kakas n3 nap (2; —2) u (1; 2) aBiasercsa pellleHNEeM CHCTEMBI:
) 3xy — y? +16 = 0, 5x3 — 3y? = -Tx,
a

x? + 2yt -12 = 0; (x + y)y — x) = 3x?

435. Kakue u3 nap Buja (2; y) u (x; 1) ABAAIOTCA pelIeHNAMU
CHCTEMBI:

)2x2+y2=x+5y, 5) x -2y = 2y,
a
-2y =y-1T; 3x -5y -7 =07

436. Ucnoas3ys pucyHok 64, pemute cucremy

x = y? -4y,
x+y=4.

437. CKOJBKO pellIeHnii nMeeT CUCTEMA:
) y+12x = 2x% + 14, 6) x(x - 2) =y + 12x,
a

x+2=y xy -5 =07
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438. Jlorka)KuTe, 4TO HE UMeeT pPellleHHH cucTema:

x? + y* = 0,09, y=x*+35,
a) 6)
y=x%+1 y+ x% =-2
439. Pemnre rpagpuyecKuM coco6oM CHCTEMY:
y-x2 =-1, x2+y? =09,
a) B)
y-2x =1 y+ a2t =2
xy-1=0, (x - 22 + (y - 2)% =16,
6) r)
y+x2 =3 y+4x = x% + 6.

440. Haiignte 3HayeHHe 4, IPH KOTOPOM CHCTeMa ypaBHEHHH
x2+ y? =9 m y — x = @ ©MeeT OJHO pellleHHe, UMeeT ABa PEIIeHHd,
He uMeeT pelleHuii. [Ipn KaKOM HaMMEHBIIIEM II0 MOAYJIIO 3HAYEHUH 4
cucTeMa MMeeT OJHO pelreHune?

l \
RN ‘/ YnpaXHeHUs A9 NOBTOPEHMUs

441. Perure cucTEMY:
4 -3y+2=0, 8x + 3y =3,

6
2) —2x+6y-2—;:=0; ) x—5y=16§-
442. Pemure ypaBHEHHE:
a) %x“ -4x*+2=0; 6) (1 — 4x2)?=3(2 - 8x%) — 9.

20. \’/ PelneHune cUcTeM ypaBHEHWUIA
C ABYyMSA nNepeMeHHbIMWU
cnocobom noacTaHOBKU
U cnocobom cnoxeHuvs

Jo0yio cucteMy ABYX JIHHEHHBIX ypaBHEHHH ¢ JBYMS IlepeMeH-
HBIMHM MOYXHO PEIIUTh CIOCcOG0M IMOACTAHOBKM MJIH CIIOCOGOM ciioxke-
HuAa. UHade o6CcTOUT eI0 ¢ cucTeMaMM ypaBHeHHiT 6oJiee BBICOKHX
creneHeit. [I1a HUX He cyllecTByeT o6LINX cr1oco0oB pelreHus. Jinms
HEKOTOpPhi€ M3 HUX YAA€TCA PEIINTh, UCIIOJIb3Ys CIIOCOO IMOJCTAHOBKH
UM cnocob ciaokeHus. PaccMOTpUM IIPHMMeEpPHI.
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IIpumep 1. Pemum cucteMy ABYX YPaBHEHH# BTOpOH CTeleHH
¢ IByMsA IIePeMeHHBIMH
2x2 + x -3y -16 = 0, )
y—x2+6=0.
BripasumM u3 BTOpOro ypaBHeHUs IIEPEMEHHYIO Y yepe3 IepeMeH-
gylo x. Ilonyunm
y=xt-6.
IlogcTaBuM B IIepBOe ypaBHeHNEe BMECTO Y BhIpa)keHme x2 — 6.
Ilonyuum cucreMy, paBHOCHJIBHYIO cucTeMe (1):
2x% + x — 3(x2 - 6) - 16 = 0, @)
y=x%-6.
B cucreme (2) nepBoe ypaBHeHMe €CTh YpaBHEHHME BTOPOU CTeIeHH
¢ OHOM nmepeMeHHON. PemnB ero, HalzeM:

x, =2, x,=-1.

IlogcraBuB B ypaBHeHHe y = x2 — 6 BMeCcTO x ero 3HaueHHs 2 U

-1, HaiileM COOTBETCTBYIOIINe UM 3HAUEHUS Y:
Uy = -2, Y. =-5.

3Hauut, cucrema (2), a cjedOBaTeJbHO, M PABHOCHUJIbHAA €# CH-
crema (1) mmeror aBa pemerns: (2; —2) u (—1; —5).

OTBerT: (2; -2), (-1; —5).

Takum o6pasoM, IpHU peIIeHWH CHCTEMBl JBYX ypPaBHEHHIH C ABY-
Mfl IePeMeHHBIMH cnocobom nodcmaHosru

1) BeIpaskaroT U3 KaKoro-jubGo ypaBHEHUSA CHCTEeMBI OLHY Iiepe-
MeHHYIO Yepe3 ApYTyIo;

2) nomCTABAAIOT BMECTO 3TOH II€PEMEHHOH NOJIyYeHHOe BhIpake-
HHe BO BTOPOe YPaABHEHMHE;

3) pemaioT IOJIyYMBIlIeeCA YpPaBHEHHE C OJHOM IIepeMeHHOI;

4) HAXO[AT COOTBETCTBYIOLINEe 3HAUYEHUSA BTOPOi IIepeMeHHOM.

Cnoco6 mogcTaHOBKM NIPpMMEHHM TOrfga, KOrZa M3 KAaKoro-jaubo
YPaBHEHHMSA CHUCTEMBI MOKXHO BBHIDA3HUThL OJHY IIepeMeHHYIO 4Yepes3 ApYy-
TYI0 B PEIINTh MOJYyYHBIIeecs ypaBHEHHe C OLHON ITlepeMeHHON. ITUM
Tpe60BaHUAM YZOBJIETBOpAET Ji00ass CUCTeMa, COCTOALIAR M3 YpaBHe-
HUA NepBO# CTeNeHU M YpaBHEHUSA BTOPOH CTeIleHH.

IIpumep 2. Pemrum cucremy
3x2 - 2y? + x + 16 = 0,
{x -2y+7=0.
BripasuM U3 BTOPOTO ypaBHEHHS IepEeMeHHYIO X uYepe3 IepeMeH-

HyIO ¥
x=2y—"1.
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IloacTaBuM B IepBoe ypaBHEHHE BMECTO X BhIpa)keHuwe 2y — 7
M pEeIIMM IOJIYUMBIIEECA YpaBHEHHe BTOPOHA CTemeHM:
3y -7 -2+ 2y -7 +16=0,
12y — 84y + 147 -2y + 2y - 7+ 16 =0,
10y? — 82y + 156 = 0,
5y - 41y + 78 = 0,
Y,=52, y,=3.

HaitaeM COOTBEeTCTBYIOI[ME 3HAYEHUA X:

x, =34, x,=-1.
OrBeT: (3,4; 5,2), (—1; 3).
PaccMoTpuM Temeph IIPUMEHEHHE Cnocoba CLONCEHUS.
IIpumep 3. Pemnm cucremy

x? -2y + x = -6,

{xz - 3y? = -11.
C noMOIIbIO TOYJIEHHOT'O CJIOYKEHHA JIEBLIX M MIPaBhLIX YacTell ypas-
HEHHMI MOKHO UCKJIIOYUTH cjiaraeMhble, COJeprKalljie IIepeMeHHYIO V.

[ 3TOr0 HAJ0 NMPEeABAPHUTEIBHO YMHOMKHUTD 00€ Y4acTH IIE€PBOTO ypas-
HeHUA Ha 3, a BTOPOro — Ha —2:

3x% - 6y? + 3x = -18,
-2x% + 6y* = 22.
x2+ 3x =4.

PemuB 310 ypaBHeHHe, MOJIYIUM
x, =-4, x,=1.
Haiigem cooTBeTCTBYyIOIUEe 3HAYEHUA Y, MCIOIB3Ys BTOpPOE ypaB-
HEeHHe MCXOMTHOM CHCTEMBI:
3y =x%+ 11;
ecti x=-4, Toy=-3unu y = 3;
ecmi x=1,Toy=-2 nu y = 2.

Orser: (-4; 3), (-4; -3), (1; 2), (15 -2).

TaxuM ob6pa3oM, Ipu pelmeHUH CHUCTEMBI JBYX YPaBHEHHUH C ABY-
M#A II€PEMEHHBIMHU CNOCOOOM CILONCEHUS:

1) yMHOKalOT JIeBble M NpaBble YACTH YpaBHEHHUI HAa HEKOTOPHIE
4Hucia;

2) CKJIaABIBAIOT IIOYJIEHHO JIeBhle U NIPaBhle YaCTH ypaBHEHWI;

3) pemaioT moJy4uBIIeeCA IIPK CIOKEHNU YpaBHEHHeE C OJHOI Ile-
PEMeHHOI;

4) HAXOAAT COOTBETCTBYIOIlME 3HAYEHHUA BTOPON IIepeMEHHOIi.
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Cnoco6 cj0KeHuA HPUMEHAETCA TOrja, Korja MpH IMOYJEHHOM
CJIOMKEHHUHM JIEBBIX M IPABBIX YACTEeH ypaBHEHHIil, IIOCJIe MX YMHOMe-
HHUA HA HEKOTOpEIE YHCJIa, MOXKHO IOJIYYNATh YPABHEHHE C OJHOM Iiepe-
MeHHOM.

443. PemuTte cucremy:

y=-2x-9, x+y=-1
a) B)
x+ 2y = -3; xy+3x-1=0;
2x2 +y -4 =0, 4y? - 4x = 3,
6) r)
x = 3y + 14; x -3y = -2.
444, Pemnre cucreMy:
x* +y* -6y =0, 2 +xy =2
a) B)
y+2x =0 y-3x =T,
x? - xy + y* = 63, x-y=1,
6) ), 2 _
x—-y=-3 x? —xy — y* =19.

445. B xaKMX TOYKAX IEePECEKAIOTCA:
a) napaboja y = x* — 6x + 5 u npamasa y = 3x — 3;
6) oxkpy»xHocTh x% + y? = 25 u npamaa x — y = —-1?
446. HaiigzuTe KOOpAUMHATH OOLINX TOYEK:
a) npamoii 2x — y = -3 u napa6oan y = %xz + 4x + 5;
6) npamoii 2x + y = 3 u okpykHocTH xZ + y? = 9,

447. Pemnre cucreMy:

2x* - 8y> =y - 6, x2+yt =x-y,
a) B)

3x - 2y = 2; 3x - 2y = 5

5y + 2x = 4, x2-yt=x+y,
6) r)

3y? - 4x? - 6x = -6; 2x + 3y = 1.

448. Haiigure perreHus CHUCTEMBI:
) (x +5)y + 2) =12, (2x - y)2x + y) = 3,
a B

3(x +3) -5y =-T; 2y - 3(x + y) = —4;

5 x(2x-y)+x =0, ) 20x - y)+y =5,
)2(4x—3y)+3y=9; r (2x - y)® = 5x + 15.
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449. Pemute cuctemy:

1,18 PET AR ity
a)<x y & B)
x+y=12 1 =—§;
x -2 y
1 2
*-y=4 y+1 x-1
= v 5 wv2 Y13

450. HaiinuTe pelIeHUA CHUCTEMEI:

2x? +y =9, x? - 3y2 -y = -6,
a) 2 B) 2 2 .
x 2x? — 3y* = —4;
3x? - 2y 2x2 + xy = 186,
0) r)
2x% — 3x? + xy — x = 18.

451. Pemnre cucremy:

xy — 2x = -2, x+y+xy=17,

{ B){Jc-y—2.1cy=—4;
x - 2xy = -10, 3x + y + 2xy = -6,
{ r {x +y+xy =-6.

5
2_2=3, x2 + 2=_’
8) {x Y B) T
xy = -2; 8xy = 1;
6) xy—3, )2xy:_1’
x? =10 r xz_yz=§
4
|4
|

L1 \
RN 7 YnpaxHenus ans NOBTOPEHUS

453. ITocrpoiite rpadpuk ypaBHeHna:

) 3x-32y-2=0; @) xy+4 0;

6)y—2x>-4=0; r)x2+%yz=1.
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454. PemuTe HepaBeHCTBO:
a) 3(1,5x — 6) + 2(0,25x + 1) < 3x — 1;
6) 1,4m - 32m + 3) > 2 - 2(1,3m + 1).

455. TIpn KaKuX 3HAYEHHAX X
a) ABydsleH x° — 9 MpPUHMMAET OTPUNATENbHEIC 3HAYCHHS;
6) oByuseH 2 — x? NpPUMHHEMAaET IIOJOMKHUTEIbHbIE 3HAUEHNAA?

21. \‘/ Apyrue cnocobbl peweHuss cuctem
YPaBHEHMA C ABYMS NEPEMEeHHbIMMU

PaccMoTpuM Ha nmpmMepax HeKOTOpbI€ OcO0ble CIOCOOBI pelleHus
CHCTEM ypaBHEHHUH C ABYMSA II€PEMEHHBLIMHU,
Ilpumep 1. Pemnm cucremy
9x> —y2 -3x+y =0,
{xz +y = xy.
IIpaBasi 4acTh IIEPBOI0 YPABHEHHNA cHUCTEMBI — uucJo 0, a jeBasg —

MHOTO4JIEH BTOpOﬁ crenenu. IlonbiTaemMes Pa3JIOKHUTD €ro Ha JIUHEN-
Hble MHOMKHUTEJIN.

9x2 —y?-3x+y=@Bx - y)Bx +y)-Bx —y) =
=@Bx—-y)3x+y-1).
Ilonyuaem cucreMy
Bx-y)8x+y-1)=0,
{x2 +y=xy
KOTOpasi pABHOCHJIbHA COBOKYIHOCTH ABYX CHCTEM:
{3x—y=0, {3x+y—1=0,
. niu .
x> +y=uxy x2 +y = xy.
IlepBast u3 HUX uMeeT ABa pemenns: (0; 0) u (1,5; 4,5), a BTOpas —
onHo pemrenue: (0,5; —0,5). O6beIuHEHNE MHOYXECTB DEIIEHHH 3THUX

CHCTEM fABJISIETCSA MHOXKECTBOM pellleHuit cucremnl (1), a 3HAYNT, U HC-
XOZHOM CHCTEMBI.

OrsBer: (0; 0); (1,5; 4,5); (0,5; -0,5).

IIpumep 2. Pemum cucremy
x+y=3,
2 . 2 (2)
(x* + y*)xy = 10.
JleBasi 4aCTh BTOPOrO YPABHEHUA SABJIAETCH CUMMETDUYECKHUM BHI-

pPa)K€HHMEM OTHOCUTEJBHO NEePEeMEHHBIX X U y. Ero MoXHO BHIpa3uTh
yepe3 CYMMy M NpOU3BeJeHNe X U Y:

2+ yHxy = (x + y)? - 2xy)xy.

8))
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IlogcTaBMB BMeCTO CyMMBI YHCJIO 3, MOJIYYUM
x+y=3,
(9 - 2xy)xy = 10.

BTopoe ypaBHEHHE IIOJYYEHHON CUCTEMBI IIDEJCTABUM B BHJE KBaj-
PATHOTO ypaBHEHUS OTHOCHTEJILHO XY:

2(xy)? — Hxy) + 10=0.
Pemns ero, maiigeMm, uTo

xy=2wmxy=§

5"
3HaunT, cucreMa (2) paBHOCHMJILHA COBOKYIIHOCTH IBYX CHCTEM:
{x+y=3, x+y=3,

A 5
xy =2 Xy = 7

IlepBas u3 Hux umeer aBa pemeHns: (1; 2) u (2; 1). Bropas cu-
cTeMa pelIeHWI He MMeeT.

OrBeT: (1; 2), (2; 1).
3aMeTHM, UTO JAHHYIO CUCTEMY MOYKHO PELINTh, UCIOJIb3Ys 3aMe-

HY TepeMeHHBIX ¥ + Yy = a u Xy = b, rle x + Yy U Xy — OCHOBHHE
CHUMMeTpHYeCcKHe MHOroWwieHbl. B aToM ciyuae cucrema GyjeT MMers

a =3,
BHUJ, Boobnie, ecam jeBhle yacTH 060MX ypaBHEHHH
(a® - 2b)b = 10. yp
F(x;y) = 0,
CHCTEMBI ABJIAIOTCA CHMMETPHYECKHMH MHOIOYJICHAMH
G(x; y) =0

OT IepeMeHHBIX X U Y, TO 3Ty CHCTeMY YAOOHO pelIaThb yKa3aHHOK
BhIllle 3aMeHOI mepeMeHHEIX. HanmoMHuMM, 4TO MHOrowiIeHnm x? + y
u x% + y® BEIpaKaOTCA Yepe3 OCHOBHBIE CHMMETPUUYECKHE MHOTOWIEHH
x+y=auxy=>brak a® - 2b u a® - 3ab.
IIpumep 3. Pemmm cucremy
x? + 4xy - 5y = 0, 3
x? - 3xy + 4y = 0.
JleBas 4acThb NIEPBOTO YPABHEHHSA CHCTEMBI — OZHOPOAHBII MHOIOWIEH,
T. €. MHOTOWIEH, BCe WIEHBI KOTOPOT'0 MMEIOT OAHY M TY K€ CTEIleHb.

Jlerko y6eautncs, uro napa (0; 0) aBiaseTCA pPelIEHHEM CHCTEMHL.
Paccmorpum Teneps caydait, korga y # 0. Pasgenus o6e yactu nepsoro

x.
YpaBHEHHA Ha yz, IIOJYYHM KBaJpaTHOe YpaBHeHHe OTHOCHUTEJIbHO

() 1) -5 =0
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. x x
PeurnB ero, HaiigeM, uTo P 1 nan i —5. OTcroga

X =y uam x = —5y.

Taxum o6pa3omM, pelreHne CUCTEMEI (3) MOXKHO CBECTH K PEIIeHHIO
COBOKYTIHOCTH IBYX CHCTEM:

x =y, x = -by,
Ja
x2 - 3xy+4y =0 i x?2 - 3xy +4y = 0.

IlepBas u3 uux mMmeer aBa pemreHud: (0; 0) u (2; 2), Bropaa —
Tak:ke uMeer ABa pemenusa: (0; 0) u (0,5; —-0,1). Yeaosuro y # 0 yaos-
JerBopsAIoT Ase napsl: (2; 2) u (0,5; —0,1). OgHako paHee MBI YCTAHO-
BIiIH, uTo napa (0; 0) Tak:ke sABJIAETCA pelIeHHEM cHcTeMBI (3).

OrBer: (0; 0), (2; 2), (0,5; —0,1).

3aMeTHM, YTO NPaBOH 4YacThIO BTOPOT0 YpaBHeHHA cHcTeMHl (3)
TarxKe Asjgercsa yucao 0. Oanaxo geenueM obemx ero yacreii Ha y°
(u1m x?) He ymanaoch Obl €ro CBeCTH K KBAZPDATHOMY YPABHEHHIO OTHO-

X
CHTEJILHO 7 TAK KaK JieBas 4acTh ypaBHeHHA x° — 3xy + 4y He ofHO-

POAHBIA MHOTOYJIEH.

PaccMOTpeHHBIT B 9TOM IpuMepe cIocol6 pelreHMs MOXKHO IIpH-
MEeHATh U B TAKUX CJAydYasix, KOrja IpaBbie YaCTH OTJHUYHEI OT HYJH,
a JieBble 4acTU 00OMX ypaBHeHWH — OJHODOJHBIe MHOTOYJIEHHI.

IIpumep 4. Pemum cucremy

2x? + xy - 2y°
4x? + 3xy — y?

-4,
6.
VMHOxHUM 06e yacTH IepBOTO yPaBHEHMS Ha 3, a BTOPOro — Ha 2:
6x2 + 3xy — 6y? = -12,
{Sx"’ + 6xy — 2y = 12.

CJI0KMM MOYWIEHHO TOJYYHBLINECS YPABHEHH:
14x% + 9xy - 8y% = 0.

B ypaBHeHnnn, moJiyueHHOM IIPM CJIOMKEHHUM, ITpaBas dyacTh O, a Je-
Bag — opHOopoaHblii MHoroueH. Ilapa (0; 0) yaoBieTBOpsieT 3TOMY
ypaBHeHHI0. OJHAKO OHA He ABJISETCA pellleHHeM cucTeMbl. Paszenum
ofe yacTH ypaBHeHHMdA Ha x?%, cuuTad, uto x # 0. Ilosyuum KBagpaTHOE

YpaBHEHHE€ OTHOCHTEJBHO l;
x

8(1)2 -9(4) -14=0.

x
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Pemus ero, Haiigem % = 2 nau '}I'jc' = -

ool ~a

Orcroza

y=2xnmmy= —%x-
CocTaBUM ¥ DELINM JBe CHCTEMEI:
{y = 2z, y= —%x,
2x? + xy — 2y = —4; 2¢° + xy - 2 = 4.

IMonyumm:
x=1y =2,x,=-1, y, = -2;

— _i - l . = i =—l
X3 = 13«/2—6, Ys 13 26; x, 13\/%’ Y 13«/—23.
OrserT: (1; 2), (-1; -2);

IIpumep 5. Pemnm cucremy

x +y = 3xy,
x -y = 2xy.
CJ103xMB NOYJIEHHO YPABHEHUSI CHCTEMBI, ITOJYYUM
2x = bxy.
Orcloga
2x — 5xy =0,

x=0mmu 2 -5y =0.
Ecin x=0,T0y=0;ecm 2 -5y =0, 1. e. y = 0,4, TO x = 2.
OrsBer: (0; 0); (2; 0,4).

456. Pemrute cucremy:

Txy + 2x2 — 4y% = 0,
a) 2 — . 6) 2 2 3
x* —oxy +y = -11 2 — y +2x+y=.§,

6x® + 2xy - 3x -y =0,

457. HaiiguTe peleHNs CHCTEMBI:
) xy = -2, 5 (x2 + y?)(x® + y®) = 82,
x-y)}+x+y=10 x+y=2

458. Pemnte cucremy:
2x2 + 4xy — by = 1, ) x(3x - 2y) = Y3
x% + xy — 6y = 0; 3y? = 2x(x + 2) - 3.
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459, HaliinTe pemeHns CHCTEMBI:
){2x2—xy=y2+5, ){3x2—2y2=2xy—1,
a

X -xy=y*+1 2x? - y? = 2xy - 1.

460. PemiuTte cucreMy:

)x+y=5xy, 5 5x + 5y = 6xy,
a
x -y =xy 5x - by = xy.
461. HaiiguTe pemeHNs CHCTEMHI:
x,¥__5
gly 2 5 {|x|+|y|=6,
2 _ 2 — 94.
e -y = 1 roy =2
4
>4y = 65, ¢l - [yl = 4
6)ix y _ 17, r){2 . o
;—;—4, x+y—41.

462. Permute cuctemy:

{2x2—y2—xy+2x+y=0,
a9,

xX*-y=2ay-1;

1

2 +xy=-=,
{ Y74

3x? — x*y = xy® — 3x°y + 30.

463. HaiinuTe penreHusi CUCTEMHI:
xy = 2, - = ’
a { y 0) {x y V3

(x + y?)xy = 24; xy(x? + y?) = -1.

464. Pemnte cucremy:
{Zx"’ -3xy -y =0, ) {sz - 15xy + 10y? = 14,

22+ 9xy - y? = 0; 3x2 - 9xy + 6y = 7.

\
P 0/ YnpaxHeHus Ons NOBTOPeHUs

465. Haiigure obnacts onpeneseHns GyHKIMN:

) y=vad —4x® +3x—-12; 6)y=Jx® + x - 2.

466. Ykaxure Hyau dyHKnuu y = x* + |x| — 12, obracTs ee 3ua-
yeHuif, IPOMEXKYTKHA BO3PACTAHNA U YOBIBAHMSA.
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¢

22. Y/ Pewenue 3anay

BaM y:Xe IpHXOIMJIOCH PElIaTh 38JaYM C IIOMOIIbIO YPaBHEHMUIX ¢
OJHOI IepeMeHHOM ¥ CHCTeM ypaBHEHMI ¢ IByMs nmepeMeHHbIMH. Pac-
CMOTpHM IpHUMEpPH GoJlee CIOKHBIX 38/a4.

3agaua 1. IIBa Geryna craproBaju OAMH 3a APDYT'MM C HHTED-
BaJIOM B 2 MuH. BTopoii u3 Hux, npobGexaB 1 KM, JOrHAJI NIEPBOTO H,
npoaosKasa 6er, Ha PacCTOSHUH 5 KM OT MEeCTa CTapTa HOBEpHYJ 06-
paTtHo. Ha o0paTHOM NyTH OH CHOBA BCTPETHMJICA C IEPBHIM OEryHOM,
pUYeM 3Ta BCTpeuya mpousonuia yeped 20 MHUH mocJie cTapTa IIEPBOTO
feryna. C kKakoi ckopocTbio Oekaa Kaanplil Geryn?

IIycth cxkopocTs mepBoro GeryHa x Km/4, a BTODOro — Y KM/d.

1

. 1 .
Paccrosinue B 1 KM mepBbIit 6eryH npobGexkas 3a x > @ BTOpoit —3a . v,

1
4yTo Ha 2 MHH, T. €. Ha 30 9 MeHbIIe. 3HauuT,

1 11

Ty 30
K MomeHTY ciegyiomeit BcTpeuu mepBH#E OeryH OblJ1 B yTH

20 MuH, T. e. 3%H npoGesKaJr 3X KM, a BTOPOi HaXOAWJICS B IyTH

3 3
18 muH, T. e. ip © U mpoGerxa 10 Y KM, IIpAYeM 3TO DACCTOAHHE

1
paBHO 10 — X KM. CaepoBaresbHoO,
3 1
10Y = 10 - 3.
Pemas cucremy ypaBHeHMit

1_1_1

x y 380
3,-10-1
l—oy =10 3x,

HalleM, 4YTO OHA MMeeT ABa pemleHuA: x; = 12, y, = 20 n x, = 75,
Y, = —50, U3 KOTOPHIX TOJIBKO IIePBO€ COOTBETCTBYET CMBICJIY 38JauH.

O T BeT: CKOPOCTh ITepBoro 6eryna 12 km/4, a Broporo — 20 KM/4.

3apgaua 2. M3 cocyna, HAIOJHEHHOI'O YMCTHIM CIIMPTOM, OTJIMJIH
2 J1 cuppTAa ¥ AOJHUJM 2 J1 BOABI. 3aTeM OTJIMJIH 2 JI CMECH M CHOBa
poamau 2 g Boanl. HakoHerm, ellle pas OTVIMJIM 2 JI MOJyYHBIIEHCS
cMecH H JOJIHJIN 2 J BOALI. B pesysibTaTe 9THX onepaiunil 06beM BOAbI
B cocyZe cTaa Ha 3 J OoJsbmre o6beMa OCTABIIErOCS B HEM CIIMPTA.
HaitguTe BMECTHMOCTDL cocyza.
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IIycrs BMecTHMOCTSE cocyaa paBHa X J1. Ilocire oTIMBaHuSA 2 J1 CIHPTa
M ZOJIMBAHUA 2 J1 BOABI B HEM OCTAJIOCh (X — 2) JI cIMpTa M B KaXKJI0M

x
BaHMA 2 J1 cMecHn M pobaBiieHHa 2 J1 BOABI B COCy/e OCTaJoCh X — 2 —
x-2 (x - 2y

x -2 73, T.e. —x—‘ JI CIIUPTAa, NpHAYEeM B KaXXKJIOM JIUTpEe CMECH

(x - 2)*

OKa3aJioCh T JI CIINPTAa. ITocne TPEeThEero OTJIHBAHHUA OCTaJOCh

JIUHTPEe CMeCH OKa3aJIoCh JI cITpTAa. B pe3yJipTaTe BTOPOro OTJH-

— 9)2 _ 92 - 28
(= x2) - xzz) -2 71, T. €. (xx—zz)n cnupra. IIpn fonruBanum co-

(x -2y

cyJa BOJOM OKAa3aJI0Ch, YTO B HEM COAEPIKHUTCA X — ==z 7 BOJHI,

qro Ha 3 J GosbIlle 00'beMa OCTAaBIIErocs CIMpPTa. 3HAYHT,
x-2° (x-2)°
Yo T T2
VMHOXHMB 06e 4acTH ypaBHEHHMSA Ha x? M BBINOJHUB Ipeobpaszo-
BaHWUA, TIOJYYUM ypaBHEHHE

x3-9x2+ 24x - 16=0.
Pemas ero, naiigem, uto x, = 1, x, = 4, nIprYeM HHU OAMH K3 ITHX
KopHeif He ofpaliiaeT B HyJb x%, 3HAUMT, COCTABJIEHHOE YPaBHEHHE
IMeeT ABa KOPHA: 1 M 4, N3 KOTOPHIX YCJOBHIO 3aJa4Y¥ COOTBETCTBYET
TOJILKO BTOPO KOpEHb.

+ 3.

OTBeT: BMECTEMOCTh cocyza 4 JI.

467. OnquH KaTeT NMPAMOYTOJBLHOTO TPEYTOJbHMKA 0OJIbIlle APYTOTo
Ha 5 cMm. HaiifnTe nepuMeTp 9TOrO TPEYroJbHHUKA, €CJIH €ro IJIOUaAb
pasHa 150 cm?.

468. IlepuMeTp IPAMOYTOJIBHAKA paBeH 14 ¢M, a cyMMa miomaei
KBAJIpATOB, IIOCTPOCHHBIX HA ABYX CMEKHEIX CTOPOHAX, paBHa 25 cm2,
HaitgnTe CTOPOHBI NPAMOYTOJIbHHUKA.

469. Ilo AByM B3aMMHO IIEPIEHAMKYJIAPHBIM MPAMBIM ABMIKYTCS
paBHOMepHO ABe ToukKu. Celiuac oHM o6e HaXoAsATCA B TOUKe IIepece-
YeHNA TPAMBIX, a 4yeped 10 ¢ paccrosHHe Mexay HUMH Gyzer 1 m.
Haiizure cKOpoCTh KaX /0¥ TOUKH, €CJIM OAHA U3 HUX MPOXOLMT 34 3 C
CTOJIBKO K€, CKOJIbKO IIPOXOAUT Apyras 3a 4 c.

470. CymMma paguycoB ABYX Kpyros paBHa 14 c¢M, a pa3HOCTb ILJIO-
mageil sTux KpyrosB paBHa 287 cm?. Haiizaure paguycsl Kpyros.

471. Cymma xBajgpaToB ABYX uuces paBHa 202, a pa3HOCTb KBaj-
paroB paBHa 40. HaiignTe oaTH 4ucya.
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472. (3agaua Pubonauun, XIII B.) [IBe GamiHu B paBHMHE HAXO-
AATca Ha paccrosHuM 60 JiokTeit ogHa OT Apyroi. BricoTa omHOI —
50 nokreit, gpyroi — 40 gokreii. Mexay GAITHAMHE HAXOJUTCS KOJIO-
Jel, OAMHAKOBO YAaJIeHHBIH oT BepIInH 00enx GameH. CrpallimBaercs,
KaK JaJeKO HaXOJUTCHA KOJOoJell OT OCHOBAHUSA KaKJoH Oamram?

473. Nuaronass npsmoyroasHuka paBHa 10 cMm. Ecian MeHbIIyi0
CTOpPOHY NIPAMOYTOJBHHAKA YBEJIMYUTh Ha 2 CM, a GOJIBIIYI0O — YMEHb-
IINTh Ha 2 CM, TO AUATOHAJIbL He M3MeHHTCcsa. HaliiuTe CTOPOHBI HpA-
MOYTOJIbHHUKA.

474. (3agaua Bxackapsi, XII B.) IIBeTOK JloTOCA BO3BHIIIAJICA HAJ
IIOBEPXHOCTHIO Mpy/Aa Ha 4 dyTa. ITog HaIOPOM BeTpa OH CKPBLJICSH I0J
BOJOH Ha paccrogHuM 16 ¢yToB oT TOro mecra, rie OH paHblle NOA-
HuMaIcsa HajA Bomoi. Kakoil rayOGuusl ObLI npya?

475. Paccrosane mMexay aAByma npuctaHamu 60 kM. Temnoxozn
IIPOXOAHUT 3TO PACCTOSIHHE IO TeYEeHHIO M IIPOTHB Te4YeHHsA 3a 5,5 u.
HaifguTe CKOPOCTHh TEIJIOXOJA B CTOSIYEH BOJe M CKODPOCTH TEUEHHH,
ecJim ogHa u3 HuUX OoJwine Apyroit Ha 20 KM/4.

476. Katep 1mea 2 4 MpOTHB TeYeHUA M 3 4 IO TeUEeHHIO. 3a 3TO
BpeMA oH npometa 88 kM. HaiiiuTe CKOPOCTh TEYEeHNST U CKOPOCTH Ka-
Tepa B CTOsIYel Boje, eCJiM II0 TeUeHHIO OH IpoIes Ha 32 KM GoJibIre,
YyeM IPOTHB TeUYeHMS.

477. Ilepeitaa pydeil, TYpUCT YMEHBIINJI cKOpOCcTh Ha 1 km/4. Ha
Bech NyTh AJMUHOH 38 KM oH 3arpatuna 7 4. IIyTe 70 pyubs OH IpoIIeJ
Ha 1 4 GvicTpee, 4yeM OCTATOK NMyTH. CKOJIBKO KHJIOMETDPOB IIeJ Ty-
PHCT J0 PY4YbdA U € KAKOH CKOPOCTHIO?

478. depMep OTIPABHJICS Ha MalllMHe B ropoJ, HAXOAAIIHUIACA Ha
paccrosanu 110 kM ot ¢epmel. Yepes 20 muH u3 ropoga Ha depMy
BbleXaJl ero cblH, KOTOPBIH Impoe3 kaj B Hac Ha 5 KM GoJbie. Berpeua
npounsounia B 50 kM ot ropoga. C Kako# cKOpocThIO exan ¢depmep?

479. Ot npucTany oTnpaBjisercd nepBuiii karep. Yepes 1 u Beiex
3a HAM OTIIDABJSIeTCA BTOPO#H KaTep M JOroHseT ero B 30 KM OT npH-
cranu. Ecam 651 ¢ MOMeHTa OTHpaBJeHHS BTOPOTIO KaTepa Iep-
BBI KaTep yBeJMYUJI CKOpocTh Ha 10 KM/4, TO BTOPO# nOorHas Gl ero
B 90 kM or npucranu. HaiiauTe CKOPOCTh KaXXJOro KaTepa.

480. Aprenp BhImOJHMIA paGory 3a 20 ameit. Ecou Gbl B aprenu
ObL10 Ha 4 desioBeKa GoJbllle M paboumil feHb yBeJnuumics Obl Ha 1 u,
TO pabora Gply1a 661 BhInoJHeHA 3a 10 areit. Econ 651 B apTesn GbLI0 Ha
1 yesoBeKa MeHblle, a pabouwnii JeHL COKpaTHJICA Ha 1 4, TO AJSA BbI-
noJIHeHus paboThl norpeboBasnoch 661 30 aHel. CKOIBKO YeoBeK ObLIO
B ApTeJH U KaKOH IPOZOKUTENbHOCTH GBI Y HUX paboumii geHb?
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481. Bnaromapsa IIpAMeHeHHIO B (hepMepCKOM XO03AiCTBEe HOBBIX
TeXHOJIOTHH ypoKalHOCTh rpeuynxu Bo3pocya Ha 4 i ¢ 1 ra. B pe-
3yapTaTe Op1I0 coOpaHo He 147 1, KaK B IPOIILIIOM I'OAY, a Ha 3 11 60JIb-
Ile, XOTA TIOZ I'PeYnXy oTBeJn Ha 1 ra meHbre. KakoBa Obua ypoxaii-
HOCTh TPEYMXH ¢ 1 ra B IpOIIJIOM M TEKYLIeM rojilax M Kakaf IVIOLIaab
0buia OTBefieHA B 3THM rojbl B (PePMEpPCKOM XO03AMCTBe MoJ rpeuuxy?

482. (3agauya duocanra, III B.) Haiigure ABa YHCiIa, OTHONIEHHE
KOTOPHIX PABHO 3, a OTHOIIEHWE CYMMBLI KBaJPATOB 3THX YHCEJ K HX
CyMMe PaBHO 5.

483. Ha ABYX CMEXXHBIX CTOPOHAX NMPAMOYTOJIbHHKA IOCTPOEHBI
kBagpatsl. Inomans ogHoro na3 HUX Ha 24 cm? GoJibllle IJIOLIALA ADY-
roro. Haitaure qyiHy ¥ INUPUHY IPAMOYTOJLHAKA, €CJIM ero IUIoLaasb
paBHa 35 cm?2.

484. TlepuMeTp IPAMOYroJLHOTO TPEYTOJbHHUKA paBeH 24 cMm,
amomags pasHa 24 cm2. Halizure CTOPOHBI TPEYrOJILHHUKA.

485. (3amaua Beay, XVIII B.) HeKT0 KYINJI JIOMAAL U CIYCTA He-
KOTOpOe BpeMs mpojaj ee 3a 24 mucrons. IIpu sToM OH moTepsta
CTONBKO TIPOIEHTOB, CKOJIBKO CTOMJIA eMy Jiomanb. CrnpammuBaeTcs:
38 KaKyI0 CyMMY OH ee KyIua?

486. Ilono:xne B 6aHK 2000 p., BKIAAUHUK MOJYIHU Uepes ABa roga
2420 p. Kakoit npomeHT HauynCaAAa GaHK eXerogHo?

487. BryIaguuK ITOJOKHJ JeHbrd B GAHK M IOJYYHJ 4epesd roj
2220 p. Ecoiu 6b1 BrJIaf 6611 Ha 200 p. GoJsbliie, a GaHK BBHIILIAYHBAT
Ha 1% Menbime, TO BKJIAAUYUK moyuus 061 2420 p. KakoBa 6b11a cym-
Ma BKJIAJa4 ¥ KAKOM IIPOIEHT BBIMJIAYHUBAJ GAHK €XKerogHo?

488. dupma B TeueHMe JBYX JIET €KErofHO YBEJIMYHUBAIA KOJH-
YeCTBO BHINIYCKAEMBIX IIPHGOPOB HA OAHO M TO K€ YMCJIO IIPOIEHTOB.
B pesysibTare 3a AiBa rofa KOJIMYECTBO BBIIYCKAEMbIX IPHGOPOB yABOU-
a0cb. CKOTBKO IIPOLEHTOB COCTABJISJ €XKErOAHBIN IPHUPOCT YMCJIA BbHI-
IycKaeMbIX mpuGopoB?

489. BacceifH HaIOJIHUTCH, €CJIM IIEPBYIO TPYOY OTKPHITh HAa 12 MUH,
a Bropylo — Ha 7 MuH. Ecian ke o6e TpyObl OTKpDBITH Ha 6 MMH, TO

2 . .
HAIOJHUTCH 3 facceifHa. 3a CKOJBKO MHUHYT HamoJHUTCs OacceiiH,
eClX OTKPHITH TOJBKO BTOPYIO TPyGy?

490. Ecm OTKPBITH ABA KpaHa, TO MycToif 6acceifH HATIOJHMTCHA
3a 6 u. YToObI HATIOJHATD ITYCTOM GacceitH ¢ MOMOLIBIO BTOPOro KpaHa,
HoHAZI00MTCA Ha 5 U GOJIbILE, YeM C TIOMOILIbIO IIEPBOro. 3a CKOJIBLKO YacoB
MOKHO HAIIOJIHHUTH GACCEHH C MOMOILIBI0 KAMKAOr0 KpaHa B OTAEJILHOCTH?
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491. OagusE KaMeHIMK MOXKET BBUJIOYKHTBH CTeHY Ha 6 u GBICTpee,
uyem apyroii. IIpu coBMecTHO# paGoTe OHU 3a 2 4 BHLJIOKAT ITOJIOBUHY
CTeHHI. 3a CKOJILKO YAaCOB Ka)KABlil U3 HUX MOMKET BBLUIOKHUTH CTEHY?

492. JIroe paGoyux MOTYT BHINOJHUTH 3ajfaHue 3a 12 aneii. Ecnn
CHavaJla OOWH M3 HHX cHeslaeT IIOJOBMHY Bceil paGoOTHI, a TIOTOM ocC-
TaJbHOE CJeJIaeT APYroi, To UM motpebyercs 25 aHel. 3a CKOJBKO
OHeH KaKablii paGoumii, paboTasa ogMH, MOXKeT BBINIOJHUTD 3aAaHue?

493. Bacceiin, o6memM KoToporo 425 M°, MOXXHO HAIIOJHHTSE 3a 17 g,
€CJI OJHOBPEMEHHO OTKPHITH ABa KpaHa. OZHaKO HaNOJTHAJIN Oacceiin
TaK, 4YTO NEePBLIA KpaH GBI OTKPBIT HA 5 4 JoJbllle, ueM BTOpoii. Ecan
MePBHIA KPaH OTKPHITh HA CTOJBKO YACOB, CKOJILKO OBLI OTKDBIT BTO-
poii, a BTOpPO#l ~— Ha CTOJIBKO, CKOJBKO OB OTKDHIT IEPBHIHA, TO ge-
pe3 NepBHI KpaH NOCTYIINT BABOE€ MEHBIIIe BOALI, YeM depe3 BTODOX.
CKoJIBKO BpeMeHH OBLI OTKDHIT BTOPOM Kpau?

494. Paccrosaue B 360 KM JIerKoBoif aBTOMOOHJIBb IIpomIes Ha 2 4
OnICTpee, YeM I'py30BOii. Ecjau cKOpPOCTH KaKXZOro aBTOMOOMJIA yBe-
JuyuTh Ha 30 KM/4, TO rpy30BOi 3aTPATHUT Ha Bech IIyTh Ha 1 4 Goib-
mre, yeM JerkoBoil. HaliguTe CKOPOCTh KasKJa0ro aBTOMOOHISA.

495. OgHOBpPEMEHHO M3 IIYHKTA A BHIEXAJH ABEe MAIIHUHEI CO CKO-
poctamMu 80 kM/4 u 100 KM/4 B OJHOM H TOM Ke HampaBjJeHWUHu. e
pe3 yac B TOM )K€ HAIpPaABJIEHHM K3 TOrO JKe IIYHKTa BhIeXaJa TPeTbd
MalllMHa, KOTopas JOrHaja BTOPYIO MAIINHY depe3 3 4 IIOCJIE TOro,
Kak AOorHaJa IepByo. Halifute CKOPOCTh TPEThEHl MAalIWHEI.

496. OT IpHCTaHU B OJHO U TO YK€ BpeMs OTUYAJIMJIH ILIOT U KaTep.
" 1
IIpoitna 90 kM, KaTep IOBEepHYJ OOpPATHO M yepe3 125 Y ¢ MOMEHTa

OTIIpAaBJIEHUA IOJoLIe] K TOH Ke npucraHu. Ha oOpaTHOM IyTH OH
BcTpeTns mjaoT B 30 KM or nmpucrtaHu. HalijuTe CKOpOCTb KaTepa
B CTOsUEll BOAE M CKOPOCTh TEYEHHS.

497. 13 6yThLIH, HAIIOJHEHHON NOBEPXY IVIMIIEPHMHOM, OTJIMIHA 8 1.
3aTteM gomwmam GyThLIL BOAOM M oTamau 6 o cmecu. ITocie aroro BHOBB
Joauau 6yTeLIb Bogoii. OmpeennTe BMeCTUMOCTD GYyTHLIN, €CJIN N3BECT-
HO, YTO B Pe3yJIbTaTe MOJYUIIN CMeCh, COAEpKAaIyIo 68 % riunepuHa.

498. 13 aByX *KUAKOCTEH, ILUIOTHOCTh KOTOPHIX COOTBETCTBEHHO paB-
Ha 1,2 r/cm® u 1,6 r/cM®, coctasmim cMech Maccoit 60 r. CKoJIBKO rpaM-
MOB KaskJOM >KMAKOCTH GbLIO B3ATO, eCJM H3BECTHO, 4yTO Macca 8 cM’
CMecH paBHa BCceil Macce MeHee TAMKeJON U3 CMEIIaHHBIX KUAKOCTen?

499, U3 cocyaa, Bmentaromiero 40 J1 1 HANIOJHEHHOr'0 CIINPTOM, OT-
JIMJIM HEKOTOpOe KOJIMYECTBO CITUPTA U AOJHJIHM COCYZA BOJOI; IOTOM
OTJIMJIM TAKOe K€ KOJNYeCTBO cMecH. Torja B cocye ocTanoch 22,5 1
yucroro cuupra. CKOJBKO JUTPOB KUAKOCTH OTJHMBAIHA KaXAbIii pas?
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500. Cocyn BmectumocTrio 20 J1 HamoJHeH cnuproM. U3 Hero ot-
WM HEKOTOpOe KOJIMYECTBO CIIMPTA B JPYroi COCyA, BMECTHMOCTH
KOTOpOro TaksKe paBHa 20 Jji. HanmoJIHMB OCTAaBIIYIOCS YacTb BTOPOTO
cocyla BOJIOH, HOTIOJIHMJIN 3TOM CMeChIO MEPBHIH cocyA. Jlanee u3 nep-

2 .
BOTO cocyZa nepesinan 63 a1 Bo BTopoii. B pesyabTare okasanocs, 4To

ofia cocyia cojiepKaT OAMHAKOBOE KOJNYEeCTBO cnupTa. CKOJIBKO JIHT-
POB CIIMPTA OTJIMJIN B NeEpBHIi pas?

501. U3 cocyzma, HanoOJHEHHOTO IVIMNEPUHOM, OTJman 1 J ramune-
PUMHA, a B3aMeH Joauam 1 o1 BoAwl. 3aTeM OTJIMIHM 1 J1 CMEeCH B BHOBb
gommnu 1 1 Boapi. HakoHen, eme pa3 oTauiau 1 1 cMecu 1 goauam 1
Bognl. B pesyabTaTe 3THX omepanuii 00eM BOJABI B COCYZE OKa3aioCh
B ceMb pas Ooublre o6beMa ocTaBmierocs rInnepuHa. CKOJIBKO KHUA-
KOCTH BMeII[aeT cocyA?

502. ITos10:%XuB B 6aHK HEKOTOPYIO CYMMY, BKJIAXYHK IOJYYILI Yepes
rog 420 p. npubbiau. OgHAKO OH He craj 3abupaTh JeHbru u3 6aHKa u,
Zo6aBuB K HUM 580 p., OCTAaBIJI BKJIAJK ele Ha roj. B pesysibraTe crmycTs
rof oH noiyuns B 6aHke 4560 p. Kakasa cymMMa Oblia IOJIOMKeHa B GaHK
IepPBOHAYAJILHO ¥ KaKoil mporieHT npuObLIn B rof faBaj 6aHK?

503. Cymma KBapaToB Yymcesl €IUHWIL B KPAlHWX paspafax TpPex3Had-
HOTO uicJia paBHa 25. PasHOCTH KBOAPATOB YMCeJl €IWHWIL B CPeHEM U IO~
clegHeM paspsiaxX paBHA KBAAPATy 4MCJIa €IMHHI, IepBoro paspsga. Ecma
A3 MCKOMOT'O uMcJIa BhrYecTh 99, TO IMOYyUMTCA UMCJIO, 3aIIMCAHHOE TeMHU
*#e qudpamu, HO B ofpaTHoM nopsgxke. Haiigure Tpex3HauHOe YHUCIIO.

504. Tpoe pabounx AOJKHBI OLLIN BHIIOJIHATH HEKOTOPYIO pabory.
Ecnu 681 TpeTnit mpopaboran 12 4, To AsA OKOHYaHHUS PabGOTHI MEPBO-
My norpeGosajiocs 61 30 4, a BToOpoMy — 45 4. IIpon3BoANTEIBHOCTD
Tperbero pabouero paBHa cpeJHeMy apudMeTHYeCKOMY MPOM3BOIH-
TeJBHOCTH ABYX OCT&JIBHBIX pabouux. 3a CKOJBKO YaCOB MOJKET BBI-
IOJHMTH BCIO PabOTy KaMJblii paboumii?

‘/ YnpaxHeHus ansa nNOBTOPEHUS

505. Pemnte cucremy:
{sz + xy = 6, 6 {3xz - 2y = 25,

3x? + xy — x = 6 x2-y?+y=5.

506. ITocTpoiiTe rpaduUK ypaBHEHUSA:

a) 3x - 2y = 6; B) (-3x + y)(2x* — 3y) = 0;
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507. PemnTe cucTeMy HEpaBEHCTB:

2 3(lx - 1) < —-;—(Zx + 1), 5 {xz _2x>1,

3
9% — 3> x + 4 -x? + 6x < 9.

‘L
Frrp T /7  KOHTpOfibHblIe BONPOCH! M 3aAaHUN

1. YTo HaA3BIBAIOT pellleHUEM YPABHEHHUS C ABYMHA IepeMEeHHBIMHU?
IIpuBeauTe mpumep.

2. UTo Takoe rpapMK ypaBHeHHsS C ABYMA IIepeMeHHBEIMU?

3. Kak y3HaTh CTeneHb YpaBHEHHS ¢ ABYMA nepeMeHHBIMHu? Ilpu-
BeJlNTEe IpPUMEDHI.

4. Yto aBadercsa rpadMKoM ypaBHEHHUS NEPBOM CTENEHM C ABYMA
nepeMeHHBIMHU?

5. Yto Ha3BIBAIOT PEIIEHNMEM CHCTEMB! YPABHEHHI ¢ ABYMS mepe-
MeHHbIMH?

6. PasbacHuTe rpadyecKUil CMBIC PEIIIeHNs CUCTEMEI ABYX yDaB-
HEHU# ¢ JBYyMs NepeMeHHBLIMH.

7. B 4eM COCTOMT pellleHHe CUCTEMEI ABYX YPABHEHHII C AByMSA Ile-
PEMEHHBIMH €NOCOOOM IOJCTAHOBKHU?

8. B ueM COCTOUT pellleHME CUCTEMBI IBYX YPABHEHHUI! ¢ AByMA Iie-
PEMEHHBIMH CHOCOGOM CJIOXKEHUA?

HEPABEHCTBA
C ABYMSA NEPEMEHHbIMUA
§9. A U UX CUCTEMbDI

23. W JivHeiAiHOE@ HEpaBEeHCTBO
C ABYMSI NepeMeHHbIMU

IlogcTaBuM B HEPABEHCTBO C ABYMS I€ePEMEHHBIMH
0,5¢2 -2y +1<90
BMecTO x yucao 1, a BMecTo y — uucio 2. Ilonryuum BepHOe Hepa-
BeHcTBO 0,5-1%2 - 2.2 + 1 < 0. ITapy uucen (1; 2), B KoTOpOit Ha
IIeEpBOM MecTe — 3Ha4yeHHe X, & Ha BTOPOM — 3HauyeHue Y, Ha3bIBAIOT
pemeHueM HepaBeHncrBa 0,5x% — 2y + 1 < 0.

Onpepgenenue. PemeaneM HepaBeHCTBA ¢ JBYMsS NepeMeH-
HbIMM Ha3hIBaeTCA Napa 3HAYEHMII NepeMeHHBIX, o6palxaomas ero
B BepHOE HEPABEHCTBO.
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3amerumM, uto mapa (2; 1) He sABJAETCA peINIeHNEM HEPABEHCTBAa
0,522 — 2y + 1 < 0, TaK KaK IIPH NOACTAHOBKE B HEr0 BMECTO X UMCJIA 2,
a BMeCTO y — uucjaa 1 monydaercsas HeBepHoe HepaBeHcTBO 0,5 - 22 —
-2:1+1<0.

Ecan kakoe pemreHue HepaBEHCTBaA ¢ JBYyMSA IIePeMEeHHBIMU n3006-
pasuTh TOYKON B KOOPAWHATHON IIJIOCKOCTH, TO HOJYYUTCA 2paAPukr
3T0ro HepaBeHcTBa. OH ABJAAeTCA HeKoTOopoil ¢urypoit. LosopaT, uTo
ara purypa 3aziaeTcA MU ONMCHIBAETCHA HEPABEHCTBOM.

B cBasn ¢ rpadukoM npeACTaBIAIOT MHTEpeC ABe 3aKa4YM: BBISIC-
HHTDb, 4TO ABJAETCA rpa¢MKOM HepPaBeHCTBA € ABYMS IepPEeMEHHBIMH,
¥ HaliTH HEPaBEHCTBO, IPa(PMKOM KOTOPOTO SIBJIAETCA NaHHasA (urypa.

CHavasia pacCMOTPHM JINHEHHBbIE HEPABEHCTBA C ABYMS IIePEMEHHBIMU,

OnpegeneHue. JInHeliHBIM HepaBeHCTBOM C IByMd Iiepe-
MEHHLIMM Ha3bIBaeTCS HepaBeHCTBO BHAA ax + by < c wm ax + by > ¢,
Iie X 1 § — NiepeMeHHbIe, &, b M ¢ — HeKOTOpBIe YHCJA.

Ecqu B IMHeAHOM HepaBeHCTBe C JBYMSI IIePeMEHHBLIMH 3HAK He-
PaBeHCTBA 3aMEHHMTh 3HAKOM PaBEHCTBA, TO IOJYYHUTCHA JHUHEHHOe
ypaBHenue. I'padukoM TuHelHOrO ypaBHeHUa ax + by = ¢, B KOTOPOM
a4 Wah b He pPaBHO HYJIO, ABJAETCA HNpAMasa JuHUA. OHa pasbuBaeT
MHOKECTBO He IPHHAJJIEKAINNX ef TOYeK KOOPAHWHATHOM ILIOCKOCTH
Ha /iBe 06JIaCTH, IIpeJCTABJIAIOIINE cO60M OTKPBITHIE MOJYILIOCKOCTH.
[loxaskeM, 4TO OfHA U3 HUX ABJAETCA rpa¢MKOM HepaBeHCTBA a4X +
+ by < ¢, a agpyrasa — rpaduKoM HepaBeHCTBa ax + by > c.

a c
Ecau b # 0, To ypaBHeHHe Yy = —zx + 3 PaBHOCHUJIBHO YPaBHEHHIO

ax + by = ¢, rpadhMKOM KOTOPOTO ABJIAETCA IIPAMAaf, HellapaljlelbHasd
ocu y (puc. 65, 66). IliTpuxoBas JUHUA IOKAIBIBAET, YTO TOUKH U306-
parkaeMoii el0 IPAMON He IPHHAAJIE)XAT rpaduKy HepaBeHCTBA.

7
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JInneiinoe HepaBeHCTBO ax + by < ¢ npu b < 0 paBHOCHJIBHO He-
a [+
PaBeHCTBY Yy > —;x + -5.
OTtMeTuM Ha npamoil ax + by = ¢ IpoOU3BOJBHYIO TOUKY A. Ecnn
KOODZMHATHI 9TOM TOYKHU O U [3, TO BepPHO PABEHCTBO

a [4
B=-—o + —.
b b
IIpoBegeM uepe3 TOUKY A IIpAMYIO, TIEPIEHANKYIAPHYIO ocH X. Jliobad
TOYKA dTOH NpAMO# nMeer abcuuccy o.. Eciu TouKa JIe3KUT B BepXHel
MOJIYIIOCKOCTH (BhIIIe IpsIMOi ax + by = ¢), To ee opamHaTa Y 60/b-
me P. Toraa mapa (o; Y) ABJAfAETCA pellleHHMEeM HeDPaBEHCTBA
a ¢ .
y > ——I;x + > Eciu TOYKA JIEKUT B HUMKHEH MOJIYIJIOCKOCTH (HUXe
upsiMoii ax + by = ¢), To ee opauHaTa Y Menbure 3. ITpn atom mapa (o 7)
He SIBJIAETCA pelIeHHeM HepaBeHCTBA.
3HA4YNT, BEPXHAA IOJYILJIOCKOCTh ABJsETCA rpadMKOM HepaseH-
[&

, ¥ DABHOCHJILHOTO eMy HeDaBeHCTBa ax + by <¢

a
CTBa y > —Zx +

upu b < 0.

TaxuM sxe 06pa3oM MOXKHO AOKas3aTh, 4YTO rpadMKOM HepaBeHCTBE
ax + by < c upu b > 0 ABNAETCA HUKHAA IIOJYILJIOCKOCTD.

I'padbukoM HepaBeHCTBa ax + by > ¢ TakKe ABJISETCA OZHA M3 I0O-
JIYIIJIOCKOCTEH B 3aBUCHUMOCTH OT 3HaKa b.

Ecau b=0un a # 0, To rpadukoM ypaBHeHHud ax + by = ¢ ABAseTCA
npsAMas, napajieibHas ocd y (puc. 67). B aroMm ciyuae mosydarorcsa
IpaBaf U JieBasi OTKPHIThIE MOJYILIOCKOcTH. OHA U3 HUX ABJIAETCHA
rpadukoM HepaBeHCTBa ax + by < ¢, a gpyrafd — rpadmKoOM HepaBes-
ctBa ax + by > c.

Ecma=0ubdb=0, T0ompuc >0

Uk 1o rpaduKOM HepaBeHCTBa ax + by < ¢ as-
—F & JIsSieTCs1 BCA KOOPAMHATHAS ILIOCKOCTS,
’!’ J o a mpu ¢ < 0 — mycroe MHOkecTBO. I'pa-
a; =) (koM HepaBeHCTBa ax + by > ¢ B 2TOM
— : cJIydae TaK)Ke SIRIAETCH KOOPAMHATHAA
—_— — 2, ILTOCKOCTDb MJIM ITyCTOe MHOXKECTBO.

Ecima=0,b=0wuc =0, To rpa-
(KoM HepaBeHCTBa ax + by < ¢ # He-
paBeHCTBa ax + by > ¢ ABJAeTcA Iyc-
TOe MHOXKECTBO.

197

Q
c
®”

IIpumep 1. IlokaxxeMm mTpHU-
XOBKOM Ha KOOPAMHATHONM IJIOCKOCTH
Puc. 67 rpauk HepaBeHcTBa 2x + 3y < 6.

ax + by
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/ //7

Puc. 68 Puc. 69

\y

N,

Z

Haueptum rpacduk ypaBrenusa 2x + 3y = 6 (puc. 68). ITapa (0; 0)
ABJAETCA pelleHneM HepaBeHCTBa 2x + 3y < 6, TaKk KaK HepaBeHCTBO
2.0+ 30 < 6 BepHo. Touka (0; 0) npuHAIJIEKUT HUXKHEH MOyILIOC-
KocTH. 3HAYHUT, rpadUKoM HepaBeHCTBa 2x + 3y < 6 sABIAETCH HUXK-
HAA TOJIYIIJIOCKOCTD.

Ilpumep 2. N306pa3sum B KOOPAUHATHON MJIOCKOCTHA MHOXKECTBO
pemeHnii HepaBeHCTBa 2x — 3y < —6.

Haueprum rpaduk ypasHenus 2x — 3y = —6 (puc. 69). OrmeTum B
KaKoi-HNOYAb MMOJYILJIOCKOCTH TOYKY, Hampumep, Touky (1; 1). ITapa
(1; 1) He aBaserca perreHmeM HepaBeHcTBa 2x — 3y < —6. Touka c
koopanHaTamu (1; 1) JIeXKHUT B HHXKHEHN NOJIYIJIOCKOCTH. 3HAYHT, Ipa-
(UKOM HEpaBeHCTBA ABJAETCS BEDXHAA MOJYILUIOCKOCTh BMECTE C IPA-
Moit 2x — 3y = -6.

IIpumep 3. CocraBUM HEPaBEHCTBO, 3ajalolllee BEPXHIOI OT-
KPHITYIO TOJYILIOCKOCTb, I'PAHMUIIA KOTOPOH IPOXOAHT 4Yepe3 TOUKH
(-2; 0) u (0; 2).

HanmieMm ypaBHeHHMe IIPAMOM, mpoxoasmiei dyepe3d Touku (—2; 0)
u (0; 2). OTo ypaBHEHHE MOMKeT MMeTh BUJ y = ax + b. Ucnoas3ysa
KOOpAMHATHI 3alaHHBIX TOUYEK, moaydymM b = 2 u a = 1. 3uaumr, rpa-
HUIIA TIOJIYIIOCKOCTY ONMCHIBAETCA ypaBHeHHeM y = x + 2. OHo pas-
HOCHJIBHO YPABHEHMIO C JBYMSI IE€DEMEHHBIMHU

y—x=2.

3aMeHMM B 9TOM ypaBHEHMM 3HAK DABEHCTBA OJHHM U3 3HAKOB
< uam > Tak, uTo6hl mapa (0; 0) 6plia pelleHHMeM NOJYYHBILIETOCH
HepaBeHCTBa, TaKk Kak Touka (0; 0) mpuHanleXUT BepxHeil moJay-
mnockoctu. Iloayuum

y—-x<2.

508. Asasiorea am napel uncena (2; -9), (-1; 30) u (15; 6) pe-
MEHUAMY HEPABEHCTBA:

a)%x—%y—1>0; 6) -10x — y > —-11?
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509. 'padpuKOM HepaBEHCTBA -;—x - %y < 1 ABnsieTcA OTKPHITag

NoJyILIOCKOCTh. IlepecexaeT Jiu ee rpaHHUIy OTPE30K C KOHIIAMH:
a) A(2; 3) m B(-1; 1);

6) A(3; 1) u B(-4; —-10);

B) A(—5; 4) u B(6; 4);

r) A(2; 0) u B(-2; —-6)?

510. U3o6pa3uTe rpacdhuK HepaBeHCTBA:
a) 4x - by > 20;
6) 3x + 4y < 12;
B) 2x — y < -3;
r) 2x + 3y > -5.

511. Kakoe MHOKeCTBO TOYEK OIIMCHIBAETCA HEepaBEHCTBOM:
) 1@x+3y)> §6x-2) + 2
6) —5(x — 2y) — 10y — 8x < 37

512. N300pa3nTe B KOOPDAUHATHOM IIJIOCKOCTH MHOKECTBO TOYeEK,
KOTOpoe 3aJaeT HepaBeHCTBO:

a)y > —-;—x; B) x < —%y; ny = -2;
1 3
6)y<§x; r)x>zy; e) x < 5.

513. Hanummure JUHeifHOe HEPABEHCTBO C ABYMSA I€pEeMEHHBIMH,
I‘p&Q)PIKOM KOTOPOTO ABJAETCA BEDXHAA OTKPLITAA IIOJYILJIOCKOCTS,
€CJIN ee rpaHNuIa IIPOXOAHUT Yepe3 TOYKH:

a) (0; —-3) u (-2; 0); B) (—2; 5) u (3; 5);
6) (1; 2) n (=25 -1); r) (-7; 0) u (4; 0).

514. CocrasbTe JUHEIIHOe HEPABEHCTBO, rpadUKOM KOTODPOrO fB-
JAeTcs JieBasi OTKPBITAA IOJYIIOCKOCTDH, €CJIM ee IPaHHUIle IIPHUHAJ-
JIeKaT TOUKH:

a) (7; 1) n (7; 4); 6) (=5; 2) n (=5; -5).

515. Hauepture npamyio 2x — 5y = 0. OnpenesnTte 3HaK BH-
paxeHus 2x — 5y — 10 B kaxxgoit 13 06pa30BaBIINXCA OTKPHITHIX 1I0-
JIYIIJIOCKOCTEH.

516. IlocTpoitre npamyio —4x + 2y = —8. B kakoit u3 o6pasosas-
IMUXCA OTKPBITHIX IOJYILIOCKOCTeH BhIpa)kenue —4x + 2y — 8 mpunu-
Maer:

a) MOJIOXKHUTEIbHOe 3HAUYCHHE;
6) oTpuIaTeIbHOE 3HAUYEHHE?
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517. PemnTe cucTeMy ypaBHEHHIA:

2x? — y? = 4, 5) 5x —-y-2=0,

x% + 38y? — 5x = 6; x? - 2xy + y* = 4.

518. PasnocThs miomajeil KBaIpaToB, IIOCTPOEHHBIX HA CMEMXHBIX

CTOPOHAX TIPAMOYroJbHUKa, paBHa 20 cm?. IlepuMerp npAMOYroJb-
HuKa paBeH 20 cM. Haitiure JAMHY U IIWDHUHY NIPAMOYTOJIbHUKA.

24. \‘/ HepaBeHCTBO C ABYyMSA NepeMeHHbIMU
CTeneHn Bbille NEepBOMn

IIpuMepoM HepaBeHCTBA € JBYMA NepeMeHHBIMH, CTEIIeHb KOTOPOro
BHIIIIE TIEPBOM, MOMKET CJYXKHUTh HEepaBEHCTBO

x4+ xyP - Bxy + bx > 28+ 3y - T.
Y

Hexoropsle U3 TAKMX HEPABEHCTB MOYKHO IIDUBECTH K BHUAY Y > f(x)
uwm y < f(x), rae f(x) — MHOTOWIEH cTeneHH Bhie nepBoit. ITostomy f
apageTca QyHKIUeH oT X ¢ 06IacThiO0 OonpeesieHus (—00; +00),

HepagsencteaMm y > f(x) 1 y < f(x) cooTBeTcTBYyeT ypaBHeHHUe ¥ = f(x),
rpadpuK KOTOPOIO AEJHUT MHOXECTBO He NPUHAMJIEKAIAX eMy TOYeK
IUIOCKOCTH HAa ABe 06JIACTH: BEPXHIOI M HHYKHIOHW. BepxHAsA o6iacThb
apnsierca rpadMKOM HepaBeHCTBa Y > f(x), a HMkHAA — rpaduKoM
HepaBeHcTBa Y < f(x).

IIpeamonoxuM, uTo Ha pucCyHKe 70 IITPHUXOBOM JIMHMENH NOKa3aH
rpaduK ypaBHeHud Yy = f(x). OTMeTUM Ha 3TOH JIMHUHK IIPOH3BOJILHYIO
TOYKY A M IpOBeJieM uepe3 Hee MMEPIIEHANKYIAD K ocu x. KoopauHaTh
TOUKM A yAOBJIEeTBOPAKIT ypaBHenuio y = f(x). KoopaunaTh Jio-
60if TOUKM IEePHIEeHIUKYJApa, Jealeil Buillle TOYKHA A, yAOBJET-
BODAIOT HEPABEHCTBY Y > f(x), Tak Kak ee opAuHaTa Gosble opau-
HaThl TOUKHA A. Ec/iu ToUKa mepHneHAMKYJIADa JIEKUT HUXKe TOYKH A,
TO ee KOOPAMHATH Y/OBJETBOPSAIOT
HepaBeHCTBY Y < f(x). Ha pucyHKe
HMITPUXOBKOH mNoKa3aH rpaduk He-
paseHcTBa Y < f(x). A

Ilpumep 1.IlokaxxeM mTpu-
XOBKO# Ha KOODAWHATHOH IIJIOCKO-
CTH rpapMK HepaBeHCTBA

1
< -=x?+ 4,
y i 4

Puc. 70
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IlocTpouM rpaduK ypaBHeHHd
y= —i x2 + 4 (puc. 71). Huxxuasa us3
o6pasoBaBmINXCA 00JIacTell ABIAETCH
rpaMKOM HEpaBEHCTBA Y < —-‘1; x4+ 4.

Ilepeitnem Kk HepaBeHCTBAM BHJA
P(x; y)<0wu P(x; y) > 0,

rae P(x; y) — MHOro4eH c AByMsA
IIepeEMEHHBIMH BTOPOH Mu Gojee BbI-
COKOif creneHu. Kaxgomy u3 3Tmx
HepaBEHCTB COOTBETCTBYeT ypaBHeHne P(x; y) = 0. I'paduk storo ypas-
HEeHHA pa30bMBaeT MHOMKECTBa He IPHHAMJIEKAIUX €My TO4YeK KO-
ODAMHATHON IJIOCKOCTH Ha JABe MK OoJiee obyacreil.

Tax, HanpuMep, NOCTPOUB rpaduk ypasHeHusa xy — 12 = 0 (puc. 72),
MBI [TOJTyYUM TPH o6yacTu. Y B 3TOM ciIyyae KOOPAHUHATHI KaXK A0 TOU-
KH o6Js1acTy yAOBJIETBOPAIOT JININL OAHOMY M3 HepaBeHCTB xy — 12 < 0
wm xy — 12 > 0. Hokaskem aro gasa III obnactu.

%,
“ %

1

7/% 4003 B) 9!
-

Puc. 72
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Bosbmem Ha rpanmniie III o6iacT mpon3BOJIBHYIO TOYKY A U 000-
3HA4YMM ee KoopAuHAaTHI O ¥ . Tak Kak aTa TOYKA NMPUHAJIEKHUT I'pa-
¢ury ypaBHenus xy — 12 = 0, To BepHBI paBeHcTBa Off — 12 =0 1
of = 12. IIposeseM Yepe3 TOUKY A NEPNEHAUKYIAD K OCH X M OTMe-
TMM Ha 3TOM nepneHaunkyaspe B III o6sactu Touxky B. Ee aGcumcca
paBHa 0, a opauHaTy o6o3HauuMm 6ykBoii y. Tak kak yu [} — oTpuua-
TebHBIe umcsa U Y <P, To |y| > |B|. Orcioma momyuaem, uro |of|y| >
> |a||B|. Ho Tak kak u o < 0, To |a||y| = oy u ||| B| = @B u oy > o = 12.
3HauYNT, KOOPAMHATHI TOUKM B yJOBJIE€TBOPAIOT HEPABEHCTBY XY —
-12>0.

Tak Ke MOXKHO AOKAa3aTh, 4YTO KOOpAHMHATHI Ji060i Toukm II 06-
JIaCTH YOBJIETBOPAIOT HepaBeHCTBY xy — 12 < 0, a I o6nactu — He-
paBeHCTBY xy — 12 > 0.

2 2

PaccMOTpHM ellle OAHO HEPABEHCTBO % + yT < 1, xoTOopoe MO-

HO npuBecTH K BuAy P(x; y) < 0, rae P(x; y) — muorouwieH. 'padu-
xZ y2

KOM YpaBHEHMS ~g- + - = 1 ABIAETCA BJLIMIC, TAK KaK 9TOT rpaduk

MOXXHO IIOJYYHTH M3 OKPYKHocTH x% + y? = 1 pacrsixkenueM B 2 pasa

OT OcH X ¥ B 3 pa3a oT ocH Y. Urobbl IOHATH 3TO, JOCTATOYHO ypaBHE-
1'2 yz

HMe o + il 1 npeacTaBuTL B BHUAE

2 2
X

ITocrpoum rpaduk ypasBHeHUSA 97 yT = 1. Or pasbuBaeT MHO-
*eCTBO He NMPUHAIEKAIAX eMy TOYeK KOODAMHATHOMN IIJIOCKOCTH Ha
IBe 006J1aCTH: BHYTPEHHIO U BHelIHIOI (puc. 73). JlokaxkeM, 4TO KO-
OpAVHATHI KaXKJOM TOUKM BHYTpEH- n

Heit 06J1aCTH y/IOBJIETBOPDAIOT Hepa~
2 g A(a; B)
BeHCTBY g~ + o < 1. ”

=1

+
N

x2
9

OTMeTHM HA 3JIJIHICEe MPOU3-
BoasHYI0 TOouKy A. IlycTts ee Ko- B(a'“y
opauHEATH paBHBI 0. u . IIpoBeaem { il
yepe3 A neprneHAMKyJIAp K ocn x. OH |
mepeceueT aJuIMIC B Touke A (o —f), Aa; —B)
TaKk KaKk TOYKa A, CHMMeTpHUuYHa A

OTHOCHITEJBbHO OcH X. OTMeTHM Ha Puc. 73

N

e




156 Fnasa 3. Cucrembl ypasHE@HMA U CUCTEMBbI HEPABEHCTE

NepHeHANKYJAAPe TOUKY B, pacloJIo;KeHHYIO0 BO BHYTpeHHel o0acTtu.
Ee aGciucca paBHa o. O603HaUYMM opauHATY TOuKH B GykBoit v. Tax
Kak Touka B pacrioyioxeHa 6imke K ocH x, 4eM TOukH A u A;, o |y| <|B|.

Orcrona [yf* > |Bf. anee umeem |y2| < |B?|. Mcrionb3ys pasencrsa |V =¥

u |B?| = B2, monyuaem ¥ < P2m L + L < 1. BTo 03HAYAET, YTO KOOP-

JUHATBHI TOYKH B yIOBJETBOPAIOT HEPABEHCTBY —g— + L < 1. Takum
o6pa3oM, BHYTpeHHAA 00J1aCTh ABJISETCH rpa(pmcom HepaBeHCTBa

2 2
EAN i

9 4 < 1. Tak e M0OXXHO Y6eIUTHCA B TOM, UTO BHeIIHAA 00J1acTh

2 2
X
ABJIAETCH TPAUKOM HePaBeHCTBA o + yT > 1.

519. Asasrorca Jim mapel yucena (1; 1), (—3; —2) u (4; 3) peme-
HUAMH HEPABeHCTBA:

a)%x2+y2-2<0; 6) 3xy — 2x —y > 07

520. Hzo6pa3uTte rpa¢K HepaBeHCTBA:

a) 2xy < 11; B)%x2—3x—y+2%<0;
6) x2+y2>9; r)-y2+2y+x+220.

521. IlokaxuTe MITPUXOBKOH HA KOOPAMHATHOHN IIJIOCKOCTH MHO-
JKECTBO TOYEK, KOOPAMHATHEI KOTODBHIX SABJISIOTCS DEIIEHHUSIMH Hepa-
BEHCTBA:
ayx*-y+1<0; 6) (x2 - 1)(x2+ 1) >y + 5.

522, N300pasuTe B KOOPAUHATHOMN ILJIOCKOCTH MHOKECTBO TOYEK,
KOTOPOEe MOXKHO 3aJaTh HEPABEHCTBOM:
a) x2 + y2 > 10; B) (x + 1) + (y — 3)% < 25;
6) x2 < 16 — y% r)(2-xP¥+@1-y?>5.

523. Kaxoe MHOXX€CTBO TOYEK 34/Ia€TCS HePaBEeHCTBOM:
a) (x + 1) + (y - 3)* < 10;
6) x2—-6x+y?+2y+ 13> 0;
B) x2 + y? — 4x — 8y > 0;
r)x?+2x +y:+ 10y + 22 > 07

824. Ha croabko obiyacTeil pa3bmBaeT rpaduK ypaBHEHHS Xy -
—y + 1 = 0 MHOXeCTBO He IPHHAAJIEKAINX eMy TOYeK KOODAMHATHOM!
miockocTu? OnpejenuTe 3HAK BhIpaXKeHHA Xy — y + 1 B Kaxaoit u3
atux obnacrei.
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525. 'padurom HepaBeHcTBa X2 — xy + y? < 5 sABIAETCA HEKOTO-
pas obyacth ¢ rpanmnneit L. IlepecekaeT su auHUIO L OTpE30K, KOH-
IaMH KOTOPOTO cayskaT Touku (4; 1) n (-1; 1)?

526. Hanumure HepaBeHCTBO, rPAPUKOM KOTOPOTO SBJISETCH:

a) BEYTpeHHASA 00JIaCTh Kpyra ¢ meHTpoM (2; 2) U paanuycoM, paBHEIM
2 eAHUIIAM;

6) BHemIHAA 06J1acTh Kpyra ¢ meHTpoM (—3; 4) ¥ paauycoM, paBHBEIM
6 ezmHHUIAM.

527. OnuIKTe HEPABEHCTBOM MHOMKECTBO TOUYEK, JIEXKAIIHUX BBIIIE
rapabosibl, mpoxogsameit yepe3 Toukn (2; —1), (—1; 5) u (1; —3). Ocs
cuMMeTpHM napa6oJibl mapajjiesibHa OCH Y.

\
R ‘/ VYnpaxHeHUs Ans NOBTOPEHUS

528. Pemmnre cucreMy ypaBHEHHIl:
)xz—xy+6y2=0, 5 4x? + xy = 1,
20 - 2xy + y* = O; 5xy + y* = -6.

529. PemiuTe HepaBeHCTBO:
a)2x2+x+1<x?-4x - 6; 6) 3x2 - 2x + 2> 2x2 + 3x — 4.

25. \‘/ Cucrema HepaBeHCTB
C ABYMS NEepeMeHHbIMU

PaCCMOTpPlM CHCTEMY ABYX HEpPaBE€HCTB C ABYM#A IepeMeHHBbBIMHU

{x"’ +y2 <9,

x-y>0. @

ITapa umcesn (1; 0) aBIAeTCA pellieHNEM KaK NepBOro, TaK M BTO-
poro HEPaBEHCTBA, T. €. ABJIAETCSA OOLIUM pelIeHNeM HepPaBeHCTB CHC-
reMbl. Takyio mapy umces Ha3LIBAIOT PellleHUeM CUCmeMbL Hepaseiicme
¢ 0syma nepemenHbimu. MHOKECTBO OOIIIUX peIlleHUI HEPABEHCTB €CTh
MHOXECTBO pellleHUit cucteMbl. NHBIMY CJIOBAMH, MHOXKECTBO pellie-
HUil CUCTEMBI €CTh IepecedyeHre MHOMKECTB PellleHnii HepaBeHCTB, CO-
CTABJIAIOLIMX CHCTEMY.

I'papux mepBoro HepaBeHCTBa cHCTeMHI (1) ecTh BHYTpPeHHAA 06-
JIACTh KPyra ¢ IeHTPOM B Hauyale KOOPAUHAT M PafuycoM, PaBHHIM 3.
OHa moKasaHa Ha PUCYHKe T4 rOpHU3OHTAJNIbHOM IITPUXOBKO. I'padbukom
BTOPOI'O HEPABEHCTBA ABJISAETCA OTKPHITAA IOJYILJIOCKOCTh X — y > 0,
IDOKasaHHaA Ha TOM K€ PUCYHKe HAaKJIOHHOM IMITpUXOBKOM. MHOXkeCTBO
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peleHnit cucTeMbl M300pakeHo ABOIHON mITpMXOBKOI. OHO cocras
JISIeT OTKPBITBIA TIOJYKDYT.

Hayiee ocTaHoBUMcA OoJiee MOAPOGHO HA DEIIEHWH CHUCTEM JIBYX
JINHEHHBIX HEPABEHCTB C ABYMA IlepeMeHHBIMHU. IIpu 3TOM MoOryT npej-

CTABUTHCA pasjindubie cayuau. Hekoropsie U3 HUX OYAyT paccMoTpe
HBI Ha TIpUMepax.

IIpumep 1. H3o6pa3uM Ha KOOPAMHATHON NJIOCKOCTH MHOMe-
CTBO PEIIEHUN CHCTEMBI
{x +y <3,

@
4x - 5y < 20.

MHoxecTBO pelleHNit epBOro HepaBeHCTBA IIOKa3aHO Ha PUCYHKe 75
TOPU30HTAJIBHONA IITPUXOBKOMH, & MHOMKECTBO PellleHHiA BTOPOro Hepa:
BEHCTBA — BEPTHKAJBHOM IITPUXOBKOI. MHOXXECTBO peIlleHHil cHucTe:
MbI M306pa)KeHO ABOMHOMN IITPHUXOBKOM. 3HAYUT, cucteMa (2) 3afmaer
HA KOODJAWHATHOH IJIOCKOCTH YTOJ.

Ecau K cucreme (2) go6aButs
ele OHO HEPABEHCTBO

5 +y 2 -5,

=Y

TO NOJYYHUTCHA CHUCTeMa Tpex He-
PaBE€HCTB C IBYMA II€epEeMEHHBbIMHU:

x +y<3,
4x - 5y < 20,
5x¢ + y 2 -5.

ITOI cHCTEMOii 3a18€TCA TPEYTOMb:
Puc. 76 HUK, ITOKA3aHHbII Ha pUCyHKe 76.
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IIpumep 2. A306pa3um Ha Ko- y
ODAMHATHOM NJIOCKOCTH MHOYKECTBO %
(Y3 v
pelIeHuii CHCTEMBI i)
S

x -2y < AT
{ ®3) 1B

\\

?

4
0,6x —y =2 -2, Hirn

Pemum ypaBHeHuMss x — 2y = 4
n 0,5x — y = —2 oTHOCHUTEIBHO Y.
Tonyuum

y=0,5x-2ny=0,5x + 2.

IIpaMebie, ABIAKOIIAECS rpadUKaMu
3THX YypaBHEHWH, IlepeceKaloT OChb Y
B TOYKaX ¢ KoopauHaTamMu 2 u —2. JTH IpSAMbIe NapajljieIbHBI, TAK
KaK X yrjosble Koadduuuentsl paBHbI (puc. 77). paduk nepBoro
HePaBeHCTBA CHUCTEMBI — BEPXHAA MOJYMJIOCKOCTh, a rpaduK BTOpO-
ro HEpaBEHCTBA — HMJ)KHSAA MOJIYILIOCKOcTh. X mepeceueHueM sBJIA-
erTcd IoJioca, MOKA3aHHASA HA PUCYHKe ABOMHOMN INTPUXOBKOM.

Ecan nomMeHATH 3HAKH HEPABEHCTB CHUCTEMBI (3), TO MOJYUHTCH
HOBafA CHCTeMAa

444
T

Puc. 77

x — 2y 24,
0,5x —y <-2.

I'padpuKoM IepBOro HepaBeHCTBA GyJeT HHIKHAA MOJYIIOCKOCTD,
a rpadHKOM BTOPOrO HEPAaBEHCTBA — BEPXHAA NOJYIUIOCKOCTb. JTHU
rpaduKy He UMEIOT HU OAHOM obIei Toukn. Ux nmepeceyeHne mycro.
3HAYUT, MHOKECTBOM PEIIeHUI CUCTEMBI ABJIAETCA IIYCTOE MHOMKECTBO.

B nmamGojiee TUIIHYHBIX cAyd4asix rpadMKOM JHHEHHOro HepaBeH-
CTBa C JBYMSA IIePEMEHHBIMH CJYXXUT OTKPBITAA IIOJYIJIOCKOCTh HMJIH
HOJAYIIOCKOCTh. CHCTEMa TaKHMX He-
PaBEHCTB OIUCHIBAET IepecedyeHue He-
CKOJIbKUX HOJIyIIocKocTeii. OHO Mo-
®eT OBITh IOJYILIOCKOCTBIO, YIJIOM,
10JI0CO¥, MHOrOYTOJBHHUKOM M Jp.
Tax, HanpuMep, cCUCTeMa HEPABEHCTB

x+y<3,
x—-—y=z-3,
x+y=2-3,
x-y<3
onuchiBaeT KBaapart (puc. 78), guaro-

HAJIM KOTOPOTO JIEXKAT HA OCAX KOOp-
TUHAT. Puc. 78
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Puc. 79
CucremMa IATH HEPABEHCTB C JBYMSA IE€PEMEHHBIMH
x+y<8§
x-y=-8,

2x+y
2x -y
y=-3
OINCHIBAET IIATHYTOJBHUK (puc. 79).

Temeps mepeiiieM K IpUMEPaM CHCTEM HEDABEHCTB, COAEPIKALIEX
HepaBEHCTBa BTOPOM miaM Goslee BBICOKOH CTEIIEHM.

-8,
8,

n v

IIpumep 3. U3o6pasum Ha KOODAMHATHON IJIOCKOCTH MHOXe-

CTBO peIleHU# CHCTEMEI
xt + y? >4,
x2+y? -6x<0.
IIpeoGpasyeM BTOpOe HEPABEHCTBO CHCTEMBI:
x2-6x+9+ <9,
(x -3 +y2<09.
IMoayuuM paBHOCHIIBHYIO CHCTEMY
x? + yt >4,
(x-32+y?<9.

I'paduKOM IEPBOr0 HEPABEHCTBA ABJAETCHA BHEIIHAA 00JaCTh Kpy-
ra c¢ ero rpanunei x? + y? = 4. Ha pucynke 80 oHa nIoKa3aHa rOpH3ok-
TAJBHOH INITPUXOBKOM.

BropoMy HepaBEeHCTBY COOTBETCTBYeT ypaBHeHue (x — 3)% + y%=9. Ero
rpaduk noTyyaerca u3 rpadpuxa ypasHeHus x?2 + y? = 9 nepeMeiiieHyeM
BIpaBO Ha 3 eguHUIbI. 'pad®MKOM BTODPOrO HEPABEHCTBA ABJAETCH
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— (x - 3" + y* = 9§

Puc. 80

BHYTPEeHHAA 00JIACTh M I'paHHI@ KPyra c ImeHTpPoM B Touke (3; 0) u
pagmycoMm, paBHBIM 3 equHALIaM. Ha pUCyHKe OH ITOKa3aH BepTUKAJIBbHON
mTpuxoBKoi, [Tepeceyenne rpadMKOB II€PBOTO ¥ BTOPOTO HEPABEHCTB I10-
Ka3aHO ABOMHOM INTPHUXOBKOI. OHO M300pa’kaeT MHOMKECTBO PEIeHUH
CHCTEMBI.

IIpumep 4. HalizeM MHOXeCTBO TOYEK KOODAMHATHOW ILJIOCKO-
CTH, KOTOpO€ 3aJaHO CUCTEMOM

x2 -y<2
2 - x<2 “

Haueprum rpabuku ypapuenuit x2 — y = 2 u y? ~ x = 2 (puc. 81).
T'paduk MepBOro HEPABEHCTBA COCTOMT M3 TOYEK mapabossr x2 — y = 2

Puc. 81

6 I0. Maxapbraen « Anre6pa. 9 xi.»
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u ofJyacTH, pPacIoJIOMKeHHOH BHIIIe 3Toi nmapaGoswl. I'padmk BTOpPOTO
HEpPABEHCTBA COCTOMT M3 TOYeK mapaboJnl y° — x = 2, OCbI0 CHMMeT-
PHYH KOTOpPO# SABJISETCA OCh X, B 00J1aCTH, PACIIONIOKEHHOM ITpaBee 3TO’
napabosel. Ha pucyHKe MTPUXOBKOM IOKA3aHO IlepecedyeHue rpadu-
KOB HepaBeHCTB. ITO mepecedeHne P u 3azaerca cucremoit (4).

530. fAsasrorca au napk (2; —3) u (—3; 2) pellIeHUAMHN CACTEMBEI:
Tx — 4y > 5, 5) xy + x2 < -2,
-8x + 5y < 4; x2 -2y > 17

531. IToxakuTe MTPUXOBKOH HA KOOPAMHATHON IJIOCKOCTH MHO-
JKeCTBO peIllleHU CHCTeMBbI:

2y + x 2 -4, ) -x+y<-1,
B
y+ 0,6x <3; x-y >4
x -3y > -3, 4x - 2y < 3,
6)y 1 ) NIl 1
_§x+y<3’ Ey—§x<1.

532. N3o6pasnTe Ha KOODAMHATHON IJIOCKOCTH MHOKECTBO pe-
IIeHUHA CUCTEMBI:

1

x+2y<4, y<_21

a) <3 B <
x>2; 3x—2y\4;
2x — 3y =2 5, > -1,

6) {<F Y Y
x < -1; -2x -y > 2.

533. 3azmaiiTe cucTeMoOif HepaBeHCTB
a) KaXKAYI0 KOODAMHATHYIO YeTBEPTh;
6) KaXKABIH KOODAMHATHBINA yroJ.

534. Ilpn KaKux 3HaYEeHUAX @ M ¢ CUCTEMON HepaBeHCTB
2x — y < 3¢,
ax + 3y < 4

MOXKHO 3871aTh:
4) ImoJiocy; B) IyCTOE€ MHOYKECTBO;
6) yrour; r) npamyo?
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535. ITocTpoiiTe TPeyroNbHUK, 38JAHHBIN CHUCTEMOM HEpPaBEHCTB
-3x + 2y <5,
2x + y <6,
y = -3.

536. HauepTuTe YeTHIPEXYTOJBHUK, 38JaHHLIM CHUCTEeMOM

1 1
1 s<y<lyiyg
3 Y>3

—lx—1<y<—3x+5.
3 3

537. HaiiguTe miaomanb NpAMOYTOJbHUKA, 38JJaAHHOTO CHCTEMOM

-3<x<5h,
-2

=
x <1.
538. NokaxnTe, YTO YETHIPEXYTOJHLHUK, 38JJaHHBIA CHCTEMOIt

O0<x-ys<4
-4<x+y<y4,

VAN A

ABJAECTCA IIPAMOYTOJIBHUKOM.

539. Ogna npaMas nMpoXoAUT depe3 Touku (4; 7) u (—2; 4), a apy-
raa — depe3 Touku (8; 0) u (—6; —7). [JokarkuTe, 4YTO 3TH NpPSAMEIE
ABJIAIOTCS TPAHUIIAMU HEKOTOPOIl IoJIochl. 3afaiiTe 3Ty MOJIOCY CHC-
TeMOi HepaBEeHCTB.

540. OgHA M3 CTOPOH OCTPOTrO YIJIa IPOXOAUT Yyeped TOYKH (—3; —2)
u (-5; —-3), a gpyrag — uepe3 Touku (—1; —3) u (—2; —4). 3anaiite
3TOT YTr'oJl CHCTEMOIl HepaBEHCTB.

541. 3apaiiTe cucTeMoOil HEpaBEHCTB:
4) TPeYroJIbHMK, BepIIUHEI KoToporo — Touku (0; 5), (—4; 0) u (4; 0);
6) ueTHIpEXYTOJBHUK ¢ BepmuHamu (—1; —1); (3; 3), (6; —1) u (2; -2).

542. N306pa3uTe B KOOPAUHATHON NJIOCKOCTH MHOXKECTBO pelie-
HU CHCTEeMbl HEPABEHCTB:

)x2+y2<16, 5) x2+y<3,
3x + 2y > -6; x+ 2y 2 -2,
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543. IIoxkaKuTe MTPHUXOBKOM B KOOPAMHATHOM IIJIOCKOCTH MHO-
’KeCTBO pelIeHUH CHCTEeMBbI:

X+ y? <25, X -y <0,
Dl ,lesg ){xy>12;
2 2
(x - 3)% + y? < 25, xy + 3x <6,
){(x+3)2+y2<25; I‘{;vc“’+y<0.
544. N306pa3nTe MHOKECTBO pEIIeHUI CHUCTEMBI:
y-xt+320, y+x2<2
a) ¢x? + 2 —-16 <0, 6) Jy— x22-2,
3x -4y + 12 2 (; x2+(@y-3F 209

545. IlokaXKHATe IMITPUXOBKOM MHOKECTBO DeIlleHNH HepaBEHCTBA:
a) y(x* + y? - 16) > 0; B) x(x2 + y2 — 25) < 0;
6) 2x + y)(xZ+y:+ 1)< 0; r) (x —3y)xt+y2+2)2>0.

546. HaiimnTe MHOXEeCTBO pellleHNH CHCTEMBI
(x — 5)% + y? < 25,
(x + 5) + y? < 25.

547. 3amaiiTe cHCTeMO# HepaBEeHCTB KOJIBIIO, €CJH OTrPaHUYH-
BaloOllIe €ro OKPYMKHOCTH MMeloT LeHTP (—-1; 1) m paguycsl paBHH
2u 3 eTUHHAIIAM.

548. OnnmuTe cuCTeMOif HepaBeHCTB MEHBINIYIO YACTh Kpyra C LieH-
TpoM B Touke (0; 0) m pagmycoM 4 eAUHHUIBI, KOTOPYIO OTCEKaeT OT
Hero NnpaAMasd, npoxojsaiulas gyepes Touku (—3; 3) u (2; 1).

549. lenTtp oanoro kpyra — Touka (3; 0), a gpyroro — (-3; 0).
Paguyc Kaxjoro Kpyra 5 eguHuI. 3ajaliTe nepeceyeHre KPyros:
a) cuCTeMOif HepaBeHCTB; 6) aHAJIUTHYECKH.

c el ‘\
NN 7/ YnpaxXHEeHUs ONS NOBTOPEHUN

550. Kax ¢ nomoupio npeod6pasoBaHusa rpadHUKOB IOJYYMUTH rpa-
¢uk ypasHenus 4(x — 2)? + 9(2y + 4)? = 16 u3 rpaduKa ypaBHeHUA
x% + y? = 16?

551. UMeeT 1 ypaBHeHHE Lleso %xz + 2x - 1 = 0 neasle KopHHU?

2

552. Pemnre ypaBHeHue:
a) 3x2 - 2|x — 5| - 3=0; 6) 2x2 + 3|x + 4| - 2=0.



§9. HepaBeHCTBa C [BYMSI NEPEMEHHBIMU U UX CUCTEMbI 165

26. \‘/ HepaBeHCTBa C ABYMS NepeMeHHbIMU,
copepXxaume 3HaK Moayns

PaccMOoTpHM HepaBeHCTBA, B KOTOPHIX COJAEPKATCH BBIPaKeHHUS
¢ DepeMEeHHBIMH IOJ 3HaKOM MoayJsa. Hanpuwmep,

5x - 3|y — 2| < 4,
2x2 - x|y| > 0.

JIro6oe BuIpakeHue M0 3HAKOM MOAYJIA IIPH HEKOTOPBIX YCIOBHAX
MOMKHO 3aMeHHTDL BHIpasKeHmeM Ge3 3maka Moayias. Tak, mo ompejge-
JIEHHIO MOAYJIA

ly-2|=y—-2nopny-220
uly-2|=-(y-2)mpuy-2<0.
3HaunT, HepaBeHCTBO 5x — 3|y — 2| < 4 paBHOCHJILHO COBOKYNHOCTH:
{5x—3(y—2)<4, {5x+3(y—2)<4,
80

1
y-220 y-2<0. 1

MHOeCcTBO penreHunii HepaBeHCTBA
5 - 3ly-2|<4
ABjAeTcA 00beMHEHHNEeM MHOXKeCTB pemeHuit cucreM (1). 9To MHO-

JKEeCTBO MOKAa3aHO IITPUMXOBKOM Ha pHCyHKe 82.

IIpumep 1. H306pa3um Ha KOOPAMHATHOM IIJIOCKOCTH MHO-
#eCTBO pellleHN HepaBEHCTBA

y+x2-2x-1/<0.
Ocso6ogumces ot 3Haka Moxyada. Iloayunm
y+x2-2x+2<0,
{x >1

y+x2+2x-2<0,
niu
x<1.

IlocTpoum rpadurm ypasHe-
HUH

y=-x*+2x-2
uy=-x%-2x+ 2.

ITH ypaBHeHHS MOYKHO Ipej-
cTaBUTh BBHAe y =—~(x - 1 - 1m
y=—(x + 1)* + 3. Ux rpaduramu AB-
JAIOTCA NapaboJbl, n300paskeHHble Puc. 82
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Y Ha pucyHKe 83. MHOXeCTBO perre-

x=1 HHUH HepaBeHCTBa

/ y+x2-2x-1/<0
/ / TIOKa3aHO IITPAXOBKOH Ha TOM e
DHCYHEKe.
7
/’ 0
(14

N\

IIpumep 2. H3obpasum Ha
KOODAMHATHOM IJIOCKOCTH ¢Gury-
Py, KOTODPYIO 3a/{a€T HepPaBeHCTBO
x| + |yl < 4.

Ecnu napa (x4 y,) siBIsAETCA
pellleHNeM HEpaBeHCTBA, TO KAaX-
Aas U3 map (Xo; —Yo)s (—Xo3 Yo) H
(—xo; —Yo) TAKIKE ABJIAETCA €TI0 pe-
HIeHneM. 3HaYuT, HCKoMas dury-
pa CHMMETPHYHA OTHOCHUTEJIBHO
OCH X ¥ OTHOCHTEJNBHO OCH Y.

HM306pasumM cHayaya ee 4acTh,
PACITOJIOKEHHYIO B IIEPBOM KOOp-
AUHATHOM yruy. Ilnsi mepBOro ko-
OPAMHATHOTO yIJjla UMEEM CHUCTEMY

x 20,
y =0,
x+ys4.

9ra cucTeMa 3a/18€T TPEYTOJIbHUK,

orpaHW4eHHHIHl NpAMBIME x = 0,

y =0, x + y = 4. ITocTpoum 3TOT

Puc. 84 TPEYroJbHUK M, WCIIOJb3ys CBOIi-

CTBa CHMMeTpHH, N306pasuM Tpu

ocraJbHble yacTu. IlonyuenHas durypa npeacrasiasier coboit KBajgpar,
n300pakeHHBIH HA pUCYHKe 84,

553. IlokaxknTe MITPUXOBKOM HA KOOPAWHATHOM IIJIOCKOCTH MHO-
JKEeCTBO peIlleHMii HepaBeHCTBA:
a)y > |x - 3f; B)y > (2,5 - x;
6) y <|x + 5); r)y <|3,5x + x|.

554, [TokaxuTe MHOXKECTBO TOYEK KOOPAMHATHOM ILIOCKOCTH, KOTO"
poe 3amaeT HepaBeHCTBO

2y —|2x + 5| < 0.
OnuiunTe 3TO MHOXKECTBO aHAJTUTUYECKH.
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555. Nao6pasuTte ¢purypy, KOTOpyI 3afgaeT HepPaBEHCTBO, M Haii-

IUTe ee MJIOIIanb:
a) |x| + |y| < 5; 6)|x—3|+|y—-3]<3

556. N300pa3nTe MHOKECTBO pellleHNil HEpaBeHCTBA:

a)y<|1—£|; B) |yl - x2+2x< 1;
6)y+|%|>0; r) ly| + 22 — 4x > 4.

557. N306pa3uTe HA KOOPAHUHATHOM IJOCKOCTH MHOXKECTBO pellle-
HNii HepaBeHCTBA:

a) x* + y? — 6|x| + 2y < -1;
6) x2 + y? - 6x + 2Jy| < -1.

558. N300pa3nTe HA KOODAMHATHOM IJIOCKOCTH MHOXKECTBO pe-
mEeHNH CHUCTEeMBI
yx-mz+@+2y<¢

x| -yl <0

HaiiauTte pelieHmne 3TOH CHCTEMBI:
a) ¢ gaumenbIneil abcruccoit; B) ¢ HaubosbIeit abGcrmccoii;
6) ¢ HamMeHbIIell OPANHATOM; r) ¢ HanOoJblneil OpANHATOM.

559. BamTpuxyiiTe Ha KOOPAMHATHOM IJIOCKOCTH GHUTypy, KOTO-
pas 3ajaeTcd CHCTEMOH

y - 4<x? - 4]x|,
4x - 3y < -12.

OxapakTepn3yiiTe aHAJIUTAYECKH BTy GUTYDY.

560. N306pa3uTe MHOKECTBO PEIIeHMHA CHCTEMBI:

{x +y \9
% + |yl < 0;

561. 3agaiiTe cucTeMoi HepaBeHCTB, COAEPKALIUX 3HAK MOAYJIA,
KBagpaT ¢ BepummHamu (5; 5), (5; —5), (=5; 5) u (—5; —5).
562. Kaxoe MHOeCTBO TOYEK 3a7aeT CHCTeMa HEpPaBEHCTB:

2 < |x| <4, 1< x| <5,
) 0)
1<|y| <8
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563. Nzo6pa3nuTe MHOYKECTBO DELIEHNH CHCTEMBI:
2<|x+1|<4, 6 1<|x + y| <5,
1<|y-2|<3

\
RN RN ‘/ YnpaxHeHus OIS NOBTOPEHUs

564. OKpPY>XHOCTb C IIEHTPOM B Hayajle KOOPAMHAT IIPDOXOAHUT Ue-
pe3 Touky (30; 40). OHa pa3bmBaeT MHOYKECTBO He IIPHUHAIJIEKAIIUX
el TOYeK KOOpAUHATHON IIJIOCKOCTH HA BHYTPEHHIOI M BHEIIIHIO 06-
Jactu. HamuiunTte HepaBEeHCTBO, TpadMKOM KOTOPOTO ABJIAETCHA:

a) BHYTpPeHHAA 00JIaCTh;
6) BHelrHAA 00JIaCTB.

565. Haiiaute kopHu ypaBHeHus x° — 2x2 + 3x — 18 = 0.

\
] ‘/ KOHTpOnbHbIE BONPOCHI U 3aAaHns

1. ChopmynpyiiTe onpeesieHNe JNHEHAHOrO HEpaBEHCTBA C JBY-
MsA nepeMeHHBIMHU. IIpuBefiuTe MpUMEDHI.

2. Kakoii durypoit signsierca rpadhuk JuUHEHHOro HepaBeHCTBa?

3. Kakyio purypy npeacraBjifgeT MHOXKECTBO TOYEK KOODAUHATHOM
IIOCKOCTH, KOOPAWHATHI KOTOPHIX — PEIIEHUs CHUCTEMBI JIMHEHHBIX
HepaBeHCTB?

4. Bo3pMuTe Kakyo-HHOYIb CHCTEMY HEPaABEHCTB M OOGBSCHHTE,
KakK m306pa3uTh B KOOPAMHATHOM IIJIOCKOCTH MHOJKECTBO €€ PeIlleHUM.

\
HERER ‘/ DononHuTtenbHbie ynpaxHeHUs
K rnase 3

K maparpadgy 8
566. ToraxuTte, 4TO He UMeeT pPELIEeHUI ypaBHeHUe:
a)dx*+4xy+y*+1=0; B) ¥ + y* + 4x + 5 = 0;
6) x*—6xy+9y*+2=0; r)x*+y*-2x-4y+6=0.

567. BepHo 4, uTo ypaBHeHue x* + y? — 10x + 4y + 29 = 0 umeer
e IMHCTBEHHOE pellleHue?

568. oxakmre, uro ypaBHeHmne x> — 8xy + 17y? + 2y + 1 =0
HMeeT eJNHCTBEHHOE pellleHue.
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569. Haiiagute Bce Liesible pelIeHUs YDABHEHUA:

a)xt -yt =3; B):C"’-%:l;
2 2 _ A _i 2
6) x* — y* = 4; r)xz +y*=6.

570. OxpysxHOCTE x% + y? = 16 pasbuBaeT MHOMKECTBO He IMpPHHAAJIE-
KAmMUX efl TOYeK KOOPAMHATHON IIOCKOCTH Ha ABe 00JacCTH — BHYT-
pexHI0I0 M BHemHI0W. Kakoil 13 aTux ofsacreil NprHAaJIEKHAT TOYKA:
a8) A(3,2; 2,5); B) C(-0,9; -3,9);

6) B(-1,7; 3,6); r) D(3,8; -1,2)?

571. HauepTuTe rpa®uMKk ypaBHEHHUA:
) (y + 4)x - 3) = 0; B) (y — 2)(y + x%) = 0;
6)(y - xNy - 2)=0; r) 4y% - x* = 0.

572. IlocTpoiiTe rpaduK ypaBHEeHUA:

a)y —|x|=2; B) |x| + |y[ = 3; m x| + |yl = x + y;
6) x + |y| = 2; r) |x| - |yl =38; e) x| - lyl=x-y.
573. Hokaxxute, 4YTO He UMEET pPEIIeHUH cUcTeMa:

{3xy - 2x + 4y = 12, 6 {xz + y? = 16,
5x2 + 2y +1 = 0; y = -5.

574. BrisicHUTe, NCHONBL3yA rpadMKU ypPaBHEHHWMH, CKOJBKO pe-
IEeHNA UMeeT cUcTeMa:

1
sx-y=-2 2+ P = 25,

a) 2" Y 5){x +_y2
22 -y-5=0 W=

575. Ucnonpdysa rpaduku ypaBHeHWI, HaiguTe (IpuOJIUKEHHO)
pellleHNs CHUCTEMBI:

1.2 _ -
y+§x2—2, 6){2:@/-3,

a)
y+1=2x2; x2+y2=9.

576. C nomoupio rpabhukoB ypaBHeHuH HaiauTe (MpubGIHKEHHO)
pElIeHUsS] CHUCTEMBI:

2x - 3y = 8, y-x2+x=0,

a) B)
xy +12 = 0; y+x2+3=0;

6) -y +y) =0 o [ -y - 20) =0,
x2 + Yyt = 4 y+x+1=0.
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577. HaiinuTe pellleHUS CHCTEMBI:
x? - 4y = -8, 2x? + 5x - 3y = 21,
a) B)

3x2 + 2y = 18; 5¢2 - 11x -9y = T;
3x + 2y = 9, 4x — 3y — 5y% = 8,
6x - 3y? = -45; 2x - 2y - 3y? = 3.
578. Pemrnte cucteMy ypaBHEHHMiA:
) 4x? - by? - 3y = -10, ) 2xy - by = 5,
B
2x2 - 3y? - 2y = -6; 8y? - 2xy = 45;
) x? —y* - 2x = -1, 4x? - 3xy = -8,
-2x% + 3y? + bx = 15; xy — x = 10.
579. HafijuTe MHOXECTBO DEIIEHUI CUCTEMBI:
) x* + y? - 16 = 2xy, 4x? + y? + 4xy = 49,
a B
xt + y? -4 = -2xy; 4x? + y? - 4xy = 81;
6) x? + y? — 2xy = 49, 9x% + 4y% = 64 + 12xy,
2+ Yyt +2xy =9 9x? + 4y* = 16 — 12xy.

580. Pemnre cucreMy ypaBHEHHIt:

x? + y? = 29, x? + 3xy + y? = 31,
a) B)
xy=—10, xy_6=0;
5) 1-axy=0, ) x? —4dxy + y® = 6,
r
x2+y2=4%; 5-xy=0.

581. HaiifjnTe MHOXX€CTBO PEIIEHUI CHCTEMBI:

2x% - 3y? = -16, 9x* — y? =0,
a B)
(x-yx+y) =0 ¥ +y-x=09

x2 - y? -y = 24,

x? - 4y? = 0.

2x+yN2y - x) =0,
6) ){

%xZ-ny—y2=2;
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582. Pemnre cucreMy ypaBHEHWIA:

. 1

x-yP+2x-y =3 2

a) 6)
3x% + xy + y? = 2T;

583. IIpn KakKOM 3HAUEHHUH /1 HMEET PEUIEHHE CHCTEMA
2x - 3xy = m,
x—y =572

584. okamxure, 4TO IIPH JIOO0M 3HAYEHHH M HMEET DEIIeHHE
cucreMa

2xy — 3y? = 0,
xX+y=nm

585. PemnTe cucTeMy ypaBHEHUI:

x-2y ==, 2
2 S+x-Yy=-2
a) 11 . 6) <x
=-==-3 3x +y =11.
x Yy

586. Pemure cucremy
lx -1 + |y - 5| =1,
y=5+|x-1|
587. Ecan K 3HaMeHaTeN0 00BIKHOBEHHOM Apo6u npubaBuTts 1, TO

1
3Ha4YeHHne ,Z[pOﬁPI YMEHBIIHNUTCA Ha 3; a eCJIM 13 3HaMEHAaTeJIsA BhIYECTh 1,

TO 3HAYEHHNE APo6H YBEJIHUYUTCS HA % Hajtgute aTy apobs.

588. Eciin U3 uncaIuTeNa U 3HaMeHAaTe s OObIKHOBEHHOM APO6H BhI-

1
YecThb 10 2, TO 3HaYeHMe APo6HM YMEHBIIUTCA Ha §’ & ecau K umc-

JUTEJII0 ¥ 3HAMEHATEJI0 IPUOaBUTh Mo 2, TO 3HAYEHHEe APOGH yBeJIu-
1

YUTCA HA 15 Hajtagute Apodb.

589. 'mnmoTeHy3a NPAMOYroJbHOIO TPEYroJIbHHMKa paBHa 25 cM,
a ero mwromajb pasHa 150 cm?, HaituTe KaTeThl 3TOro TPEYroJbHUKA.
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590. B paBHOGeipeHHBI# TPeyToJbHUK BIIUCAH POMO Tak, YTO OJHA
€ro CTOPOHA JIEXKUT HA OCHOBAHHMH, & ApPyrasi — Ha GOKOBO# CTOpOHE
Tpeyroabuuka. Cropona pomba paBHa 10 cM, a mepUMeTp TPeEyroJb-
HUKa paBeH 75 cM. HaliguTe CTOPOHBI TpeyrojbHHUKA.

591. B n1pAMOYTOJIbHBII TPEYTOJILHUK BIHUCAH KBAJPAT CO CTOPOHOM
2 cM Tak, YTO OfHA €r0 BepPIINHA COBIIAZAET C BEPIIWHON IPSAMOTQ
yrJja, a OCT&JIbHBIE JIEXKAT II0 OAHOI Ha KakJoil m3 cropoH. Hakaure
KaTeThl TPEYTOJbHUKA, €CJIM OAWH U3 HUX GoJsblle ApPyroro Ha 3 cM.

592. [IBa KaMeHIUKa, paboTas BMecTe, MOTYT BBINIOJHHUTb HEKO-
2
TOpyIo pabory 3a 6 u. Ecam Gbl OAMH M3 HUX BBHIMTOJJHMJI 5 paboTHI,

a TTOTOM BTOPOii 3aKOHYHJ GBI paboTy, To UM MOHaZo6MIOCEH 6B 12 4.
3a CKOJIBKO 4acOB KaKIblii KAMEHIINK MOr Obl OMH BBIMOJHHUTL BCIO
pa6oty?

593. [IBe MAIIMHUCTKHA MOTYT NepeneyaTaTh PYKONuch 3a 12 u.
OznHa U3 HUX MOXKeT IepereyaTaTh NOJIOBUHY DYKOIUCH 3a TO 2Ke Bpe-
M#A, 3a KOTOpPOe BTOpAsA NepeleyaTaeT TPEThIO YacTh PYKONHCH. 3a
CKOJIBKO YacOB KaXJas MalIMHUCTKA MOXKET IIeperneyaTaTb PyKOMUCh?

594. OguH BesocuneAucT Belexas u3 A B B, u B TO )Ke BpeMs Apy-
roit Belexas n3 B B A. BeTpeua npomsonnia yepe3 3 4 mocJie Boule3fa.
B KoHeuHBIH NMYHKT NepBbIit NpUGHELT Ha 2,5 4 MO3XKe, YeM BTOPO.
HaitaguTe CKOPOCTH BEJIOCHIIEUCTOB, €CJH DPACCTOSTHHE MEXIYy A u B
paBHO 90 KM.

595. U3 A B B Buimresn JbDKHUK. Yeped 50 MHH Apyro# JBIKHUK
Bhlmes U3 B B A. B KOHeuHble MYHKTH OHHU NPHUILIN OZHOBPEMEHHO
yepe3 yac mocJje BCTpeud. HaliuTe CKOPOCTH JIBIXKHUKOB, €CJIH pac-
cTosiHHe MeXay A u B paBHO 25 kM.

596. ITepeMHOXXHUB MHOTOYJeHEI BuAa ax + 3 u x2 + bx — 2 ¢ me-
PeMeHHOM X, MOJYYHIN MHOrowileH Buaa ax® + 23x% + Tx — 6. Haii-
IuTe KodddHUIueHTs a 1 b.

K nmaparpagy 9
597. Hao6pasuTe rpacuK HepaBeHCTBA:
a) 2x + 3y — 6 < 0; B)y<|x+1|-3;
6) 2y — x 2 5; r)y > |2 -0,5x| + 1.
598. HauepTuTe npamyoo, nNpoxogauiyio deped Touku A(1l; 1) u

B(—-2; 1). Hanumure HepaBeHCTBa, rpadUKaMu KOTOPBIX SABIAIOTCH
BePXHAA U HUKHAA MOJYIJIOCKOCTH, ONpejesgeMble 3TOH IPSIMOIA.
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599. H3obpasnTe rpaduk HepaBeHCTBA:

a)y < 0,5x2 + 1; ry-2x2+32>0;
6)y>—%x—1; o) xy <6
B)y +2x2 -4 <0 e) xy > —6.
600. IlocrpoiiTe rpaduKk HepaBeHCTBA:
a)Ix|+!y|\ 3; B) |yl <x-1;
6) |x[ - |y| > 2 )yl >x+1.
601. I/I306pa3m'e MHOECTBO TOYEK, 3aaBaeMoe CHCTEMOI:
2y<x+ 10, y =20, y+x2=-5,
a) sy + 2x < 8, 6) sx <0, B) X -y =25,
y < -0,3x; X+y<3g y<O0.

602. Kakywo ¢urypy mpeacTaBifeT MHOXXECTBO TOYEK KOODAH-
HATHOM IIJIOCKOCTH, 3aJlaBaeMoOe CHCTEMOIi:

y-x<2 y+x22
y+xs<4 i y+x<-2
1
+1<x, 3= =x,
yreozx: 2y - x <-3?

603. IIpy KaKuX 3HAUYEHUAX M MHOMKECTBO TOYEK KOODAMHATHOM
IJIOCKOCTH, 3aJlaBA€MOE CHUCTEMON HEPABEHCTB

3y + x2m,
y+ -:lgx <-2,
ABNAETCH:
a) ToJIoCOl;
6) npAMoOIi;

B) IYCTHIM MHOXXeCTBOM?

604. ITokaxuTe MTPUXOBKON B KOOPDAMHATHOM IIJIOCKOCTH MHO-
¥EeCTBO TOYEK, 3a7laBaeMoe CHCTEMOWM:

2x - 3y = 3, x? +y? <9,
a) r)
x? + y? <16 xy <0
6) x? + y? < 25, ) x? + y? < 49,
|x| < 2,55 x? + y? < 25;

) y>xt-1, ) (x-2)2 + (y- 22 <16,
Pler vz <625 O |at+yr<o.
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605. HannmuTte cCUCTEMY HEepPABEHCTB, KOTOPOM 3ajJaeTcA:
a) kBagpar ¢ BepmruHamn A(0; 3), B(—3; 0), C(0; —3) u D(3; 0);
6) TpeyroabHuNK ¢ BepmnHamu A(0; 4), B(—2; 0) n C(2; 0).

606. N3o6pasnTe MHOYMECTBO PEIIEHHH CHCTEMBI:
){4x—5|y|<6, {l3x—4| +2y >8,

2ly| + 4x > -3; I8x - 4y| - 5y < -3;
-3|x] + 5y > 1, ) lx + 2| - 6y > -1,
2lx| - 6y > -5; Pz - 2] + 5y > -2.

607. IlokaxXuTe MITPUXOBKOM HAa KOODAMHATHOM IIJIOCKOCTH MHO-
JKECTBO pELIIeHN# CHCTEMBI:

) x> - 4| + 2y <1, 5y — |x2 - 9] >0,
3x - by > 4; 2ly| + 6x > -1.
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§10. A NOCNEANOBATEJIbHOCTEM
27. \/ Yucnosbie NocnefoBaTesIbHOCTU.

Cnocob6bl 3apaHun
nocnenoBaTenbHOCTEN

HarypasbHble uncia, Aaioliue Npu JeJeHNH Ha 5 ocTaToK 1, B3sA-
Thie B IIOPAZKe BO3PACTaHUs, 06pasyloT nociedosamenbHOCMb

1, 6, 11, 16, 21, 26, ....

Yucnaa, o6pa3ymroliue mocjaeJ0BaTEJIbHOCTb, HA3LIBAIOT YJleHAMU
nocaedosamenvHocmu. YJNeHBl HOCJEJOBATEIBHOCTH IPHHATO 0060-
3HayaThb OYKBAMHU ¢ MHAEKCAMH, I'ie¢ NHAEKC YKa3bIBaeT NMOPALKOBBIM
HOMeD 4JeHa IOCJefoBaTeIbHOCTH, HANpuUMep a,, a;, a,, a,.,. 1lo-
CJIeI0BATEIBHOCTh OOBIYHO 0603HAYAIOT CHMBOJIOM BHja (a,).

PaccMmoTpeHHas NMoOCJIEI0BATEIBLHOCTh ABJIAETCA OECKOHEYHOM ITo-
cJeoBaTeIbHOCTLIO. IIpuBegeM Apyrue mpuMepbl GECKOHEUYHBIX IMO-
cJIeJOBATEJILHOCTEI :

— IOCJIeIOBATEJBbHOCTh IE€JBIX OTPHUIIATEJbHEIX YHCEJ, B3ATBIX
B HOpAJKe yOBIBaHUS:

-1, -2, -3, -4, -5, ... ;
— MOCJEeOBATEJbHOCTh, B KOTOPOl HA HEUETHOM MECTe HAaXOIHUT-
ca yucyio 1, a Ha YeTHOM MecTe — 4HCTI0 —1;

1,-1,1, -1, 1, ...;;
" " 1,
— TOCJIe0BATENBHOCTD, KAM/BIH WIEH KOTOPOH paBeH 3:

1 1111
TP

B GecxoHeYHOH YHMCJIOBOM IMOCJIEAOBATENBHOCTH KaXJOMYy HATY-
PASbHOMY YHCJIY 1 COOTBETCTBYET OIPEJeJIeHHBIH UJIeH IOocJef0oBa-
TeJILHOCTH. 3HAYUT, B6eCKOHeuHAA nocaedosdamenbHoCmb npedcmas-
agem coboit pyrryulo, o6aacmoio onpedeeHus KOmopoi ABAAEMCA
MHOJNCECMB0 HAMYPANbHbLLX HUCe.

IlocnemoBaTeIbHOCTL MOJKET COCTOATH M3 n uieHoB. Takyio
IOCJIEJOBATEJBHOCTh HA3BIBAIOT KoHe4YHOM. IIpuMepoM KOHeuYHOM
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M0CJIeJOBATEILHOCTH MOJKET CJIYXKHUTh IOCIeA0BATEIbHOCTh MPABUJIIbL-
HBIX Apobedt co sHameHaTeseM 11, B3ATHIX B IOPAAKE BO3PACTAHMA:

1 2 3 4 5 6 7 8 9 10

i’ 11’ 11’ 11 117 11 1 110 11 11

Koneunaa nocnedosamenvrocms, cocmoaw,as u3 n ijieHos, nped-
cmagasem coboii QyHKyuo, o6racmsvio onpedesleHUA KOMOPOUL A6-
AAEMCA MHONCECME0 NEPEbLX N HAMYPANLLHbLX YUCEN.

OcTaHOBHMCA elje HA HEKOTOPBIX IPHMepax MOCJeI0BaTEJb-
HOCTeMN,

IIndarop (VI B. 10 H. 3.) H ero y4eHMKHA PacCMaTpPHUBAJIH IIOCJIe-
JOBaTEJbHOCTH, CBA3aHHBIE C reoMeTpuYecKuMHu purypamu. Tak, Ha-
TIPEMEDP, NOACYHNTHIBAA YHCJIO0 KPYKKOB B TDEYroJIbHHKaX, YETHI-
PeXyroJbHUKAaX, NATHYTOJbHUKAX (puc. 85), OHM moJsyyanu mocie-
JOBATEJLHOCTH

— TPEYrOJbHBIX YHCEJI:

1, 3, 6, 10, 15, ..., a,, ... ;

.A&&&

[
[ ]
[ ]

[ ]
®
&
®

A

Puc. 85
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— KBa&JAPATHBIX YHCEJ:

1,4,9,16, 25, ..., b,,...;
— ODATHUYTOJBHBIX YHCeJI:

1,5, 12, 22, 35, ..., C,y ... -

IlocieqoBaTEIBHOCTS (@,) TPEYTOJBLHBIX YHCEJ MOJIYy4YaeTcHd U3 I0-
CJIeJ0BATEJbHOCTY HATYDAJBHBIX YNCe]I cleAyomum obpasoM: a, = 1,
a=1+2,a;,=1+2+3,a,=1+2+ 3+ 4 nr. a. IlocaregoBarenan-
HOCTh KBaAPATHBIX YHCEJ MOXKHO IOJYYHATh AHAJIOTHMYHBIM cIoco6oM
H3 II0CJIefOBATeIbHOCTH HedeTHbIX uucen 1, 3,5, 7,9, ..., 1. e. b; =1,
b,=1+3,b;=1+3+5,b,=1+3+ 5+ 7 nr. 1. Ilocregosarens-
HOCTb OATHYTOJBHBIX YHCEJI IIOJIYyYaeTCA TAKHUM Ke cIIocofoM M3 mocJie-
goBaTenbHOCTH 1, 4, 7, 10, 13, ..., B KOTOpOIf NEpPBHIH 4eH paBeH 1
U KaXXOBIH caeAyrolnnii Ha 3 Gojbllle MPeAbIAYIIEro, a UMEHHO ¢; = 1,
c=1+4,¢;=1+4+7,¢,=14+4+7+10wurT. 1.

IloceoBaTEIBLHOCT CUNTAETCA 3aJaHHOM, €CJM YKasaH crocol,
NO3BOJIAIOIMI HAWTH WieH MO0CJeJ0BATEIbHOCTH C JIOOBIM HOMEDOM.
IlocsiegoBaTeILHOCTL MOXKeET OBITH 3alaHA € IIOMOIUBIO ONMCAHMSA, Ja-
I0I[ero BO3MOMKHOCTH JJIA JII000r0 72 YKa3aTh COOTBETCTBYIOIUMIA YIeH
IOCJIeJOBATEIbHOCTH.

Ilpumep 1. IIycrs (x,) — mocaenoBaTeIbHOCTh, KaMKABIN WiIeH
KOTOpPOH paBeH OCTAaTKy OT JeJIeHHS HoMepa 4jeHa Ha 4. Jra mocJe-
AOBaTeJLHOCTh HAUMHAETCH TaK:

1, 2,8,0,1, 2,3,0,....

Onsa noboro HoMepa 7 MOYKHO YKa3aTh COOTBETCTBYIOIMHMH 4JjeH
nocjesoBaTebHOCTH (x,). Hanpumep, Xz = 2, X755 = 1, X003 = 3,
Xy124 = 0.

HaunGostee pacnpocTpaHeHHBEIM CIIOCOGOM SIBJIAETCHA 3ajJaHue IIO-
cregoBaTeTbHOCTH (hOpPMYJIOH, IO KOTOPOH AJA JIOGOTo 72 MOYKHO BBI-
YHCJINTh COOTBETCTBYIOINUI 4WieH IocjefoBaTedbHOocTH. Takyrio dop-
MyJIy HasbIBAIOT QOPMYLOL N-20 YAeHa nocaedosamenbHOCMU.

IIpumep 2. Ilycrs mociegoBaTelbHOCTD (Y,) 3azaHa dopmysoi
¥y, = 2" + (-1)"n. ®opmysa nos3BoadeT HAWTH n-ii 4jJeH mocie-
JoBaTeJIbHOCTH IIpM Jiwob6om n. Hanpuwmep,

p=2'+(-1)-1=1,
Yy = 2"+ (-1)*. 2 =6,
Yy, =2"+ (-1) - 7=121,
Yo = 2'° + (-1)'°- 10 = 1034.

HHorga mocie0BaTeIbHOCTDh 3aaI0T, YKa3bIBafA €e IIePBbIil 4jeH
HJH IIepBble HECKOJIBKO 4JeHOB M (opMyJy HJIHM IpPaBHJIO, II03BO-
Jsolee HaMTH JII000# YjleH IIOC/Ie0BATEJIbHOCTH 110 U3BECTHBIM IIpeJ-
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IIeCTBYIOIUM ujeHaM. Taxoil cmocob 3afaHUS NOCJIEeLOBATEJILHOCTH
HAaBBIBAIOT PEeKYDPEHMHbIM CIIOCOOOM (OT JIaT. recurrentis — BO3BpAallla-
omuiicsa).

IIpuBenem nmpumMep 3afiaHUs IMOCJEAOBATEJIbHOCTH PEKYPPEHTHHIM
croco6om.

IIpumep 3. lIycre (1,) — mociaegoBaTeJIbHOCTh, B KOTOPOM
u,=u,=1l,u,=u, +u, ,aopun>2.

HaiineM HeCKOJBKO 4IEHOB 3TO# mocjenoBaTelbHOCTH. UMeeM:
U;=1+1=2,u4,=2+1=3,u;,=3+2=35,
ug=5+3=8,u4,=8+5=13, u;, =13 + 8 = 21.

ITocnemoBaTeIbHOCTD (U,) HAUMHAETCS TAK:

1;1; 2; 3; 5; 8; 13; 21; ....

3ajiaua, IPUBOAALLAA K TAKON MOCJAEH0BATEILHOCTH, BIIEPBLIE OIH-
caHa B pafoTax MTaJbAHCKOro Marematuka Jleonapno IImsanckoro
(1180—1240 rr.), usBectHoro moa uMeneM Pubonauyyu («ceid Bonay-
40»). 9Ty IIOCJIeOBATEJLHOCTh HA3BIBAIOT NOCAed08aMELbHOCMbIO
Ddubonauuu, a ee ujaennl — uucaamu Pubonauuu. Ilocaepo-
BaTeJbHOCTh PuboHauun 06JafjaeT MHOTHMH MHTEPECHBIMH CBOIi-
CTBaMH, HAUpuMep, ul,, — u,u,,, = (-1)" npu awéom n.

YneHbI MOCHAEAOBATEIBHOCTEH MOKHO N300paKaTh TOUKAMHM Ha KO-
OPAMHATHON INPAMON HMJIHM TOYKAMH B KOODAMHATHOW ILJIOCKOCTH.

Ha xoopauHATHON NPAMOHA YJieHBI NOCJIEAOBaTeJbLHOCTH (X,) M30-
6paxaloTCA TOYKaMM, KOOPAUHATHI KOTOPBIX PaBHBI

Uyy Ugy Ugy seey Upy oue s
U, u; u, Uy Ug
OKOJIO Ka)XJ0oii TOYKH OOBIYHO
0 u 2 4 6 8 YKa3bIBalOT, KAKOU YJIeH IOCJIeo0-
Puc. 86 BaTeJbHOCTHA OHa H3006pakaer.

IIpu n3ob6pa’keHHH YJICEHOB IO-
7]\ cjlefoBaTEJbHOCTH (u,) Ha KOOpAU-
HATHOH IIJIOCKOCTH KaKABIHM UIeH U,
Y Us n3o6paxkaeTcsa TOYKOM, abcucca Ko-
i TOpo# paBHa 71, & OpAMHATA U,, T.e€.
—le TOYKOH ¢ KoopauHatamu (n; u,).
i Uy OKO0JI0O TOYKH YKAa3LIBAlOT, KaKOH
—|4 YjeH MOCJaefOBATEJbHOCTH H300pa-

T Uy sKaeT 9Ta TOYKA.
_2““1'22*b U Ha pucynxax 86 u 87 msobpa-
1 - JKeHbl Ha KOOPAMHATHOM NIPsAMOii U B
o o | 4| g1 8% KOOPAMHATHOH IIOCKOCTH IepBhIe
I [IeCTh YIEHOB HOCJIEOBATETLHOCTH

Puc. 87 duboHauym.
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608. IIycTs (a,) — mocJIe0BATENBLHOCTD NPUOINKEHHBIX 3HAYEHU I
1
Apobu §’ BSATHIX C HEOCTATKOM C TOYHOCTBHIO O 0,1; 0,01; 0,001

ur. n. Haigure a,, a,, az, a, G0 G315 Gigo-

609. YkakuTe mepBhle TPH ¥ IIOCJEeLHHE TPU YIEHA IIOCJIEL0Ba-

reabHOCTH (b,), ecau (b,) — HOCJI€[OBATENBHOCTD:

a) IPOCTBIX YMcesi, He nmpeBocxoaamux 100, B3ATHIX B MOpsAKe BO3-
pacTaHus;

6) HaTypaJbHBIX JgejuTeseil uucia 6285, B3ATHIX B mopAiKe BO3-
pacTaHmus.,

610. ITocnemoBaTeIbHOCTL 3a/IaHa (HPOPMYJIONH:
8)a,=-0,3n + 1; B)a,=(-1)""(n+ 1)
_n-1, _ (="6
6)(1"— n'+1$ r)an—T.
Haitgure a,, @, Qg0 Gt 15 Bope

611. B nocnenoBaTeILHOCTA HAUTUTE Agy G135 Gog0ss Toxs Bop 4 15 ECIHA

a’l

0 npu yeTHOM n,
n(n + 1) Ipu He4eTHOM n.

612. HaliauTe mepBhle LIECTH YJIEHOB MOCJIELOBATEIbHOCTH, 3aaH-
HOH PEKYPPEHTHBIM CIIOCOOOM:

8¢, =13, ¢,01=¢,=2;

6) ¢, =-12, ¢, = —3c,;
B)¢;=6,c,.=n-cy
Ne=7¢=4c,=¢c,tec, (n=>2)
B ey ==3,¢,=-5,C,1=¢,-¢ (n=>2).

613. Ilokaskute, 4TO ecam (u,) ABASETCS IMOCJIEeLOBATEIbHOCTHIO
®dubonauuu, T.e. 3afaeTCA ycJIOBUEeM U, = U, =1, u,,.,=u,_, +u,
opu n > 2, TO BEpHO PaBEHCTBO

2 — 2

U Upyg = Uy Upyse

n+2

614. IlocnrexoBarensHoCcTh (C,) 3afana opmyroit
c,=n*+n+11.

SBnsioTCs JIM IepBbIe BOCEMD YIEHOB 3TOM MOCIEI0BATEALHOCTH IIPOC-
THIME uncaaMu? SBJAAIOTCA JM BCe WIEHB! NOCJHEAOBATENbHOCTH (C,)
OPOCTHIMH YHCJIAMH 7T
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615. IlocaenoBaTebHOCTL 3aAaHa GopMyJsIoit
a,=n(n + 4).
SIBasteTcA 1M YKA3GHHOE YHCJIO YIEHOM IIOCJIE€JOBATENILHOCTH, U €CJIH

Ja, TO KAKOB ero HOMep:
a) 30; 6) 45; B) 77; r) 1407

616. BcTpeTuTes 1M Cpely YWIEHOB IIOCJENOBATENBHOCTH (Xx,) 4u-
cio 0 (IpH MOJOKMUTEJIBHOM OTBETE YKAMKHTE, Ha KAKOM MeCTe OHO
3aMucaHo), ecJu:
ayx,=n*-n? -9n+9; B) x, = n* — 20n? + 64;

6) x, = 2n% - 21n — 11; r)x,=n®*+n-10?

617. EcTb M cpeiu YJIEeHOB IOCJE€JOBaTeJbHOCTH (@,) OTpHIA-
TeJILHBIE YUCJIa, X €CJIH A4, TO KAKOBBI UX HOMEpA, €CJIH:
a)a,=n?-11n + 28; B)a,=0,5n? - 3n + 2;
6)a,=1,2n*+n+ 0,2; r)a,=0,1n®* - 1,6n?

618. HaiiguTe Bce wieHBI IOCJEI0BATEIbLHOCTH (C,), I'Ae ¢, = 0,25n% -
— n, 3aKJIIOYEeHHEIe MEXIy umncjamu 3 u 8.

619. ITocaexoBaTensHocTH (a,) u (b,) 3aganer Gopmyaamu a, = n® -
- 6, b, = 3n? — 8n. [lokaxkure, 4TO IIPH JI0O0M /I BEDHO HEPABEHCTBO
a, 2 b,

620. 3agaiiTe dopMyJI0# n-rO YiIeHA:

a) MOCJEJOBATENBHOCTD IEJNLIX OTPHUIATEBHBIX YHCEN, KPATHHIX 7,
B3ATHIX B TOpAAKe yOLIBAHUS;

6) mocJIeJOBATENbHOCTh HATYPAJILHBIX HEYETHRIX UHCEJI, B3ATHIX B II0-
pAKe BO3PACTAHNS;

B) IIOCJIEAOBATENLHOCTh HATYPAJbHBIX UYMCe], HAIOIINX IIPH JEJeHHUH
Ha 6 ocTaTok 1, B3ATHIX B MOpAAKEe BO3pacTaHUS.

621. Vkaxurte kakywo-i1u60 GopMyJay n-ro 4jeHa, 3aJa0lIy0
MOCJ1eJOBATEJILHOCTD:

a) 8, -8; 8, -8, ...; n) 7, -14, 21, -28, ...;
6)3,5,7,9, ...} e)2-4,4-6,6-8,8-10, ...;
B) -'];) l’ -19 i’ s }K) 1 ’ 1 ’ 1 ’ 1 ’ H
2 4 8 16 1-2°2.-3 3-4 4-5
r)l,l’_].‘_’_]‘_, ’ 3)23’34’45v56’
25 10 17 1-4°2-53-6 4.7

622. 3apnaiiTe PEKYPPEHTHHIM CIIOCOOOM IIOC/IEA0BATEIHLHOCTD:
a) TPEeYroJbHBIX YHCeJ; B) NATHYTOJbHBIX YHCEJI.
6) KBaJipaTHBIX YHCEJT;



§ 10. CeoiicTBa nocnepoBaTenbHOCTEN 181

623. NaBecTHo, 4TO B mOCJIeZOBaTEIbHOCTH (a,)
a)a,=10,a,,,=a, + 2; 6) a, =10, a,,, = 5a,.
3agaliTe 3Ty NOCJENOBATEIBLHOCTh (GOPMYJIOH n-ro 4jeHa.

624. BuimnmnTe nepBbie IIECTh YJIEHOB IMOCAEA0BATEIbHOCTH (a,)
1 n306pasuTe MX TOYKAMM HA KOODAMHATHON IIpAMOM, ecin:

0 a, = (-1)'n - 2 6)a,= L.

625. M3o6pasuTe TOYKAaMU HA KOODAMHATHOM IIJIOCKOCTH II€pBEIE
mecTh 4JIEHOB HocaefoBaTelbHOCTH (b,) M yKasKHTe, BIOJb KaKOMH
RHHAK PACIIOJIOMKEHBI 3TH TOYKHU, €CJIH:

a)b,=0,4n - 1; 6) b, = %; B) b, = 0,5n% - 8.

626. IlocienoBaTensHOCTD (@,) 3afKaHa HopMyJI0i
a,=n*—6n+5.
HaitanTe Bce 4ieHBI 10CAEIOBATEIbHOCTH, KOTOPhIe N300paKaIOTCsa Ha

KOODAMHATHOM IIJIOCKOCTH TOYKAMH, PACTIONOMKEHHEIMH HUMKE IPIMOM
y=12.

627. CroyibkO 4JI€eHOB IOcaeAoBaTenbHocTH (b,), rae
b = n? - 12
n = n ’
n3o6pakaroTca Ha KOOPAWHATHOH IIJIOCKOCTH TOYKAMH, PACIIONOMKEH-
HHIMM BHYTPH II0JIOCHI, OTPDAHNYEHHOM NPAMBIME Y = 3 1 y = 67 Haii-

OUTe 3TH YJIeHHI IIOCJIeJOBaATEJbHOCTH.

\
P ‘/ YnpaxHeHUs Ans NOBTOPEHUN

628. PemnTe HepaBeHCTBO:
a) 2x* — Hx? - 12 < 0; 6) x* -b6x2—-x+5>0.

629. Pemnre cucteMy ypaBHEHUI:
x? + y? =141, x? + xy + y? = 37,
){xy=20; 6{x+xy+y=19.
630. IIpu Kakux IeJbIX 3HAYEHUAX M ABJIAETCA IEJHIM YHUCJIOM
3HaueHue ApoOu:
5m - 3,

6m - 8
) iz o1’

6) m-1
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28. \‘/ Bospacraowue u yObiBalowme
nocneaoBaTe/ibHOCTU

B nmocaeposateasHoctH (b,)
0,4, 1,6, 3,6, 6,4, ..., 0,4n?, ...
Ka)XABIA MoceAyIomuii uwieH OoJbIle NpeAbIAYLIEro, T. €.
boi1> b,
mpu Jiobom n.
B nocaeporaTtensHoOCTH (C,)
6,3,2, 15, ..., 2, ...

KaXIblA NOCHEAYIOLUINH YJIeH MeHbIe IIpeAbIAYIIero, T. e.
cn+ 1 < cn
py J1o6oM n.

ToBopAT, uTO mocCaeZOBaTeIbHOCTD (b,) iBIIAETCA BO3pacTaloIled,
a 1ocJeA0BaTeNlbHOCTS (C,) — yOBIBalomIeH.

Onpegenenue. IlocaenosaTeIbHOCTh, B KOTOPOH KaXIBIH M0
caexyommi wien 6ojbmie NMpeasIayniero, Ha3bIBaeTCA BO3pacTalomel.
ITocaemoBaTeJbHOCTD, B KOTOPOH KaMXIBIH MOCHEXYIONMH Y4JIeH MeHb-
me MpeabIayInero, Ha3bIBAETCA YOBIBAIOMIEH.

YucaoBad NoCIeJ0BATEIbHOCTb, KAK HM3BECTHO, SBJIAETCA QYHK-
nuen, 3aJaHHON Ha MHOMKECTBE BCeX HATYPAJbHBIX YHCEJ WJIH Nep
BBIX 7 HATYPAJBHBIX 4yuces. BBefleHHOe ompejesieHNe IOJHOCTBIO CO-
rjacyeTcs ¢ ompejesieHMeM Bo3pacTraionieil m yObiBarome# (GyHKImM,
HeitcTBUTENBHO, TYCTh, HAIpAMED, (a@,) — Bo3pacTalollas M0oCcJIeL0Ba
TeabHOCTb U k< m (k€ N,m e N). Tormaa, <a,,., @yi1 < Guigs oees
a,_., < a, U B CHJIy TPDAH3UTHBHOCTA OTHOIIEHNS «MEHbIIIEe» BEPHO
HEPaBeHCTBO a, < a,.

Bospacraouipe 1 yobIBawllye IIOCHeI0BaTE€JIbHOCTH Ha3bIBAIOT
MOHOMOHHBIMU NOCAe008AMENLbHOCMAMU.

PaccmoTpuM nmpuMephI.

IIpumep 1. BrisicHuM, SBASETCA JHM Bo3pacTaiouleid MJIN yOH-

™ n
Balolleil 1ocJef0BaTEJILHOCTD (a,), eclu a, = el
IIpeo6pa3yem pa3HOCTb a,., — @,
__n+l _n _nP+2n+1-n*-2n _ 1
Gne1 " 8= 2 vl (n+n+2 T+ + 2

IIpu m06oM n paccMaTpHBaeMasi PasHOCTH IIOJIOKHTeJbHA. 3HA-
YyuT, a,,,; > a, Ipu awoboM n, T.e. IOCHAeJOBATEIbHOCTL (a,) BO3pa-
cTarouasn.
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n
Y6equTecsa B 9TOM MOMKHO HMHade. BeigenuB m3 apobu w1 ue

1 1
JYI0 4aCTh, MOJYYHM @, = 1 — el C yBenuueHueM n Apobb —
1
yObhIBaET, 8 3HAYUT, PA3HOCTDL 1 — 7+ 1 BO3DACTaerT, T.e. MOCTeN0Ba-

TeABHOCTH (@,) BO3pacTaloas.

Ilpumep 2. UccrenyeM Ha MOHOTOHHOCTB IIOCJIELOBATEIBLHOCTD
(v,), 3apmannyio dopmysoit y, = n — 8n.
BrinuineM nmepBhle HECKOJIBKO YJIEHOB IIOCJIELOBATEIbLHOCTH:

-7, -12, -15, -16, ... .

MoxxHO NpenmoOJIOKHUTH, YTO IOCJIENOBATENBHOCTh (y,) yObIBaromas.
Yro6Bl BHEIICHMTB, BEPHO JIM 3TO HPEAINOJOMKEHHEe, nmpeobpasyeM pas-
BOCTDb Y, .1 ~ Ya'
2
Yni1 = Yo=(n+ 1) - 8(n +1) - (n* - 8n) =
=n*+2n+1-8n-8-n*+8n=2n-"1.
B 3aBHCHMOCTH OT 1 PABHOCTD Y, . ; — Y, MOXKeT ObITh IOJIOKUTENbHOI

WIN OTPUIATENbHON, SHAYUT, JaHHAS IIOCJIeA0BATEIbHOCTh He SABJISETCS
HH BO3pacTalolleif, Hu yObIBalOIIleH, T. €. He ABJISAETCA MOHOTOHHOM.

Ilpumep 3. BeiicHuMM, DM KAKUX 3HAUYEHHMAX @ IOCJEAOBa-
TeJABHOCTD (Y,), The Y, = n® — 2an + a?, ABNAeTCa BO3pacTAalOLIei.

BocnosbpayeMcss reoMeTpuueCKMMHU coobpakermamu. Ha xoopam-
HATHOM IUVIOCKOCTH WIEHBI IIO0CTIEA0BATENBHOCTH (Y,) N300pa’KaloTcs TOU-
KAMM, DACIIOJIOMKEHHBIMH BJOJb rpaduka pyHKmun y = x2 — 2ax + a?,
T. €. BJIOJIb MapaboJIbl, KoTopas Kacaercs ocH abciuce B Touke a (puc. 88).
ilpu sTOM mepBHI uileH n3obpakaercs TOUKOM ¢ abcimccoit 1. Oue-
BHJHO, YTO IIOCJIEIOBATEIBLHOCTS (Y,) ABJISAETCA BO3pacTaloleif, Korga
BCE TOUKH, U306parkaloliye ee 4JeHHl, PACIIONATAIOTCA BAOJb IIPaBOi
BeTBM mapaboJibl, IpU4YeM TouKa ¢ abcmuc- Yl
coif 1 JeKUT nmpaBee TOYKU KACAHUA HJIIHU
COBNAJIa€T ¢ Heil. 3HAYUT, MOCJEI0BATEJIb-
HOCTH (y,) sIBJIseTcs Bo3pacTaloleii mpu a < 1.

\

631. Asnserca nu Bo3pacTrawlleil MIH
y6pIBalOLIEl ITOCTAEROBATENIBLHOCTD (1,), B KO-
TOPOii WJIeH U, PaBeH:

4) YUCIy, TIPOTHUBOIOJIOMKHOMY 1}

6) uucay, obpaTHOMY n;

B) MATOM CTeNeHH 4Yucia n;

r) n-ii cremeHu ynucjaa? Puc. 88

dJ
«

[y
8
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632. Haiizure mepBBie 4YeThIpe 4I€Ha IIOCJeAOBATEJIBbHOCTH (a,),
3aJJaHHOM (POpMYJIOii:
2n
- = . = - n2
a)a,,—n+1, 6) a, = 8n — n?

Kakoe mpefnosiodkeHne 0 xapaKTepe MOHOTOHHOCTH IIOCJI€/0B&:
TEJILHOCTH (a,) MOYKHO cjesnaTh? JIoKa)kKuTe MJIN OIPOBEDPTHUTE CIIpa:
BEJIJINBOCTb 3TOT'0 NPEAIIONOKEeHUA.

5n-1

633. dokaxkuTe, 4TO NOCJefOBaTEJbHOCTD (a,), T'Ae a, = i
fiBJIsieTCA Bo3pacTamineil. N3o6pasuTe Ha KOODAMHATHOM ILJIOCKOCTH
IIepBhbI€ YEeThIpPe YJieHa DTOH IIOCIeL0BaTeJbHOCTH.

n+8

634. [lokaxuTe, uTO mocjeAosaTeJabHOCTh (b,), rae b, = il
ABAeTcs ybpiBaromeit. 1300pasuTe Ha KOOPDAUHATHOM IIJIOCKOCTH IIep
Bhle YeThIpe YJIeHa 3TOH II0CJIeLOBAaTEIbHOCTH.

635. lokakuTte, YTO NOCJIELOBATEJbHOCTh (C,) HE SBJISETCHA MO
HOTOHHOM, eCJH:

a) ¢, =n’—-9n - 22; B) c,=0,1n% - n;
3n-1, ~1)"
5)Cn=m’ r)c,,:%.

636. HUccaeayiiTe Ha MOHOTOHHOCTBL IIOCJIeLOBATEJNBLHOCTH (4,),
3alaHHYI0 GopMyJIOii:

a)a, =-7"% n)a,=0,4n% + 1,2;
5n + 2, _nf+2n+1,
9 a. =337 &=y
8n -1
B) a, = 5;"1—73; k) a, = n? - 36n;
_ ()15, _n+2
r)a, = 3) a, = g

637. BepHo Jiu yTBep:KICHHE:

a) ecsu GpyHKnuA y = f(x) Bodpacraromas, TO II0CJeL0BaTEIbLHOCTS (a,),
rge a, = f(n), TakxKe ABIAETCA BO3PACTAIOIIEIH;

6) ectu dynknua y = f(x) He sABIAETCA BO3PACTAIOINEH, TO IOCJIEA0
BaTeJBbHOCTH (b,), rae b, = f(n), TakKe He ABJIsETCA BO3pacTaloiei?

638. OnpegenuTe, ABAAETCA JIA BO3pacTalolleil MM yGhIBaomei
OCJI€JOBATEJIbHOCTb, €CJIH:

a)a,,=~/;—5; B)a,,=«/n+1+~/;;
6) an=%; ra, = %;—;
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639. IIlpn KaKuMx 3HaAUYEeHHAX a4 ABJIAETCA BO3PACTAIOLIEH MmOCJe-
ZosaTeJbHOCTS (b,), 3aaHHas dopMyJIoii:
Sn+a,
)b, = =5 6) b, =n?-a; B) b, =(2n — a)®?
640. IIpn kaKuX 3HAYEHUSIX @ NOCJIEJOBATEJbHOCTD (U,) ABIAETCSA
BO3pacTaKIeHl M IpH KAaKUX — yOBIBarolei, ecju:

n? - dan, _5n+a
T nf 6) u, = n+2?

a)u, =

641. HaiiguTe, ecaym BO3MOYKHO, HAMGOJBIINHA WieH IOCJeJ0BAa-
teabHocTH (@,), ecyu:
3n-1
a)a,=13 — 4n; 6) a, = -n® + 5; B)a,= 5"

642. HaitiquTe, eci BO3MOXKHO, HAMMEHBIINH 4YJeH IIOCJIeLoBa-
rensHocTH (b,), ecau:

8)b,=2,7n - 2; B) b, = (—%)

6)b,=n%?—6n+9;

I \
tPrp T ’/ VYnpaxHeHus AN NOBTOPEHWUS

643. Pemute cucTeMy ypaBHEHHMIA:

x? -y = 15, x+y? =8, x +xy =6,
)3 R ) ’
x*y =16, xy® = -9; xy + y* = -2.
644. Pemnre ypaBHeHHe:
a)x*-2x2-2x+4=0; 6) x*+ 2x — 33 =0.

29. \‘/ OrpaHu4eHHble U HEeOrpaHUYeHHbie
nocneaoBaTeNbHOCTU

Brinmuirem nepesie HECKOJIBKO WIEHOB IlocjaenoBaTreabHocTH (b)),

. . 4n -1,
sagaHHOM (opMmyson b, = e i

3
8’

4
9’ ese o

1
6’

1 3 2
15,2 ,21, 3,3 37,3 3

Ol =

MOXHO IPEeAIOJNOMXKHUTH, YTO IIOCIeA0BaTeNbHOCTh (b,) fABAsETCA

. . 4n -1
BospacTraiomeil. JleficTBUTeIbHO, NCKJIIOYMUB U3 APOCH i1 leayio
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YA
4
R
A ®
| 4
I )
—2
1
—i1
Ol 1 1al3lglslelr]®
111 | l ! | [
Puc. 89
5
4acTh, MOAYYUM b, = 4 — il C yBesmdenneM n ApoOb n 11 YMeHB

5
mraeTca U II03TOMY Pa3HOCTBHb 4 — m YBeJINUNBAETCA. O;ma}co u3

5
dopmynw b, = 4 — 7+ fICHO, UTO XOTHA C BO3DACTAHHEM 7l LIEHBI

[IOCJIeJOBATEJILHOCTH BO3DPACTAIOT, OHH OCTAIOTCA MeHbIe uymucia 4,
T.e. b, < 4 npu mobom n. Ha KOOpPAMHATHOI ILIOCKOCTH YJIEHBI IO-
CJIeIOBATEILHOCTH M300parkaioTcs TOUKAMH, JEeXKAIINMI HIXKe IIPAMOMH
y = 4 (puc. 89). T'oBopsar, uro mocjaenoBareabHOCTh (b,) orpaHndeHa
CBepXy. 3aMeTHM, YTO B KA4YeCTBE I'PAHMYHOIO YHCJIA MOXKHO B3ATH
Ji000e Apyroe 4mcio, 6oJsbmiee, yem 4.

IIpuBenem Apyroit npumep.

IycTs nocieoBaTEILHOCTE (C,) 3aiaHa GOpMYJIOii c, = _T
IIMIIEeM TepBble HECKOJbKO WIEHOB 3TOH TMOC/IeJ0BATEIbHOCTH:
;211 11 1.1 1
’ 2! 3’ 4’ 5’ 67 7’ 8’ see o

ITocnexoBaTeabHOCTS (C,) HE ABJIAETCA HU BO3pACTAIOIIeH, HU yObI-
Baromeii. IIpy 9TOM HM OZMH M3 ee WIEHOB He IIpeBocxoiauT 1, T.e.
¢, < 1 npu mdo6om n. IlocnenoBaTeJbHOCTL (C,) TaKKe ABJIsIETCSA
IPUMEDOM IIOCJIEJOBATEIbHOCTH, OrPAHUYEHHOU CBEPXY.

Onpeaenenue. IlocaenosareasHOCTDh (@,) HA3EIBAETCHA Orpa-
HHYEHHOM CBepXy, eCJIM CYIIeCTBYeT TAKO€ YMCJIO m, 9TO d, S m NpH
J060M n.

Yienn! nocyeJoBaTENbHOCTH (@,), OTPAHNYEHHON CBEPXY YHCJIOM
m, n306pakalTCA Ha KOOPAUHATHOM IIPAMOI TOUKaMy, KOTOpble 160
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COBIAJAJOT ¢ TOUKOI ¢ abcuuccoit m, mubo ae-
®aT JieBee ITOM TOYKH, 8 HA KOOPAMHATHOM
IUIOCKOCTHA OHHM M306parkaloTcA TOYKaMHU, KO-
TOprle MU6GO NMpHUHAAJIEKAT NPAMOH Yy = m,
6o JIeJKAT HUMKE STOM NMpAMOI.
PaccMOTpHM Temeps MOCJI€40BATENLHOCTD _|4
(u,), sagmanRy0 hopmyoit u, = 0,5n% — 5. Bel- ]
IHHIeM MepBhle HECKOJBKO YJIEHOB 3TOH mo- [—2
¢JIeZ0BATEJIBHOCTH

-4,5, -3, 0,5, 3, 7,5, ....

S
Do
| @
Le
[N
|

[

(=]
1

l»

OueBUHO, UTO AJIA JOGOr0 UJIE€HA IOCe- |
JOBAaTEJIBHOCTH BeDHO HEPABEHCTBO U, = ~4,5. -4
Ha xKoopAMHATHON INIOCKOCTH IIEPBBIHA 4YJI€H
nocef0BaTENbHOCTH (1,) u3o6paxkaercsa To4- [ |7
Koit, mpuHaJIeKaeil npamoit y = —4,5, a oc- Puc. 90
TAJbHBIE — TOYKAMH, JIEKAIIIAMH BhIIIIE 3TOMH
mpamoit (puc. 90). T'oBopsT, UTO MOCIEAOBATENBHOCTD (U,) OrpaHHYe-
Ha CHM3y. 3aMEeTHM, YTO B KayeCTBe I'PAHMYHOTO YHCJIa MOYKHO YKa-
3aTh J00oe 4uCJIo, MeHbIIee, yeM —4,5.

Onpenenenue. IlocrenoBaTedAbHOCTH (G,) HA3BLIBAETCA Orpa-
HHYCHHOH CHH3Y, eCIM CYIIeCTBYeT TaKoe YHMCJO p, 4TO a, # p IpH
moGom n.

Ha xoopauHATHOH NPAMON WIEHB! IIOCJIEAOBATENIbHOCTH, OrPAHH-
YeHHOH CHHM3Yy YHCJIOM p, H306parkaioTcsi TOUKaMM, KOTOphle Jubo co-
BOAJAIOT C TOYKOM, abcumcca KOTOPoil paBHa p, aubo JekaT mpasee
Hee, & HA KOOPAWHATHOMN IIJIOCKOCTHA OHU M300pakaloTCA TOUKaAMH, KO-
TOphle NIPUHAJJIEKAT IPAMOI § = P NN JIeKAaT BBIIIE Hee.

IlocnenoBaTeIbHOCTE MOXKET OBITH OrpaHWYEHA M CBEPXY, M CHHU3Y.

On penegJeHHue. HOCJIGI[OB&TGJIBHOCTB, OTrDAaHH4YE€HHAA CBEpPXy
H CHH3y, Ha3mIBaAETCA orpammelmoii mocjaea0BaTEIbHOCTRIO.

Bepruemcsi K paCCMOTPEHHBIM IIPHUMEDPaM.
4n -1
M=l nokasanu, 4To mocJexoBaTeabHOCTD (b,), roe b, = i’ o

paBundeHa cBepxy. OHa orpaHUYeHa TaK)Ke ¥ CHU3Y, TAK KaK ABJISAETCH
" “ 1
BO3pacTarolleil ¥ noToMy Ja060# ee wieH Gosblie b, T. e. 6oJbiIe 15.

Takum oGpasom, (b,) — orpaHmMUYeHHAA IIOCIEAOBATEIHLHOCTD.
IlocnenoBaresbHOCTD (¢,) TaKKe ABIAETCS OrpaHUYeHHOM. Jleii-
CTBHTEJIbHO, OHA, KaK ObLJIO MOKA3aHO, OrPAHMYEHA CBEPXY M BMECTE
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C TeM orpaHHM4YeHa CHH3y, TaK Jo60it ee ujeH GoJbllie, HaIIpHMep,
yucaa —1.

IlocregoBaTeabHOCTD (U,), KAK MBI IOKa3ajy, OTpaHMYEHA CHU3Y,
HO OHa He OrpaHHYEHa CBEePXY, TAK KaK AJA Jroboro uucia k maiiger-
csl TaKOe 3Ha4YeHHe 1, IPHA KOTOPOM 4, > k, T. €. IIOCJIeI0BATEILHOCTS
(u,) He aABIAETCA OrPAHUYEHHOI.

Ecsn nocyiefoBaTeIbHOCTS (@,) OTpAaHHUYEHHAS, TO CYILIECTBYIOT Ta-
KHe Yucjia m u p, uto m < @, < p, rae m # p. Ha KoopAWHATHOI mps-
MO# 4YJIeHBI TAKOH IOCJIeJOBATEJLHOCTH M3006pa’KaloTcs TOYKAMH,
TIPUHAAJIEKAIIAMA OTPe3KY [m; p] & Ha KOOPAMHATHOMH IJIOCKOCTH —
TOYKAMH, IPHUHAJIEKAIIUMH II0JI0CE, OTPAHNYEHHOM NPAMBIMH Y = m
# Y = p, BKJIOYas rPAHUIBI.

ITocen0BaTEIPHOCTD MOMKET OBITh He OrpaHHMYeHa HH CBEpXYy,
HU cHH3y. IIpuMepoM MOKeT CHYMKHUTH IOCIEIOBATEJBHOCTH (X,),
saganHas dopmynoir x, = (-2)".

645. fIBnaerca JU OrpaHUYEHHOH ITOCJIEA0BATEIbHOCTD:

%, B3SATBHIX C HEJOCTATKOM
¢ Tou”HocThiO Jo 0,1; 0,01; 0,001 u T. 1.;

a) IeCATHUYHBIX NPUOJMKEHUN Jpobn

6) JEeCATUYHBIX NPUOJIHMKEHHHA 4YmcIa J_ - «/5, B3ATBIX C HEJOCTAT-
KOM ¢ ToyHocThiO g0 0,1; 0,01; 0,001 u 1. 1.7

646. ToxakuTe, 4TO ABJAETCA MOHOTOHHOH M OrpaHHYEHHON IO
cJIeIOBaTEJLHOCTD (a,), eciu:

n+ 3, 2n + 2
8) a4, = 776 0) .= o731

YrauTe JBa KAKUX-JTUO0 4YUCIA, SABAAOMIAXCA COOTBETCTBEHHO
HUKHEH M BepXHell rpaHunei 1mocJegoBaTeJbHOCTH.

647. loxaxkuTe, 4TO IOCJIeAOBATENbHOCTD (b,), rae
a) b, = 1,5n - 6; 6) b, = n* - 4n,
AIBJIAETCA OTPAHUYEHHON CHM3Y ¥ HEOTPDAHUYEHHOH CBEPXY. YKaKuTe

HOMED, HauMHAasfA C KOTOPOro 4JIeHbl NNOCJIeA0BaTeIbHOCTH Gosibiie 140;
Gosapure 2000.

648. NokaskuTe, 4YTO NOCJEJIOBATEIBLHOCTS (C,), T'AE:
a) c, =27 - 2,5n; 6) ¢, = 36n — n?,
AIBJISIETCS OrPAHNYEHHOM CBEPXY M HEOIDAHMUYEHHOH CHHM3Y. YKAa)KuTe

HOMep, HAUHUHAA ¢ KOTOPOT0 Y4JIEHBI NOCJeJ0BaTeJbHOCTH MeHbIe 20;
mensbire —200.
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649. fIBnsieTcA U OrpaHUYEHHON IIOCIENOBATEILHOCTS (4@,), €CIH:

2 Vil _ )™n,
9= 75 R 8= T
. 1" — (-1 n+l
B8, = g g, = L -C n( Lo

650. fIpnsieTca Ju OrpaHMYEHHOIl TIOCIE€OBATEAbHOCTD (X,), €Cau
1 n
(_Z) TP HEYETHOM 1,

1 n
(_E) TIpH YeTHOM n?

651. VkakuTe, ecyii BO3MOXXHO, KaKoit-1u6o mpoMexyTok [a; b]
H2 KOOPJUHATHOM IPAMOIi, KOTODOMY NIPMHAJIEKAT BCE TOYKH, N300~

paxalomue WieHH INocJeI0BaTeIbHOCTH (C,), €CJIH:

3n+ 2, _n+l1, _ {1y
a)c, = —g 6) ¢, = n e B) C, = (_3) .

652. YkaxuTe, ecid BO3MOXXHO, KaKue-1u00 3HaYeHusa a u b, npn
KOTODBIX BCe WIEHHI MOCJIeJOBATEILHOCTHA U300parKaroTcss Ha KOODAHU-
HATHOM ILTOCKOCTH TOYKAMH, MPUHAMJIEKAIIAMHE I10JI0CE, OTPDAHUYEH-
HOIt IPAMBIMU y = @ U y = b, eciu:

3n + 2, 1\*
&p.= 3’ 6)pn=5-(§); ¢) p, = n* - 6n.

653. N3BecTHO, uTO (a,) u (b,) — OrpaHHYeHHBIe NIOCIEAOBATEND"
HocTH. fABJsieTCA JIM OrpaHHUUYEHHOI IOCJIefOBATENIbLHOCTD (U,), €Cciu:
a)u,=a, + b,; 6)u,=a,-b,; B) u, = a,b,?

| \
PP ‘/ YnpaXHeHns ans noBTOpeHUs

654. oxaxxuTe, 4TO MOCIEJOBATEJbHOCTD (U,) ABIAseTCA YOBI-
BalOILle, ecJIu:

Qu,=12-05" -1;  6)u, = :—21;42.
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655. IlocTpoiiTe Ha KOOPAMHATHOM IJIOCKOCTH TPEYTOJBHHUK, KO-
TOPBIA 3aJla€T CUCTEMA

ysx+2
Ys-x+ 2
y=-5

M OIIpejesIuTe €ro IJIOoLIalb.

¢

30. /' Metoa MaTemMaTU4ECKOW WHAYKUUW

IIycts mana mociegoBaTeanHOCTH (a,), TAe a, = n(3n + 1). Jlo-
Ka)keM, 4YTO cyMMa S, NEPBHIX N YJEHOB 3TOH IOCJIEeLOBaTEJIbHOCTH
(a,) MoxxeT GBITH BHIYHCJIEHA IO opmyie

S, = n(n + 1)%

Jlerko y6emuThes, uTO 3TAa PopMyJsia BepHa npm n = 1. JeHcren-
TeabHO, S; = 1-(1 + 1)’ =1- 4. C 1OMOIIBIO BEIYMCIEHUH MOMKHO IO-
Kas3aTh, 4TO (GOpMYyJa BepHa TaKKe npu n = 2; 3; 4 u 1. 4. OgHaxo,
KaK JIOJT0 HU MPOAOJIKAaJXu Ol MBI BHIYNCJIEHHUS, OHU HE AAIOT OCHO-
BaHMIl YTBEPKAATH, YTO (hopMYyJia BepHA U JIOGOM HATYDATIHLHOM 7.
IToaTOMY BOCIOJIL3YEMCS CIEIMAILHBIM METOAO0M paccyxaeHuii. Ilpea-
TIOJIOKHUM, 4YTO (popMyJia BepHa IIpU 11 = k, T. e.

S, = k(k + 1),
M JOKa)XeM, 4YTO B 9TOM CJyuae OHa BepHa nmpu n = k + 1, T.e. go-
KaXeM, 4TO

Sy, = (k+ 1)k + 2%
Nmeem
Sii1=8 t Gpsse
IIo dopmyJsie n-ro wieHa NOCIELOBATEJLHOCTH (@,) HAXOAUM, UYTO @, , | =
=(k+1)@Bk+3+1),1.e.0a,,,=(k+ 1)3k + 4). 3uaunr,
Syi=kE+ 1Y +(k+1)3k+4)=
=(k+ 1)k + k+ 3k + 4)=(k + 1)(k + 2)%,

T. e. hopmyJia BepHa npu n = k + 1.

M3 nokasaHHOTO clenyeT, 4TO Tak Kak dopmyna S, = n(n + 1)
BepHa nIpu n = 1 (B 3TOM MH yOeJHUJINCH C IOMOIIbIO BEHIUMCIEHUH), TO
OHA BepHa IpH n = 2; U3 TOro, 4To ¢GopMyJa BepHa IIpU n = 2, ClIeny-
€T, YTO OHA BepHAa IpH n = 3; TaK Kak ¢opMyJsia BepHa Npu 1 = 3, TO
OHa BepHa Ipu 2 =4 u T. . SIcHO, 4TO, CTPOA TAKYIO IENOYKY PacCyx-
JeHU, MBI B KOHIIE KOHIIOB A0HAEeM IO J1I060ro HaTypajJbHOrO YUCIA 7.
Taxum o6pa3oM, HoKasaHo, uto popmyna S, = n(n + 1)’ BepHa npu
Jobom n.



§ 10. CsoncTBa nocneaoBaTeNbHOCTEN 191

IIpuMeHERHBIA HAMH METOX JOKA3aTeJbCTBA HA3LIBAETCS Memodom
xamemamudecrkois undyxyuu. OH OCHOBAH HA NPUHYUne mamema-
muueckoit UHOYKYUU, KOTOPLIA COCTOUT B CIAEAYIOLIEM:

yTBepAJeHHe O TOM, YTO HEKOTOPhIN (aKT MMeeT MeCTO NpPH JII0-
60M HATYpaJbHOM i, BEPHO, €CJM BBLINMOJHAIOTCH JBA YCJIOBHA:
a) yreepxaeHue BepHo mpu n = 1;
6) U3 cnpaBeJIMBOCTH YTBEep:KIeHHS NIPH n = k cieayer ero cmpa-
BeIMBOCTL Ipu n = k + 1.

B cTporoit Teopuu HATYpaJbHBIX YHCEJ IPUHIIAI MATEMATAYECK O
HHIYKIUHM IPDUHUMAETCS 3a aKCHOMY.

Jloka3aTeJnCTBO HEKOTOPOTO YTBEPXKJEHUA METOLOM MAaTeMaTH-
YeCKOH MHIAYKIUM COCTOMUT M3 IBYX 4dacreil. CHauaysa mpOBEPSIOT €ro
cOpaBeAJINBOCTD IpH 72 = 1. Ty YacTh Ha3BIBAIOT 6A3UCOM UHOYKLUU.
3aTeM, NMpeANOJIOKUB, UYTO YTBEP)KAEHUE BEepHO mpu n = k, AO-
KA3mIBAIOT, YTO TOTAA OHO BEPHO U mpHu n = k + 1. Ty yacTh HA3HI-
BAIOT UHOYKMUEHbIM ULA2OM.

3aMeTUM, 4YTO MHOTZA NMPUXOAUTCHA AOKA3HIBATH CIIPABEAJIHUBOCTH
HEKOTOPOT'0 YTBEPKAEHUS NpH JIO6G0M HATypajibHOM 71, GOJIbIIIEM HJIA
paBHOM p. B TakoM ciyuyae JOCTATOYHO NPOBEPUTH, YTO OHO BEPHO IIPH
n = p, ¥ IOKa3aTb, YTO U3 CIPABEJJINBOCTH ITOTO YTBEPIKAECHUS IIPU
n=~k, rae k > p, crenyer ero cupaBeAJIMBOCTb NPU n = k + 1.

IIpuBeneM npuMepsl IPHUMEHEHHUA METOLA MaTEMAaTHYECKOH HH-

AYKIHAH.

IIpumep 1. 3agaguMm GOpMYJIOH N-ro YMCJIa IMOCJIEAOBATEND-
HoOCThb (@,), eciiu u3BecTHO, 4to @, =4, a,,, =a, + 2n + 3.
BriuncuM nepeble HECKOJILKO YJIEHOB 3TOM IOCJeA0BATEIbLHOCTH!

4, 9, 16, 25, ....

Mo)KHO TTPEANOJIOMKHUTDL, YTO IIOCJIEAOBATENLHOCTH (a,) 3azaercs
dopmysoit a, = (n + 1)°. JlokaxeM CHPaBeIJIHBOCTb 3TOTO YTBEPIK-
J€HHs, TOJb3YSACh METOJOM MATEMATHYECKONH MHAYKIIMH.

HOas n =1 ¢opmyna Bepra. [JonycTuM, YTO OHA BepHa AjadA n = k,
r.e.a,=(k + 1)2, M JOKAa)KeM, UTO OHA BepHa jaaA n =k + 1, T.e.
.y = (k + 2)

Io ycnosuio a,, , = a, + 2k + 3. Bamenus a, va (k + 1), monyuum,
4TO

Qo1 =(R+12+2k+3=k+2k+1+2k+3=(k+ 20

VTBepKIeHNe NOKA3aHO, T. €. MOCTeAOBATENBHOCTD (d,) MOXHO
sagaTh popmysoit a, = (n + 1)°.
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IIpumep 2. Ilycts (b,) — mocnenoBaTenbHOCTh umnces PDubo-
Hayyu, T.e. b, =b,=1,b,=b,_, + b,_, upn n > 2. [lokakeM, 4TO 318
TIOCJIEIOBATEILHOCTh 00JIalaeT CBOMCTBOM

b¢,, — b,b,,, =(-1)" upn ao6om n.
Has n = 1 paBeHCTBO BEPHO, TAK KaK
b2 —b,-by=1-1-2=(-1).
JomycTnM, 4TO paBeHCTBO BepHO AJaA n =k, T. €.
blf+1 = bibyia = (_l)k-
JokasxeM, 4TO TOrjJa OHO BepHO gnuA n =k + 1 T. e.
b3+2 —byiibiia= (_1)’”1-
Hmeem
bf+2 — by bris= blf+2 = by i(bysz t b)) =
= bf+2 ~bpiibrie — bfu-
ITo npegnosoxeHmnio
bl?+1 = ("1)’z + b,by 4 2-
3uHauur,
bl?+2 — bpiibyis = b}?+2 —bpiibiiz — (_1)k —bbyin =
k k
= bf+2 = bpro(by1 + by) - ('l)’z = b13+2 - blf+2 -C1)'=(1) o

VYTBepxkIeHMe JOKa3aHO. 3HAYHUT, IOCJIEJOBATEJIbHOCTh YHCE]
dubonayym o6aaeT YKa3aHHBIM CBOMCTBOM.

IIpumep 3. HokaxeMm, yTo npu x > —1 u J060M HATYpPAIHHOM
n BePHO HePaBEHCTBO

1+x)"21+ nx.
OueBHAHO, YTO IpM 1 = 1 HEPaBEHCTBO BEPHO.
JonycTuM, YTO OHO BepHO mpH n = k, T. e. JONYCTHM, YTO
A+x)>1+kx. 1)
Jloka)xeM, 4ToO B 3TOM cJIyuyae OHO BepHO mpu n =k + 1, T. e.
A+x)"'>1+ &+ Dx.
JeiicTBUTEILHO, YMHOKHB 00e yacTu HepaBeHcTBa (1) Ha 1 + x, rae
1 + x > 0, noxyumm:
1+ 2 +x)>10 + kx)1 + x),
A+x)"'>1+kx+ x + kx.
Tak xak kx? > 0 mpm x > ~1, To oTCIOZA CJIe[yeT, UTO

A+xy*''>1+kx+x, T.e.
A+x)f"'>1+(k+ D
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B cuwiy npuHmuna MaTeMaTH4YeCKOH HMHAYKIHNHA MOXKHO cAejJaTh
BBHIBOJI, YTO IIPH X > ~1 m J11060M HATYpaJbHOM 71 BEDHO HEPaBEHCTBO
(1 + x)" > 1 + nx. 9To HepaBeHCTBO HA3LIBAIOT Hepasencmaom Bep-
HYAAU IO MMEHHW HM3BeCTHOro mBeimapckoro matematunka $Ikoba
Bepuysu (1654—1705 rr.), BOepBhle OKa3aBIIEro €ro.

IIpumep 4. HJokaxxeMm, 4yTO JI000H YIeH IOCJEIOBATEIbHOCTH
(x,), samanuoit dopmysoit x, =4 - 6" + 5n — 4, gennrca Ha 25.

ITo dopmysie n-ro yaeHa HaAXOAUM, 4TO X, = 25, U, 3HAYHUT, X, Je-
aurca Ha 25. [onycTtuMm, 4TO X, = 4 - 6* + 5k — 4 genmtcs Ha 25, n
JOKa)KeM, 4TO B 3TOM caydae x,,; = 4-6*"! + 5(k + 1) — 4 Takxe
genutca Ha 25. Tak kak x, gennrca Ha 25, To 4 - 6" +5k—-4= 25p,
rfe p € Z. Orciona 4 - 6" = 25p — 5k + 4. Toraa

X,,,=6(25p - 5k + 4) + 5(k + 1) — 4 = 150p — 25k + 25.

Ilo cBOMCTBY AEIMMOCTH CYMMBI X, ., JeJUTCSA Ha 25. YTBepKIeHHNE
JOKa3aHo.
656. loxasxkuTe, 4TO:
nn+1),
a) cyMMa IepBBIX N HATYPaJbHBIX YHUCeJ paBHa —5

n*(n + 12
6) cyMma Ky0OB IepBBIX 71 HATYPAJBHBIX YHCeJ PaBHa —

657. Hokasknte hopmyay
n(n + 1)(2n + 1)
6 ’

KoTopyio BeiBes ApxuMen (287—212 r. go H. 3.) AaA pemeRus
HEKOTOPBIX 3a71a4 M3 reOMETPHNH M MEXaHMKH.

12+224+ 8+ ...+nt=

658. BrieguTe HOpMyy CYMMBI IE€DPBBIX 71 HEYETHBIX HATypaJb-
HBIX YHCeJ.

659. Hoxaxure, 4TO IpH JIOOOM HATYPAJIbHOM n:
D1-2+2.3+3-4+..+nn+1)= 202 0E2D;
6)1-4+2.-7+8-10+ ... + n(Bn + 1) = n(n + 1)%

B12- 20430 42+ + (1) int = -1y LD,
660. okaxxure, 4To cCymMMa S, IepPBBIX N YJEHOB IIOCJIeJOBa-

TeJIbHOCTH
11 !

72, F, eee g 7_n’ “ee

-3 |-

7
MOXKeT ObITH BhIYMCJIeHA IO dopmyie S, = 6. 7"

7 10. Makapnraen « Asre6pa. 9 KJ.»
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661. Brisegute GopMyJly CYMMbI IE€DPBHIX 7i YWIEHOB ITOCJIEOB&-

TEeJbHOCTHU
1 1 1

1.3 3.5 5.7 " @n-D2n+1) """

662. Hoxasxure, uTO IIpM JIOOOM HATYPAJIBHOM 7i:

1 1 1 1 oa
DT et T 7 T 0 TG y@m D) B+l
1 1 1 n

1 _
1T st 5 9 o B T t@m-3@n+D 1

663. IlocaemoBaTeabHOCTD (a,) 3a/laHA PEKYPPEHTHBIM COOTHOMIE:
HuUeM a, =3, a, =5, a,,,=3a,,, — 2a,. [JokaxuTe, 4TO 3Ty MOCIEN0
BaTeJbHOCTh MOYKHO 3aJaTh GpopmyJoit a, = 2" + 1.

664. lana mocseJoBaTeJbHOCTh (a,), B KOTOpo# a, = 2, 3a,,, =
= 3a, + 1. Jlokaxure, 4TO 9Ty IOCJIEJOBATEJILHOCTL MOJKHO 38JaTh
dopmyoit a, = 2,5-3""! - 0,5.

665. okaxxure, uTo ecam (u,) — IOCHAEIOBATEJIbHOCTL dncesa Du-
foHauyum, T.e. eCaU U, = U, =1, u,=u,_, + u,_, upu n > 2, TO mpH
JI060M 71 BePHO PaBEeHCTBO:

a) i+ uit.o+uwd=u,u,,,.
6)u, tug+u;+ ... +uy | =Uuy.

666. Mausl nociaegoBaTeabHOCTH (a,), Tae a, = 24, u (b,), e
b, = (n + 4)°. IlokaxuTe, 4TO IPH JIOGOM N BEPHO HEPABEHCTBO 4, > b,

667. Mannl nociegoBaTeabHOCTH (C,), TAe ¢, = 2"*%, u (x,), e
x, = 2n + 5. CpaBHMTE ¢; U X, C; ¥ X,, C3 U X3, ¢, 1 X,. Chopmynn-
pyiiTe yTBepKJeHHe U IPOBEJUTE JOKA3aTeJbCTBO.

668. loxaxxure, 4TO:
a)2">2n+ 1,ectun € N, n 2 3;
6)2">n® ectun€N,n 25,

669. okaxure, 4To 1

1
\/I-}-ﬁ'fﬁ*-...

1 1

i~

> /n 1upm Jrobom
n, 6oapiem 1.

670. HokaxuTte, uto ai06oit YieH mocaegoBaTeabHOCTH (a,) Ae
JuTtca Ha 6, ecan:
a)a,=n®+ 17n; 6) a, = n® + 35n.

671. Noxkaxure, uto Ji0Goi1 ymeH mocuaenoBaTeabHoctu (b,), rae
b,=4"+ 15n - 1, genurca Ha 9.

672. Tloxa)kuTe, uTO NIpM JAejieHHH Ha 18 gmo60oro wieHa mocne-
JoBaTesbHOCTH (@,), 3afaHHON Gopmysoit a, = 7" + 12n, B ocraTke
noay4daercsa 1.
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‘/ YNpaxHeHUs oS NOBTOPEHUN

673. PaszyioxuTre HA MHOMKHUTEIN MHOTI'OYJIEH:
a)x®—4x? —x + 4; 6) x® —x2-—x - 2.

674. Peminre ypaBHeHHe
x-2 x+7 _x-5 x+4
x x+3 x-1 x+2°

675. ToxkakuTe, 4TO IOCJIEJOBATEJBHOCTD (X,) ABJIAETCA BO3pa-
CTAIOLIEeH, €CJIH:
_3n-2,
8) %= 7T

6) x,=2" - n.

676. Haiinute o6sacTh onpegeneHnss 1 o6aacTs 3HaYeHU#N GyHK-
UK, 3aaHHOK GopmyJioii:

)
a)y=x2—x’ 6) y = vx — x2.

NN ‘\
R 7  KOHTpOnbHbIE BONPOCHI U 3a/aHUN

1. YKa)xuTe M3BECTHHIE BAM CIIOCOOBI 3aflaHUA NOCJENOBATEIbHO-
creit. IIpuBeguTe MpUMeEpPHI.

2. JlajiTe onpenesleHHe BO3paCTAIOIEH IOCIeIOBATEIbHOCTH; YOBI-
BaoIei mocjiefoBaTeJILHOCTH. IIpuBenuTEe IPUMEDPHI.

3. Kakasa nocyieoBaTeJbHOCTh HA3bIBA€TCA OrPAHUYEHHOM CBep-
Xy; OrpaHMYeHHOH cHM3y; orpannyeHHOH? IIpuBeguTe MpUMep orpa-
HHYEHHOM IO0CJIefOBATEJLHOCTH U TIPMMEpP INOCJIeJOBATEIbHOCTH, KO-
Topas He orpaHNYEeHA HM CBEpXy, HA CHH3Y.

4. ChopMynupyliTe NPUHIUI MaTeMATHYECKON MHAYKIIAH.

APUOMETUHECKASA

§11. /‘\ NMPOrPECCUSA

31. V ApudmMmeTuyeckana nporpeccus.
dopmyna n-ro wneHa
apndMmeTUYeCKOn nporpeccum

PaccMOTpHM mOC/I€[0BATEILHOCTh HATYPAJILHBIX 4Hce)l, KDAaTHHIX 6,
B3ATHIX B NOPAAKEe BO3PACTAHUA:

6, 12, 18, ..., 6n, ....

Kaxap1ii mocaeayoOImuil YieH 3TOM IIOCIeJOBATEJILHOCTHA IIOJyUYaeTCsa
U3 IpeAblAyIero npubaBieHHeM OZHOrO ¥ TOro e umucia. Ilocaexno-
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BATEJILHOCTh TAKOTO BUJA HA3BIBAIOT GPUPMemUUecKoil npozpeccueil
(ot sn1aT. progressia — OBW)KEHHE BIEpen).

OnpepeneHune. ApupMeTHUECKOH NporpeccHeil Ha3sIBaeTca
HOCJEA0BATEILHOCTD, KAKABIH WIeH KOTOpOil, HAYMHAA CO BTOPOr,
PaBeH NpeasigymeMy, CJI0KeHHOMY ¢ OOHHM M TeM e UHCJIOM.

Ecau (a,) — apudmerndeckas nmporpeccus, To pasHOCTb @, ., — 4,
pu J1060M 71 paBHA OJHOMY M TOMY »Ke YHCJIY. ITO YHUCJIO HA3BIBAIOT
pasnocmbio npozpeccuu U 0603HAYAIOT OGBIYHO GYKBOM d (HayaJbHOM
OyKkBOI aHrJMMicKoro cjaoBa difference — pasHoOCTB).

OueBngHo, uto npu d > 0 apubMeTHYeCKasa IPOrPecCHUA ABJIAETCH
BO3pAacCTalomlell MocIef0BaTENbHOCTLIO, a Ipn d < 0 — yGrIBaromeil
nocJaegoBaTeabHoCcThIO. IIpyr d = O Bce uieHbl apudMeTHYECKOM IIpo-
TPECCHUH PaBHBI @;.

BriBegeM (opMysty n-ro 4ieHa apu¢MeTHYECKOil IIPOrpEeCCHH.

W3 onpepenenna apudMeTHUECKO IIPOrPECCUH CIEAYET, UTO:

a,=a, +d,

a;=a,+d=(a,+d)+d=a, + 2d,
a,=a;,+d=(a, +2d)+d=a, +3d,
a,=a,+d=(a, +3d)+d=a, + 4d.

AmnanoruyHo Haiifiem, 410 a¢ = a, + 5d, a, = a, + 6d u . 1. BooGe,
yr0o6B! HaiiTH @,, HAAO K @, NpubaBuTh npousBesenue (n — 1)d, T.e.

a,=a, +(n—1)d.
CnpaBegIHBOCTh BTOT'O YTBEPXKAECHUA MOMKHO JAOKA34Th, MOJb3YACH
METOJOM MATEMATHYECKON HHAYKIIHH.
DopMyay n-ro 4ieHa apudmMeTHIeCKoH

) lo IIPOTPECCHUM MOKHO 3AIIACATH MHAYE: a, =

L’ =dn + (a, — d). Orcroga AcHO, 9TO apudMe-

——Is /:‘7 THYECKasd IPOrpeccUus ABJSAETCA QYHKIU-

I Q{ao_— eit f(n), koTopasa MokeT OBITH 3aJaHa Gop

_16 | mynoii Buna y =kn + I, rae k=d, l=a, - d,
__|4 s T. €. ABJAAETCA JIMHEHHON QYyHKIIHEH.

1 a Ha x0o0opAMHATHO IJIOCKOCTH YJIEHH

_'2 N apudmMeTHYecKoil niporpeccuu (a,) n3obpa-

a, JKAIOTCA TOUKaMH ¢ KoopgurHatamu (1; a,),

5 } > (2; a,), (3; a;) u T.A., pacCIONOKEHHEIMI

a,-4—1-6 Ha paMoii y =kx + I, tme k=d, l =a, - d,

"‘12 Ha OJUHAKOBOM DACCTOSHUHU ADPYT OT ApY-

i N & ra. HanpuMep, 4ileHs apudmeTHUYECKOR

) nporpeccun -3, -1, 1, 3, 5, 7, ... usobpa-

_é JKAIOTCHA TOYKAMHM, PACIIOJNOKEHHBIMH Ha

A npamoii y = kx + I, rne k=2, 1=-3 - 2=-5,

Puc. 91 T. €. Ha IpaAMOil y = 2x — 5 (puc. 91).
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3ameTrnM, 4YTO ecJM JHHeHHaA QYHKUHS 384aHA HA MHOMKECTBE
HATYpaJIbHBIX YHUCEJI, TO 3HAYEHUA, KOTOPLIE OHA IPUHUMAET IIPH Ha-
TYPaJbHBIX 3HAYEHHAX aPryMeHTAa, B3ATHIX B MOPAJKe BO3pacTaHUA,
COCTABJISIOT apudMeTHYEeCKYI0 IIporpeccuio. ledcTBUTEIbHO, B 3TOM
enydae a,,, =(n + 1)k + 1, a, = nk + [, u mostomy a,., — a, = k.

PaccMoTpuM BaXHOe CBOMCTBO apu(dMETHUECKOH IIPOTrPECCHH.

Kaxcowvii wnen apudpmemuveckod npozpeccuu, HaQYUHAR CO 6mO-
pozo, Aénaemca cpedHum apudmemuveckum npedvidyuyezo u no-
credyiowezo wienos.

[elicTBUTENBHO, U3 ONpPEAeNeHUA apuGMEeTHYECKOH IpOrpeccum
BHITEKAeT, 4TO

an_an—l=d’ an+1_an=d'
3HauHT,
a, —a, 1=0,4y — 4y,
a, = Q-1 42“1”1'

Bepuo u ofpaTHoe: ecJiM B ITOCJIEJOBATEJLHOCTH KayKABIA dJIeH,
HAYMHAA CO BTOPOrO, ABJAETCA CPeJHNM apH(PMETHUECKHUM IIpebIAy-
mero M I0CJeAYIOLIEro YICHOB, TO IOCJAEA0BATEIbHOCTS (a,) — apud-
MeTHYecKas TIPOrpeccHs.

B camoMm aene, U3 paBeHCTBa

a,= an-1 ‘; .1
monyyaeM
2an = an—l + an+11
a,-a, ,=0,,,—a,0pan 2 2.
CrenoBaTesIbHO, PABHOCTb MEXAY NPEABIAYIIUM M II0CTeAYIOIINM dile-
HaAMH OCTaeTcd IOCTOSSTHHOH, & 3TO O3HadaeT, 4To (a,) — apud-

MeTHYecKas IIPOrpeccHus.
TakuM o6pa3oM, AOKA3aHO CBOMCTBO, BRIpa)Karolee HeoGXogMMoe
M JOCTATOYHOE YCJOBHE TOr'o, YTO IOCJEAOBATEJbLHOCTb ABJIAETCH

apu(pMeTHYECKOil mporpeccueii:

yucnoeas nocnedosamenbHocmyv A6NAEMCR apudpmemuyieckoul
npozpeccueii mozda u monvko mozda, xozda Kaxcdvi ee WneH, Ha-
YuKRaf cO 8mopozo, ecmb cpednee apudp memunecxKoe npedvidyuyezo
u nocnedyrowezo wnenos.

39T0 CBOMCTBO HA3LIBAIOT XAPAKMEPUCTULECKUM C80ilcmaom apud-

METH4YECKOH NpPOrpecCcHUu.
IlpuBeneM npuMepsl MCIIOJIb30BAHUA PACCMOTPEHHBIX MOHATHH

K CBOMCTB.
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IIpumep 1. UsBectHO, 4uTO (G,) — apubmMeTHYecKas Iporpec-
cus, B KoTopoit a,, _, = 48,5 u a,, ., , = 83,5. Haiigem a,,.

H3 onpeaenenns apudMeTHUeCKON IPOrpPecCHUHU CJefyeT, UTO
8,.,=0, +dn,a,_,=a, — dn, rie d — pa3HOCTb IPOTDECCHH.
Orcrona

a,,,+a, ,=a,+dn+a,~-dn,re.
_ Gmin + Gnon
Ap= =5
3Hauur, a, = 48,5 + 83,5 = 66.

2

IIpumep 2. HoxameM, uTo ecau (a,) — apubMerndeckas Ipo-
rpeccusi, Bce 4JeHbl KOTOPOIl SABJSIOTCS NOJOKHUTEJLHEIMH YUCIAMH,
TO BEPHO DaBEHCTBO:

n-1

1 1 _

OGozHaunM paccMaTpuBaemylo cymMmy S,. OcBoGokxasich B Kax-
Joi Apo6M OT MPPAIMOHAJLHOCTH B 3HaAMeHATeJe, MOJYYUM

_ o - \/E,+\/£—\/a_2+m+\/a—,.—\/ﬁz

@G- @B - G — G-

_ Ve ~ o + oy ~Jaz + ... + Va, ~ Jauy _ JE

d

+ ...+

rie d — pasHOCTb IIPOTPECCHH.
OcBo0OXKAAACH Telleph OT MPPAIIMOHAIBHOCTH B YHCJIUTENE MOJIy-
YyeHHOM ApobH, Halgem, UTO

a, - a =a1+d,(n—1)—a1= n-1 .
Ao, + V&) d(a, + Ya) Ve +a
1 1

IIpumep 3. lokaxxeM, UTO €CJIH YucjIa AB-

b+c’ a+c’ b+a

JIAIOTCA TpeMs NOCJeJOBATEIbHBIMHA YWIeHaMH apudpMeTHUYecKOH mpo-
rpeccun, To uucaa a?, b?, ¢ TakiKe SABJAIOTCA TpeMdA IOCJIENOBA-
TEeJBHBIMHM YIEHAMH apudMeTHUYecKOH Iporpeccuu.

M3 xapaKTepHCTHYECKOTO CBOHCTBA apHuMeTHUIeCKO! NMPOrpecCuu
cJaenyer, 4TO

111, 1
a+c 2\b+c a+bd/
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Orciona
2b+c)a+b)=(@+cla+b)+(a+c)b+ o),
2ab + 2ac + 262 + 2bc =a* + ac +ab + be + ab + bc + ac + ¢%, T. e.

2b% = @ + ¢?,
a® + ¢
="

B cuny xapaKTepHCTHYECKOrO CBOMCTBA apH(dpMeTHUECKON IPO-
rpecCHH MOJIyYeHHOEe PABEHCTBO O3HAYaeT, 4yTo umciaa a?, b?, c¢? as-
JAI0TCA IMOCJIeIOBATEILHBIMY YJI€HAMH apAU(PMETHUECKON MPOTrPEeCCHH.

677. UsBecTHO, uTO (@,) — apudMeTnyecKas NpOrpeccus, pa3HOCTb
xoropoit paBHa d. SIBndeTcss AU apudMeTHUECKO# Hporpeccueil mo-
CJIe0BATEILHOCTD, U €CJIM g8, TO KAKOBa €€ PasHOCTh:

a) Ay, Ayy Agy ov s ANy ouu '}

6) —a,, —a;, -3y ..., —Q,, ...}

B) a, ai, di, ..., a, ...;

r) na,, na,, nas, ..., NQ,, ...;

nNa, +1,a,+2,a,+3,...,a,+n,..;

678. Haiignre uieHbl apudMeTnuecKoil mporpeccuu, oGO3HAUYEH-
Hhle GyKBaMu
a,, a,, 6, a, a;, 48, a,, ....

679. MoryT Jm cocTaBAATh apu(PMETHUIYECKYIO IIPOTPECCHIO:
4) IIMHBEI CTOPOH M NEPHMETD TPEYTOJbHUKA;
0) AMHHBI CTOPOH MPAMOYTOJBHOI'O TPEYroJbHUKA?

680. Uncso 17 BcTpeuaerca B KaXKAoi uM3 apudMeTHUYECKNX IPO-
rpeccuit (a,) u (b,):
5, 8, 11, 14, 17, ..., a,, ...,
9, 17, 25, 33, ..., b,, ....
VrkakuTe ciaeayooiee UNCJI0, KOTOPOe BCTpedYaeTcss B 0GeMX Hpo-
rpeccusiX, A MeCTO, Ha KOTOPOM OHO 3alMCaHO B KaXXJOH M3 HHUX.

681. N3BecTHO, uTO (@,) — apudMeTHUeCKas IPOrpeccusi, B KO-
Topoit @, = 6, d = 8, a (b,) — apudmeruyeckas mporpeccusi, B Ko-
topoit b, = 2, d = 3. Kakaasa U3 mocie0BaTeIbHOCTE! COLEPYKHUT IO
40 unenos. HaliguTe Bce OAMHAKOBLIE UJIeHBI IIOCJAEJLOBATEJIbHOCTEM.

682. Mexxay uuciamMu 14 u 2 BCTaBbTE CEMb YHUCEJ, KOTOPBIE BMe-
CTe ¢ JAHHBIMM YHUCJIAMH COCTABAT apU(MEeTHUYECKYIO IIPOTPECCHIO.



200 Fnasa 4. MNocnenosaTrenbHOCTH

683. Mexay uuciaaMu 2 U 42 BCTAaBbTE HECKOJBKO YHCEJ, KOTO-
pble BMeCTe ¢ AAHHBIMH YHCJIaMH 06pa3yloT apu(dMeTHYECKYIOo IIpo-
rpeccHIn, ecjHd M3BECTHO, YTO CYMMa IEPBOr0, BTOPOI'O M IIOCJIEIHEr0
M3 BCTaBJeHHBIX YHCEJ paBHA 56.

684. Moryr ju ObITh uIeHaMH ORHOI apudMeTHUEeCKO# Iporpec-
cuy (He 06A3aTEIBHO TIOCIEROBATEIbHBIMHU) YHCIIA:

8) V2, V8, V128;  6)3, 5, 77

685. fiBnserca au apudMeTHUECKOR Hporpeccueil mociaenosa-
TeJBLHOCTE (a,), 3amanHas HopMyJIoii:

a)a,=1-0,6n; 6) a, = ";4; B) a, = n(n + 2)?

HpH MNOJIOKHUTEJIBHOM OTBETEC YKaXXHNT€ PAa3HOCTh IIPOTrpECCHH.

686. B apn(pmerndecKkoil nporpeccuu BTOPOii 4ieH paBeH 4,8, a me-
croit — 10,8. YKaxuTe HoMepa YWIEHOB IPOTPECCUH, TPUHAAJIEHKALIIHUX
npomexRyTKy (20; 50).

687. CKOJIBKO OTPUIIATEJBHBIX YJIEHOB CONEPIKUT apubMeTndecKas
nporpeccus

-26, —24,5, -23, ...?

688. B apudmernueckoil nporpeccuu % = % Hokasxxure, 4to
3

a; = 4a,.

689. Cymma mepBBIX Tpex WieHOB yObIBalomeil apudMeTudeckoi
nmporpeccuu paBHa 9, a cymMMa UX KBagpaToB paBHa 99. Haiinure ns-
THIH YJIeH IIPOrPECCHH.

690. NUsBecTHO, uTO (@,) — BO3pacTaroIasa apubMeTHYECKasa Mpo-
rpeccud, B KOTODO#i a, - a, = 45, a, - a; = 77. Haligure nepBbie YeThIpe
YIeHa 3TOH IPOrpeccuH.

691. N306pa3uTe Ha KOOPAUHATHOM IIJIOCKOCTH NEPBbIE IIECTh e
HOB apu¢mMerndyeckoil nporpeccunu —3, —1,5; 0, ... . Hanuniure ypas-
HeHHe NPAMONA, Ha KOTOPOH JIeXKAT IMOCTPOEHHBLIE TOUKH.

692. IlocnemoBarenbHocTh (a,) — apudMerndeckasi Imporpeccus,
B KOTOpoi#t a, + a; =6, a; - a, = —11,25. Haiinure nepBble 1I1€CTh WICHOB
nporpeccuy, n3o6pa3uTe MX TOYKAMH Ha KOOPAMHATHOM IIJIOCKOCTH
W HANMIIWTE YpaBHeHUe IIPAMOM, Ha KOTOPOM JIeKaT 3TH TOYKH.

693. IIpy KakKux 3HAYeHMAX x yueaa x2 — 3, 2x2 + 1 u x* + 1,
B3ATHIe B YKA3AHHOM IOPALKE, ABIAIOTCA TPEMA IOCJIef0BaTEIbHEIMI
ujeHaMu apudMeTHuyecKoil nporpeccuu?
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694. Joxakure, YTO €CJaM YHUCIA 4, b, ¢ — TPH MOCIELOBATE]b-
HHX WieHa apudMeTHYECKON mporpeccuu, To uucia a? + ab + b?,
@+ ac + ¢?, b® + bc + c® TaKKe ABIAIOTCA TPEMsA I0CTEAOBATENb-
HHMH YJeHaM¥ apu(MeTHYEeCKOH MpPOorpeccHH.

\
[T T ’/ YnpaxHeHus O/i1 NOBTOPEHUN

695. I3 noceaka B ropoJ, paccToOAHUE A0 KoToporo pasHo 10,5 kM,
Bumen nemexon. Yepes 30 MUH BeJleZ 3a HUM OTIPaBUJICA U3 IOCEJI-
Ka CO0 CKOPOCTBIO 4 KM/4 APYTroii NelIexos, KOTOpbId JOTHAJ IIepPBOTO,
nepegaj eMy 3aOBITHIM IIaKeT M TOTYac HOBepHYJ obpaTHo. Haigute
CKOPOCTH IIepBOTO IellleXoha, eCJIM U3BeCTHO, YTO OH IIPHILEN B TOPOX
B TOT MOMEHT, KOT/Ia BTOPOIl BEpPHYJICA B IIOCEJIOK.

696. PemuniTe HepaBeHCTBO:

¥ -8x2-x+8 B -xt+x-1
3) x+6 > 0; 6) 3x + 4 <0.

697. B kakuX KOODAWHATHHIX YE€TBEPTAX PaCHOJIOXKeH Tpaduk
byHKIKH:
a)y=|x®— 2x — 15|; 6) y = x* — 4|x| - 5?2

32. \‘/ CyMma nepBbix N 4neHoB
apudmMeTnyecKkon nporpeccummn

BriBesmeM GopMyNy CyMMEI MEpBBHIX 7 WIEHOB apudMeTHUYecKoil
mporpeccu¥. A 3TOro mpegBapMTENBbHO JOKaXXeM CBOWCTBO apub-
MEeTHYECKOHM IIpOTpPeccHH:

echu a, — apupmemuieckan npozpeccug u p + m =k + 1,
2de p, m, k, | — namypanvhoie Yucaa, mo a, + a, =a, + a,

JeiicTBUTENIBHO, TYCTh d — Pa3HOCTh IIPOTPECCHH, TOTAa
a,ta,=a, +dp-1)+a, +dim-1)=2a,+d@p+m-2),
a,+a,=a,+dk—-1)+a, +d(l-1)=2a, +dk +1-2).
Tak xkak p+ m=k + 1, 002, + @, =qa, + a,

W3 moxaszaHHOTO CBOMCTBA CJIEAYET, UTO B KOHeUHO# apudmeTH-

YeCKOM MPOrpecCHH CyMMa 4YJIEHOB, PaBHOYZJAJIEHHBIX OT KpaWHUX
WIEHOB, PABHA CyMMe KPailHUX YJeHOB. BO3MOXKHO, YTO C 3TMM CBO¥-
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CTBOM CBA3aHA HCTOPMA, KOTODYIO PacCKasbIBAIOT 06 M3BECTHOM He-
MenkoM MaremaTuke Kapie IM'aycce (1777—1855 rr.). Koraa yyeHukn
TpeThero Kjacca IOJYYMIM 3aJaHue — HAWTH CyMMY BceX HaTypalb-
HbIX ymnces ot 1 go 100 BkawounTeNnbHO, MaNenbKUil Kapy, K yaubte-
HUIO YYHTeJId, MOMEHTAJBHO IMOoZOLIe] ¢ roToBbIM oTBetroM: 5050.
MoXHO IIPEAIOoJIOKUTD, YTO OH 3aMETHJI, UTO Kaxkaada us cymm 1 + 100,
2+99,3+ 98 ur. g paBua 101, a takux cyMm Bcero 50.

Temepb MOXXHO BbIBECTH (OPMYJIY CYMMBI IEPBBIX 71 YJI€HOB apud-
MeTHYeCKoil IIpoTrpeccHH.

O6o3nauuM uepes S, CyMMy IEpBBIX 71 WIEHOB apubMeTHYECKOH
nporpeccuu (@,) M BBHINUIIEM ABa PABEHCTBAa, PacIojaras B IIeDBOM
ciyyae 4JeHBbI IIPOTPECCHM B MOPAJKEe BO3PACTAHUA MX HOMEDOB, a BO
BTOPOM — B TOpPAJKe YOLIBAHUA HOMEpOB:

S.,=a,+a,+a;+...+a,_ ,+a,_,+a,
S.=a,+a, ,ta, ,+..+a;+a,+a.

CxJazbIBaA 3TH PABEHCTBA M I'PYNIHUDPYA IONAPDHO CJiaraemkle,
TONYYNM

2S,=(@, +ta)+(@,+a, ))+(@+a, ,)+..+
+(a,., + a3 +(a,_, +a;) + (a, + a).

B xaxkmo#t U3 ckoGoK 3ammcaHa CyMMa, paBHas CyMMe g, + a,.
Bcero rakux cko6ox n. CiaemosaTesbHO,

28, =(a, + a))n,

S, = 21_;_& . n.
Ms1 nonyunan ¢popMysay CyMMBI NEPBBIX 71 4JE€HOB apudMeTH-
YeCKOM IIPOTpeccHH.
@opMyNy CYMMEI IIePBHIX 7 WIEHOB apudMeTHYeCKOH IIPOTrpecCHn
(a,) MoxxHO 3amucaTh B ApyroM Buze. Boipasus a, uepes a, u d, rge
d — pa3HOCThH MPOTPECCHM, NOJYIHM:

S, = a1+a12d(n-1)_n,

S, = 2a,+¢;(n—1) ‘n

IIpuBegeM npuMepbl IpUMeHEHUA (GOPMYJIbI CYMMBI IIEPBBIX 71 YJIEHOB
apudMeTHYEeCKOH IIPOIDECCHH.

IIpumep 1. HaiifeM cyMMy BceX ABY3HAUHBIX YMCeJI, JAIOIUX
npu gejseHuMm Ha 6 ocraTok 1.
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JBysHauHble YKcJIa, AAlOIINe IIPU AejieHNH Ha 6 ocraTok 1, obpa-
3y10T apupMeTHYECKYIO IPOrPecCcHIo

13, 19, ..., 97,
pasHocTh d KOTOpOit paBHa 6.
OnpegennM cHauasa YuCiIO wieHoB nporpeccuu. Ilo dopmyse n-ro
ywreHa HaXOAHUM, UTO
97=13 + 6(n - 1),
6n = 90,
n =15.
IIo dopmyne cyMMBI HEPBLIX 7 YJeHOB apudMeTHUYECKOH mpo-
rpecCHH HAXOAUM, UTO

8= 2197 15 - 825.

Ilpumep 2. JlokaxkeM, uTO ecI¥ B apH(dpMeTHUecKoll mporpec-
CHi CyMMa IIE€pPBLIX D YJICHOB DaBH& CyMMe IIePBBIX /M YJI€HOB, rje
m # p, TO CyMMa TMEPBLIX P + M YJIEHOB PABHA HYJIIO.

IlycTs @, — nepBbIi WieH mporpeccHH, d — DPa3HOCTH IIporpec-
cun. Torza mo ¢opMysie CyMMEI TePBBIX N YJI€HOB apHdMeTHyecKoi
OpOrpeccHH:

20 + d(p-1 20 +dim -1
Sp=—1+2—)-p, S,,,=——+—?——)~m,
2, m-1
S,im= 1+d(pz+ )-(p+m).

Ilo ycmosuio S, = S, T. e.
-1 2, + -1
?a1+c;(p ).p= A dém ) . m

Orcoaa
2a,p + dp(p — 1) = 2a,m + dm(m - 1),
2a,(p—-m)+d@p*-p-m*+m)=0,
2a,(p-m)+dp-m)p+m-—-1)=0,
(® — m)2a, +d(p+m-1)]=0.
Tax KaK 0 YCJOBHIO 3844y P # M, TO U3 DTOrO PaBEHCTBa CJie-
JyeT, 4To
2, +dp+m-1)=0,
a aTo O3Hauaer, 4To S,,, = 0.

698. Ilpu cBOGOAHOM MAZEHUH TEJIO B IEPBYIO CEKYHAY NMPOXOAUT
4,9 M, a B KOXAYIO claeayoiyo Ha 9,8 M GoJblie, YeM B IPEABIAYINYIO.
Kakxoe paccrosHue mpoiier cBoGOLHO majaloliee Teyao 3a 9 cekyHa?
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699. durypa cocrasieHa u3 mpa-
BUJIBHBIX III€CTUYTOJBHUKOB TaK, YTO B
BepXHEM pAAY HAXOJUTCS OAMH IIECTH-
YTrOJBHUK, 8 B KaXXJOM CJeAYIOImeM
pPAAY Ha OAWH IIECTHUYTOJbHUK GoJblile,
yeM B npeaslaymeM (puc. 92). Uasect-
HO, YTO AJA COCTABJIeHHS GUTYDH
norpe6oBaJIOCh 45 MIECTHYTOJBHHUKOB.
B ckonbKHX psafax pasMeIeHbl [IIeCTH-

YroJIbHUKHN?
Puc. 92

700. Haiignre cymMmy:

a) BceX ABY3HAYHBIX HATYPaAJbHBLIX UMCEN;

0) Bcex ABY3HAYHBIX YMCeJ, KPATHBIX 3;

B) Bcex ILeJbIX YKcea oT —27 10 5 BKJIIOYKUTENBHO;

T') BceX IeJBIX YHces, Ooabimux —25, HO MeHbIINX 25, JaImuXx IpH
AeJIeHUM Ha D ocTaToK 1.

701. 3agaiiTe dopMyJIOi Nn-TO UiIE€HA MOCJIELOBATEIbHOCTh:
a) TPeyroJIbHBIX YHCEJ; 6) IATHYrOJbHBIX YHCeEJI.

702. IIpoBsepbTe MpaBUAbLHOCTS yTBepkaeHus [InodanTa (III B. H. 3.):
€C/IH @ — HEKOTOpoe TpeyrojbHOe YHUCJIOo, TO 8a + 1 — KBaapaTHoe
YHMCIIO.

703. Ilonpaysich METOAOM MATeMaTH4YeCKON MHAYKIUH, HOKAMKHUTE,
yTto echau (a,) — apudmMeTHyecKas mMporpeccus, TO

an=a1+d(n—1),Sn=W-n.

704. B apndMeTnyeckoit mporpeccuu (a,) HaiguTe:
aynmna, ecuma, =-12,d=1,5, S, = 13,5;
6)nua,emmna,=-75,d=-2,5,8,="75.

705. Haiigure cyMMy 4JIeHOB apudMeTHYeCKON IpOrpeccHu:
a) —3,2; —2,4; ..., He IpeBOCXOAAINX 24;

6) 12,5; 11,9; ..., 6oapmux, yem —1.

706. Haitqute x, 3HadA, YTO cJaraeMble B JIEBOM YacTH ypaBHEHUS
COCTABJAIOT apudMeTHYECKYIO ITPOrPeCcCHIO:
a)2+8+ 14 + ... + x = 184; 6)5+8+ 11+ ... + x=185.

707. Haiigure x U3 ypaBHEHHdA, €CJIM M3BECTHO, YTO ITOKa3aTeJN
cTelleHeil MHOKHTEJIEH COCTABJIAIOT apudMeTHUYECKYIO IIPOrPeCcCHIo:

a) 22-24.28. ... 2% = (0,25)%,
6) 5% 55 5. ... 5% = (0,008)%.
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708. B apudmMerrHueckoit nporpeccuu (a,) Halgure:
a) S, eciu a; + a,, = 12; 6) Sy, ecut @, + a;; = 9.

709. UaBectHO, uTO (x,) — apudMeTHYeCKas MPOrpecCHd, B KO-
Topoit x, = 7, x,; = 63. Haiigure x,; ¥ CyMMy 4YJIEHOB ¢ TPMHAAIIATOTO
IO ABAAUATE HATHIA BKJIIOYHTENBHO.

710. B apudMeTnyecKoil MporpecCUu ¢ HEYETHBIM YHCJIOM YJIEHOB
cpexHuil wieH paBeH 17, a cyMMa Bcex cyiaraemMbIx Ha 112 Gosblire ux
uyrcna. HaliguTe 9KC/IO WIEHOB IPOTrpecCHH.

711. IlocnemoBarensHocTh (a,) 3amana dopMyJoit a, = 2,5n + 2.
HaiiguTe cyMMy 4JIEHOB IIOCJIELOBATEJBHOCTH ¢ OAUHHAAUATOrO II0
JBAAUATHIA BKJIIOYMTEJIBHO.

712, fInserca nu apudpMerHUYecKoil mporpeccHeil ImociexoBa-
TeJbHOCTH (C,), CyMMa TEPBBIX 71 YJIEHOB KOTOPOIN BBIYMCISETCA II0

dopmyte:
8) 8, =3n% — n; 6) S, =n - n¥% B) S, = n%+ 2n?
IIpH mOJIOKUTEILHOM OTBETE YK&AXKHTE PA3HOCTL IIPOrDECCHH.

713. B aputdmeTnyeckoil nporpeccun (a,) Haitgute a, ¥ d, ecau:
a) 2 =2, 8, ="72; 6) 2 =1,5, S, = 156.
a¢ as

714. B apudmernyeckoit mporpeccuu (a,) HaiauTe as, eciuu:
a) S, =22, S, = 92; 6) S, = -39, S, = —-21.

715. B apudmeTnueckoil mporpeccun, cogep:kaieit 12 uyneHos,
cymMa uwieHoB paBHa 168. Haligure mepBblit 4ieH M Da3HOCTH IIPO-
rpeccHH, €cJIH M3BECTHO, YTO CyMMa YJI€HOB C YeTHBIMM HOMepaMu
OTHOCHTCHA K CyMMe YJIeHOB C He4yeTHHIMH HoMepaMu kKak 13 : 15.

716. UsBecTHO, uTO (@,) — apudMeTHyeckad nporpeccus, B KO-
Topoit a? + aZ + aZ =93, S; = 57. Haiigure a, u d.

717. B apudmeTnyeckoit nporpeccun (a,) Haigute @, ¥ d, ecan
H3BECTHO, 4YTO a,a,a; = 280, S; = 50.

718. HaiiguTe unciio n 4jieHOB apudMeTHYeCKON nporpeccuu (a,),
ecJIn:

a + as = 36, a =21,
a) S = 93, 6) {S, = 36,

a, +a + as = 89; S, = 300.
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719. UsBecTHo, uTO (@,) — apudmMerHueckas nporpeccud, (S,) —
TI0CJIEIOBATEJILHOCTh CYMM IIEDPBBIX 71 €€ YJIEeHOB. JJoOKaKuTe, YTO ecjd
YJIeHHI IIOCJIeNOBATEIBHOCTH (a,) N300paKaloTCA TOUYKaMH, IIpUHALJIe-
JKANTAMYA OpaAMOil y = 2x — 3, TO WiIeHHI IIocleAoBaTeIbHOCTH (S,) Hu30-
O6pa’kaloTcs TOYKAMH, NMPUHAAJeKAI[UMH napabose y = x? — 2x.

RN
1T

\
’/ YnpaxHeHua gna NOBTOPEHUS

R

720. PemnTte cucTeMy YpaBHEHMIA:
) xy + 2x% + 2y% = 120, 5 x% + 4xy = 5,
? xy — x% — y* = -39; y? — 6xy = 31.

721. IIpy KaKOM YCJIOBUM KODHM YpaBHEHHHA
1-a®))x2+2ax-1=0
npuHamIexaT npomekyrky (0; 1)?

10
722. HaiiguTe NpoMeXyTKN MOHOTOHHOCTH QYHKIHNH Y = %

H onpegeJNTe XxapakKktTep MOHOTOHHOCTH (I)YHKILHH B KQXKJIOM M3 HHX.

‘/ KOoHTpO/nbHbIe BONPOCHI U 3afaHUfA

1. ChopmynupyiiTe onpenenenne apupMeTHUYECKOH IIPOrpecCUH.
BriBepuTe GopmMysny n-ro 4dieHa.

2. ChopmynupyiiTe 1 NOKaXHUTe XapaKTePHCTHYEeCKoe CBOHCTBO
apupMeTHUYEeCKOi IIPOTpecCHH.

3. BeiBeanTe hopMyIsTy CyMMBI IIEPBHIX 72 YJIEHOB apubMeTHYECKOM
nporpeccuu. A apudMeTHUECKO Iporpeccuu HaiZUTe CyMMY

YJIEHOB C ILIECTHALLIATOrO IO ABAAIATH LIECTOM BKJIOYHWTEJIbHO, €CJIH
a, =27, a,=9,3.

FEOMETPUYECKAHA
§12. A NPOrPECCUSA
33. \/ feomeTpuyeckan nporpeccus.

dopmyna n-ro uneHa
reoMeTpuyeckon nporpeccum

B nocanenoBatennHOCTH (b,) AECATHYHBIX ApoOen
0,5, 0,05, 0,005, 0,0005, ...,

rae b, = 5-(0,1)", raxapI# TOCHEAYIOMUNA YJIEH IIOJIyYaeTcs U3 IIpe-
IBIAYINET0 YMHOXKEHHEM Ha OJHO M TO Ke 4yuciyo, pasHoe 0,1. Ora
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OOCJEeA0BATEIbHOCTh SABJAETCA IIPHMEPOM ZeoMempuyecKoll npo-
zpeccuu.

Onpegeneunne. 'eomeTpuuecKkol mporpeccueii HassBaeTCHd
TMOCJIENOBATENLHOCTE OTAMYHBIX OT HYJA YHCEN, KaXKAbIH YJIeH KO-

TOpOii, HAYMHAA CO BTOPOr0, paBeH MpeabIIyIeMy, YMHOXKEHHOMY Ha
OTHO M TO K€ UMCJIO.

brnl

b
b, # 0, npy J1060M 1 paBHO OZHOMY M TOMY K€ YHCJY. JTO YHCJIO Ha-
3LIBAIOT 3HAMEHAMeNeM zeOMempuieckoil Iporpeccu U 0603HAYAIOT
o6bryHO OykBOI ¢ (HayasbHag OyKBa aHTJIMHACKOTO cJIoBa quotient —
yactHoe). OueBupgHO, uTO q # 0.

IIpu g > 0 Bce 4JIeHBI TeOMETPHYECKO MPOrPECCHM MMEIOT TOT YKe
3HAK, YTO ¥ MePBHIH 4YJieH, a IpH ¢ < 0 3HaKM YJIeHOB reOMeTpHYecKoi
OPOTPEeCCUM YepeAyIOTCH.

OueBugHo, 4TO ecam b, > 0, To mpu ¢ > 1 reomerpuyeckas Upo-
rpeccus (b,) ABIAETCA BO3PACTAIONIEH MOCIeNOBATEJBLHOCTHIO, 8 IPH
0 < g <1 — y6uiBatomeit. Ecau b, < 0, To npu ¢ > 1 reomerpnyeckas
oporpeccus (b,) siBnserca yOeiBawIleil mocjef0BaTENbHOCTHIO, & IPH
0 < ¢ <1 — Boaspacrarouieil.

BuisegeM GopMysy n-ro 4jeHa reoMeTpHYeCKO# IpOTpecCHH.

U3 oupegeseHNsas TeOMeTPHYECKON IpPOIpecCHH CJEeAYeT, YTO:

Ecnu (b,) — reomerpHyeckas Iporpeccus, TO YACTHOE , Tae

b, = b,

b; = byq = (b,q)q = b,¢%,
by = byq = (b,q%)g = b,q°,
bs = byq = (b,q°)g = b,q*.

AnanornuaeiM o6pasom Haiigem, uto bg = b,¢°, b, = b,¢® ur. A.
Boob6itie uTo6H1 HaiiTH b,, HAXO b, YMHOXKHTE Ha ¢"~ !, T. e.

b, =b,qg" L.

CrpaBeAJINBOCTD 3TOT'0 YTBEPKAEHUA MOXKHO JOKa3aTh, IOJIL3YACH
MEeTOZOM MaTeMAaTHYEeCKON HHAYKIINH.

®opmyJy n-ro 4jeHa reoMeTpH4YecKoOd IMPOrpecCHM MOXKHO 3alH-
caTh B BHuae b, = % - @". Orcioma ACHO, YTO TeOMeTpPHYEeCKasd IPorpeccus
opeacTaBisieT coboil mociefoBaTeNabHOCTS (b,), KoTOpasa 3axaerca Gop-
MyJsioi Buja b, = ca”, Te ¢ ¥ a — HeKOTOpHIe YHUCJIa, He paBHBIE HYJIO.
BepHo 1 o6paTHOe: ec/IK mOCIef0BaTeNILHOCTH 3aaHa opMyJioli BuAa
b, = ca", rae ¢ ¥ @ — HEKOTOphle OTVIMYHbIE OT HYJIA YMCJa, TO 3Ta 10~
CJIeIOBATEJILHOCTD SIBJISETCA TeOMeTpHYecKoi mporpeccueii. [eiicteu-

n at1 bui1 _ ca™!
TeNILHO, M3 PABEHCTB b, = ca” u b, ,, = ca”*! moiydaem —— =~
n

=a.
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3HaYMT, MOCJeNOBaTeJbHOCTD (b,) — reoMeTrpuuecKas IPOrDECCHA CO
3HAMEHATeJIEM a.

PaccMOTpuUM Temeps CBOMCTBO reOMeTPMYECKOH IIPOrpecCHH.

W3 onpesenenns: reoMeTpuuyecKoil IPOrpecCHH CJIELYeT, YTO eCH

(b,) — reomerpuueckas mporpeccus, To b, =b,_,q, b,,, = b,q, npuuem

uyucnaa b,_,, b,, b,,, OTJINYHEI OT HyAA. 3HAYNT,

b,, — bn+1
bn—l bn )
Orcroza
b?l = bnAl : bn+1'

Takum o6pa3om, Mbl YCTAHOBMIIHM ClIefyIollee CBOHCTBO: ecau no-
cnedosamenbHOCMb A6NLAEMCR ZeOMeMPULeCKOU npozpeccuel, mo
xeéadpam n106020 ee urena, HAYUHAR CO 6MOpPOZ0O, PAGEH NPO-
u3eedenuio npedvidyuiezo u nocnedyrouiezo “1eHo6.

CnpaBeziuBo M oOpaTHOe: ecJiM MOCJeAOBaTeJbLHOCTh (b,) uucel,
OTJIMYHBIX OT HyJd, 00Jafaer TeM cBoicTBOM, urto b? =b, - b, IpH
Jio6oM n 2 2, TO 9Ta MOCJAEAOBATEIbHOCTE — TeOMEeTPHYecKas Mmpo-
rpeccus.

Heitcreurensro, ecnu b2 = b, ;- b,,, Npu J060M n, IpUYEM YH-

_ +1
cra b,_,, b,, b, ., OTIUYHEI OT HYJHA, TO 5., b, ' T-e.OTHOLIeHue

J1000T0 WieHa mocjefoBaTeJbHOCTH (b,) K NpeAbIAYIIEMY UYIEHY paB-
HO OZHOMY M TOMY JKe YHCJY, & 9TO o3HayaeT, 4To (b,) — reomerpu-
YyecKas Iporpeccus.

HNrak, paccMOTpeHHOe CBOMCTBO BhIpakaeT HeoOXozumoe M I0-
CTATOYHOE YCJIOBHE TOT'O, YTO IIOCJEZOBATEJbHOCTh OTIMYHBLIX OT HYJA
yuceJl NpeAcTaBiasieT cob0i reoMeTPHUYECKYIO IIPOTPECCHIO, T. €. ABJA-
eTCA Xapaxmepucmuieckum ceoiicmeom reoOMeTpUYeCKOi IIPOrpeccHH.

Tak xak paBeHCTBO

blzl = bn—l ’ bn+17

rae b, _,, b,, b, ., — OTIMYHBIE OT HYJIA YMCJIa, PABHOCUJILHO DaBEHCTBY

|bn| = \jbn—l : bn+1v

TO X8PA&KTePHCTHYEeCKOe CBOMCTBO reOMEeTPHYECKOH IIPOrpecCUH MOXK-
HO COpPMYJIUPOBATH TaK:

YUCLO6AA NOCLEA06AMENLBHOCD, LIEHbL KOTMOPOU OMAULHL OM
HYRA, AGNREMCA 2e0MeMPUeECKOU npozpeccuell mozoa u Mmoavko
mozda, kozda modynv 1106020 ee LieHaA, HAYUHAR CO 6MOPO2O, ECMb
cpednee zeomempuieckoe npedvidyusezo u nocredyrousezo Wnero0E.
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ITHM U O0BSICHAETCHA HA3BAHHE «TE€OMETPHYECKAd MPOTPECCHA».
Jloxa:KeM Teneph CIPaBeNIUBOCTh eIle OJHOTO CBOMCTBA:

ecau (b,) — zeomempuueckan npozpeccur u p + m =k + 1, 20e
p,m, k, 1 — namypanvusvie wucna, mo b,-b, =b,- b,

JlelicTBUTEIBHO, IYCTh ¢ — 3HAMEHATEJ]b IIPOT'DECCHH, TOTAa
by bn=big?"l-bign "t = bigPt R,
— k-1 -1 _ 2 k+1-2
by-b,=bg"" " -byg ' = biq .

Tax xaxk p+ m=k + 1, T0 b, b, = b, b,
IToxkasxeM Ha mpuMepax, KaK HCIOJbL3VIOTCA PACCMOTPEHHBIE II0-
HATHA U CBOMCTBA.

IlIpumep 1. B apudMeruueckoil U reoMmeTpUuecKkoi nmporpeccu-
AX BCe YIEHBI IIOJIOKUTEJILHBI M NEePBBIHl 4JeH KaXKA0il U3 mporpec-
cuit pasen 5. Bropoil unen apndpMeTHUeckoil mporpeccuu Ha 2 6oJIb-
Ile BTOPOTO 4YJleHa TeOMEeTpHuYecKOl mporpeccHMy, a TpeTH#l 4YJieH
apupMeTHUYECKONH nporpeccu Ha 16 MeHbIIe TpeThero 4JeHa
reomeTpuuyeckoi nmporpeccun. HalizeM mepBble TPH YJieHAa KaXKIOH
IPOrpecCHuH.

IIycTs pasHocTh apudMeTudeckoit nmporpeccuu paBHa d. Torga
nepBble TPH ee uJieHa paBHBEI 5, 5 + d, 5 + 2d. B reoMeTpuueckoii
OpOTPECCHM IIEePBBIX 4JieH paBeH 5, a BTopoit — paseH (b + d) — 2,
7. e. 3 + d. 3HayuT, 3HAMEHAaTeJIb TeOMETPNYECKOM IIPOrPecCCHM pPaBeH

2
8 g d, a ee Tpernil ureH paseH (3 + d)- 3 E d, T. €. @ IIo ye-
JIOBHIO TpeTH wieH apudMeTHUecKoil nporpeccun Ha 16 MeHble Tpe-
ThEro 4jieHa TeoMeTPHYEeCKO! Mporpeccum, T. e.

d 2
&5_) ~ (5 + 2d) = 16.
Pelns nmonyuyeHHoe ypaBHeHUe, HAM/IEM, YTO OHO KMEET [Ba KOPHA:
-8 1 12. Tak Kak B II0CJIEJOBATEJBHOCTAX BCE YJICHBI MOJIOXKUTEJbHEI,
TO YCJOBHIO 38J84YM YAOBJIETBOPAET TOJBKO BTOPOM KOPEHb.
Hrax, uckomsle unciaa 5, 17, 29 u 5, 15, 45.

IIpumep 2. Haiigem pasHocTh yObIBamIneit apudmernueckoit
OPOTpecCHH, eCJI M3BeCTHO, YTO IEPBLIA ee YjieH paBeH 3, a KBaJpa-
ThI IIEPBBIX TPEX YJIEHOB COCTABJIAIOT M€OMETPHYECKYIO IIPOrPeccHIo.

IIycTs pasHocTh apmdMeTHueckoit nporpeccuu paBHa d. Torza
nepBble TPM ee uJeHa paBHHI 3, 3 + d, 3 + 2d. ITo ycnoBmio uncaa 37,
(3 + d)?, (8 + 2d)? cocTaBnAIOT reoMeTpHYecKylo mporpeccuio. ITo cBoii-
CTBY reoMeTPHYeCcKOi Iporpeccun

(8 + d)' = 9(8 + 2d)°.
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Pemasa cocraBiieHHOe YpaBHEHHNe, Haﬁ}.‘[eM, 4qToO
B +d) - 93+ 2d)* =0,
9+6d+d*—9-6d)9+6d+d>+9+6d)=
d*(d®> +12d + 18) =0

dy=0,d,=—-6 - 18, d; =6 + /18.

ITo ycnoBuio 3agayu aprudMeTHYECKAA IPOTPECCUSA ABJIAETCH YORI-
Balorieil. 3HaYNT, ee pasHOCThL paBHa —6 — 18 wuau —6 + 18.

Orciona

ITpumep 3. HoxakeM, uTo ecau (x,) — reoMeTpuUuyecKas Ipo-
rpeccus, B KOoTOpo# x, =@, x,, = b, x,, = ¢, TO
b(b? — a?) = a¥(c - b).
Ilycts ¢ — 3HaMeHaTes b reOMeTPUYECKOH mporpeccun. U3 ompe-
JleJICHUSA TeOMETPHYECKOA ITPOTDECCUM CHERYEeT, YTO Xp, = X,q", X4, =
= x,,4%", T.e. b = aq", ¢ = bg*. Orciona

Qo

= an.

o

=q",

3uayur, \
I_c) = (3—) , T.e. b® = a’c.

Briunrtas us obenx yacreil pasenctsa b® = a’c mo a’b, noayumnm:
b® — a% = a’c - a’,
b(b% — a?) = a®(c — b),
4TO U TpefoBaJIOCh HOKA3ATh.

723. IlocnepoBaTenbHOCTH (b,) — reoMeTpHYecKasl MPOTPeCCHS.
HBJmeTcs JI TeOMEeTPUYEeCKO#l mporpeccueil mocjef0BaTEeIbLHOCTD:
a) —b,, —by, —bgy «evy, —byy .on;
1 1 1 1 .
6) U AR
B) 7by, Tb,, Thy, «.., Tb,, ...
r) b2, b2, b3, ..., B2, ...;
) by, by, bgy vevy by qy o0 2

724, B reoMerpudeckoii nporpeccuu (b,) Haligure:
a) b, ecam b, = 32, q= —2;

6) b,, ecnu b = _%, q= %;

B) ¢, ecsm b, = 0,5, b, = 500;
ryb,mq,ecnu b, =4, b,=1.
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725. BRIagunK pemni moJIOKHUTh B 0aHK Ha rog 50 Teic. py6ieii.
HaBecTHO, uTO B OZHOM GaHKe BKJAJ BoapacTaeT 3a rox Ha 25%, a
B APDYTOM OH BO3PACTaeT eKeMecAYHO Ha 2% OT HAKOIJIEHHON CYyMMEI.
B xaxom u3 6aHKOB Aoxox Gyzer GoJIblile M HA CKOJBKO?

726. BeTpeTuTCA JIM cpeaM YJIEHOB TeOMETDHYECKOM IIPOrpeccHM
2,6, 18, ... yncio:
a) 54; 6) 486; B) 72; r) 5767

IIpu moJI0KUTENLHOM OTBETE YKAIKHUTE HOMEp YJEeHa.

727. HaunHas ¢ Kakoro HoMepa 4JeHbl reoMeTPHYeCKOil Npo-

rpeccHu
a) 32, 16, 8, ... meusme 0,01;
1 2 4

6) P P G o 6oabwie 507

728. Mexxay uncaamu 36 u 2% BCTaBbTEe TPH YMCJIA TAK, 4YTOOEI

BMeCTe ¢ AaHHBIMHM YHCJIAMHU OHHM COCTABMJIM FeOMEeTPHYEeCKYIO Ipo-
TpeccHio.

729. B reoMeTpHYECKO# IIPOTPECCUH TPETHI 4JieH paBeH 15, a mre-
croii — 405. HaiiguTe ujieHbl NPOTpecCHH, 3aKJIOUEHHBIE MEKAY
HUMH.

. 1 .
730. B reomeTpuueckoii nporpeccuu a, = 64, ¢ = 3" Haitnute, yemy
PaBHO a, ¥ TIPOU3BE/[eHUE TEePBbIX TPUHALIIATH UYJIEHOB.

731. IIpn1 KakMX 3HAYEHMAX X YHUCJIa
a) x, \/;,x—5; 6) x, vx — 8, %,

B3IThi€ B YKA3aHHOM IIOPAJAKE, SABJAIOTCS TPeMS IMOCJeLOBATEIbHEI-
MM YJIeHaMH reoMeTpHuYecKoil mporpeccuu?

732. fIBnseTcss M reoMeTpHUYECKON NIporpeccHei ImocijexzoBa-
TeILHOCTH (c,), 3amaHHas GOpMyJIO:
a)c, = 3% 6) c,=-1,5-2% B)c,=2"+ 5"?

IIpu moJyI0XKHUTENBHOM OTBeTe YKaj)KHUTe NepBBIA YjieH UM 3HaMeHa-
TeJb IPOTPECCHM.

733. MoryT au uuciaa 12, 28 u 35 ObITH WiIeHAMH OZHOU TeOMeT-
puyecKoil mporpeccum (HeoOA3ATENBHO COCEAHUMM)?

734. MoryT 1 AJIMHBI CTOPOH IPSAMOYTOJBHOTO TPEYTOJIbHUKA CO-
CTABJIATh [eOMeTPHYECKyIo nporpeccuio? IIpu MoJ0KHUTEIBHOM OTBe-
Te YKaXKKUTe 3HAMEeHAaTeNb MPOTPeCCHH.
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735. B reomeTrpuueckoii nporpeccuu (b,) Hatigure b,,, ecim b, ., =
=b,_,=13.

736. Haiigure TpH IOJOMKHUTENBHBIX YMCJA, COCTABJIAIOIIUX Teo-
MEeTPHYECKYIO IIPOTPeCCHIO, eCJIM M3BECTHO, YTO UX CyMMa paBHa 42,

21
a cymMMa o6paTHBIX MM YMCeJ DABHA 35°

737. B reoMeTpHYeCKOl IPOTPECCHH C IMOJOXKHUTEAbHBIMK YHCJIa-
mu S, = 21, S, = 49, Haitgure cegpbMoOi 4JIeH 3TONH IIPOTDECCHH.

738. Yernsipe UMCJa COCTABAAIOT YOBIBAIOIIYIO TeOMETDPHYECKYIO
nporpeccuio. Haliaure aTH umcijia, ecIM U3BeCTHO, YTO CyMMa Kpai-
HUX 4JeHOB paBHa 135, a cyMMa cpegHuX 4ieHOB paBHa 90.

739. Haligure yeThbipe YHUCJIa, COCTABJIAIONINE BO3PACTAIOLIYIO I'eo-
MeTPHYeCKYIO IPOrPecCHIO, eCJIU U3BECTHO, YTO DA3HOCThH MEXKAY YeT-
BepPTHIM M [IepBHIM YJIEHAMM paBHa 744, a PasHOCTbL MEXKAY TPETHHUM
¥ BTOPBLIM 4WieHaMM paBHa 120.

740. Teomerpuueckad nporpeccus cocToMT u3 12 yjeHOB, SABA-
IOIMXCA TI0JIOMKUTEJNbHBIMHU yucaaMu. CyMMa NepBbIX YeThbIPeX YJIeHOB
paBHa 7680, a cymMmMa yeThipex ciexylomux paBaa 480. Halizute cym-
MYy NOCJeZHUX YeThbIpeX UYJIEHOB 3TON II0CJIeJOBATEIHHOCTH.

741. Jloka)kuTe, YTO eciu NocjaenoBaTeJabHOCTh (b,) ABIgeTCA reo-
MeTpHUYecKoil Imporpeccueil co 3HaMeHaTeJieM ¢, He PaBHBIM 1, To mo-
clexoBaTeJbHOCTh (X,), TAe x, = b,,, — b,, TakXKe ABIAETCA reo-
MeTpHUYEeCKOIi Imporpeccueii co 3HaMeHaTeJeM (.

742. N3BecTHO, 4YTO YMCIA @, b, c OGPA3YIOT reOMeTPHYECKYIO Ipo-
rpeccHMio, a yucja a + b, b + ¢, ¢ + a o6pasyoT apudMeTHUECKYIO
nporpeccuio. Haliaure 3HaMeHaTeJb reOMeTPUYECKONA MPOTPECCHUH.

743. [JokakuTe, 4TO eCaAM 4YMCJIa a, b, ¢ o6pas3yloT reomerpuye-
CKYI0 IIPOTpeccHio, To:
1 1 1
a) a?b’c? (F topt c_3) =a®+ b+ ¢4
6)(a+b+c)a—b+c)=a%+ b+

744. Haligure ueTbipe IeJbIX YHUCJIA, U3 KOTOPLIX MepBble TPH CO-
CTaBJIAIOT TeOMEeTPHYECKYIO IIPOTPECCHIO, & MOCIeJHNE TPH COCTABJIAIOT
apudMeTHUEeCKYIO IPOTPecCHIO, €CJIU M3BECTHO, YTO CyMMa ABYX Cpejd-
HUX YHceJl paBHa 12, a cyMMa ABYX KpaiiHMX uuces pasHa 14.

745. Tpu uucna, gaomme B cymme 39, coCcTaBaAOT BO3pacra-
OIYI0 apudMeTHYecKyIo Tporpeccuio. Eciu 3 epsoro u BTOpOro BhI-
yecTh 1O 1, a K TpeTbeMy IPUOABUTH 5, TO IOJYUYEHHBIE YHCJIA COCTA-
BAT reoMeTpHUYeCcKyIo mporpeccuio. Haitgure ucxomuble Ymcia.
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746. Tpu uucna, cyMmma KOTOPHIX paBHa 65, cocTaBiaAOT reoMet-
puyeckywo mporpeccuio. Eciau u3 nepporo uucia BeiYecTh 25, BTOpOe
OCTaBUTH 6e3 U3MEeHeHUsdA, 8 K TpeTheMy NPUOaBUTH 5, TO MOJyYEHHEIE
YpCJa COCTABAT apudMeTHYEeCKYIO mporpeccuoo. Haiifure ucXozHBIE
YhCIIa.

747. B apudmeTrudeckoii mporpeccus (a,) ¥ reoMeTpUUYECKO mpo-
rpeccuu (b,), Bce WIeHBl KOTOPBIX IOJIOMKHUTENBHE, @, = b, = 2. Haii-
IUTe ABA NOCIeAYIOIIAX YeHa KayKAOoW IpPOrpeccHy, ecJu U3BECTHO,
YTO MX BTODHIE YJEHBI COBIANAIOT, & TPeTHH ujeH apudMeTHyecKoil
IpOrpecCH Ha 2 MeHbIlle TPeThEero 4YJeHa reoMeTPHYecKoi mporpec-
CHH.

gl ] I\
NEREE 7 YnpaxHeHMsa ONA NOBTOPEHUN
748. fIBnaerca u orpaHUYEHHON DYHKOHNA Y = _x%i? Yxaxure

HauMeHbIlee ¥ HaubGoJbliee 3HAYEHUSA PYHKIUU, €CIU OHHU Cy-
IMECTBYIOT.

749. HajiauTe HYJM ¥ UHTEPBAJBl 3HAKOIOCTOAHCTBA QYHKIHH
y=x—-T7x + 6.

750. Pemurte HepaBeHCTBO:
8) |3-x|-2| <4 6) ||2 + x| + 1| > 3.

34. \‘/ CyMma nepsBbix N 4YNEeHOB
reoMeTpmMyeckoi nporpeccum

Briegem GopMysly CyMMBI II€PBBIX 72 YJI€HOB reOMeTpUYECKOH
IIPOTPECCHH.

IIycrs (b,) — reomerpuyeckas mporpeccusa, S, — cCyMMa IepBBIX
N ee WIEHOB, T. €.

S,=b,+b,+...+b,_, +0,. 1)
YMHOKHMB 00e yacTu paBeHcTBa (1) Ha ¢, moayuum
S,gq=bg+byg+..+b,_,qg+ bg.
U3 onpesesieHusA reoMeTpuyecKoil Iporpeccuu ciaeayeT, 4To
b,g = by, b,g =b;, ..., b,_,q=0,.
3BauNT, MOJIYUEHHOEe PAaBEHCTBO MOXKHO 3AITMCATH TaK:
S.g=b,+b,+...+b,+bg. 2)
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BeiunTas nmouseHHo M3 paBeHcTBa (2) paBeHcTBo (1) M NpPHBOAA HO-
ZoOHBIe YJIEHBI, TTOJIYyYUM:

S.g—8,= b,g—b,

S(g—-1)= b,g-b,.
3HAUUT,

bn "bl
h, rae g # 1.

Mel moayunad GoOpMyJy CYMMEI IIEPBBIX 71 YJIEHOB IeoMeTpHdYe-
CKOI IIpoTpeccuy co 3HaMeHaTeseM ¢ # 1.

@opMyJly CYMMBI IIEPBBIX 71 YJIE€HOB reOMeTpPUYEeCcKOH IporpeccHn
MOKHO 3aIHCAaThb B APyroM Buje, 3aMeHHB b, Ha b,¢" . Ilonyunm

n __
S, = bl—(;l—_—lﬁ, rae g # 1.

3aMeTuM, 4YTO NpU ¢ = 1 Bce WIeHBI reOMETPUYECKOI IIPOrpeCcCHH
paBHH b, 1 S, = nb,.

C BBIYMCJIEHMEM CYMMBI NIEPBLIX 71 YJIEHOB IeOMeTpPHYecKoi: mpo-
TpeccHM CBfA3aHa M3BeCTHAA JereHaa. PaccKasplBaioT, YTO HHAUMACKA#R
NpHHI PELINJ HATPaAUTH H3oOperarens maxmar. Msobperatens mo-
IIPOCHJI IIOJIOKHUTh Ha MEepBYIO KJIeTKY IIaXMaTHOH AocKM 1 mimeHnu-
HOe 3epHO, Ha BTOPYIO — 2 3epHa, Ha TpeTblo — 4 3epHa U T. A. Kakoso
sKe OBLJIO yAMBJIEHHE IMPHHIIA, KOTA& OH Y3HAJI, YTO TAKYIO CKDOMHYIW,
Ha ero B3IVIAJ, Npocb0y HEBO3MOIKHO BBINIOJHHUTH. I[€CTBUTENILHO,
of11ee YHCJIO 3epeH PaBHO

264 — 1 = 18 446 744 073 709 551 615.

Takoro KoJMyecTBa 3epeH IUIEHHUIIHI emje He ObIIO BHIPAIIEHO 32
BCe TOALI CYIeCTBOBAHUA 3eMJIefiesINs Ha Hallel miaHere.

IIpuBeaeM apyrue nmpuMepbl IpUMeHeHUA (GOPMYJIBI CYMMEI Tiep-
BBIX 71 YJIEHOB I'€OMETPUYECKOI IPOTPECCHH.

S, =

IIpumep 1. HalifeMm cyMMy NIepBbIX AeCATH YJIEHOB IeOMETpH-
yecko#l nporpeccui (b,), B KoTOpOH
btb _ _
by + by =2,8,=279.

b+ bg® 1_ _1
ITo ycnosuio by + b - 2. Orciona ri 2,qg= 3

3Had, uto S; = 279, HaiigeM a,.

279 = —£ 1 g =144,
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BrrunciuMm Tenepdb S,

144 - 1)
o Mgm Y 1440-1020) _ 1441023 _ 91023 _ pr3
0= "7 =7 51z - 32 - O3
1 4 ~1 1024
2 2
Mpumep 2. ITycrs (b,) — reoMeTpHueCcKas MPOTPECCUSA, B KOTO-
pOﬁb1+bz+---+bn=Sm E+%+...+F=S,’,, b1b2 . bn=Pu'

S n
Tokaxem, uro P? = (3} .
n
Ilycrs ¢ — 3sHaMeHaTesIb TeoMeTpPHYECKOH nporpeccuu (b,). Torpa
1
nocJaegoBaTeabHOCTS (C,), THAE C, = 3.7 TaKKe ABJIAETCA reoMeTpu-
n
9eCKOil IIporpeccHeil, IpMYeM ee 3HAMEHATeNlb paBeH % ITo dopmyne

CYMMBI IIEPBLIX 71 YJIEHOB FeOMETPUUYECKOif IIPOrPDeCCUH HaXOXHUM, YTO:

_an‘bl
S, = q-1°
1. 1_1
S’:b" g b _ (i -bg)g _bg b 1
" 1_1 bibng(1 - q) g-1 b,
q
3HayuT,
g_z=b1bn-

Bocmonb3oBaBIINCh CBOMCTBOM IIPOU3BEJEHUA YJIEHOB KOHEYHOM reo-
MeTpHYecKo#l IporpeccHuy, paBHOYAAJIEHHBIX OT KOHIIOB, HalileM, 4TO
2 2 n
P; = (b,b, ... b)) =(bb,)".

3Hauur,
S n
P =

n ?: ’

970 ¥ TPe6OBAJIOCH KOKA3aTh.
751. Haiigure cyMMy IEepBEIX 7 YWI€HOB reOMeTPHYECKOH IMpo-

rpeccuu (a,), ecau:
a)a,=-27,q= 3 n = 6;

1
6)al=m,q=—5,n=5;

1 1
B)e, =708’ =6 =5

r)an=3,q=%, n=6.



216 Tnasa 4. NMocnenoBaTenbHOCTH

752. CKOJIBKO YJIEHOB I'eOMeTPHYEeCKO IIporpeccuu
6, 12, 24, ...

HAafIo CJOKUTH, YTOOHI MOJyUYeHHas cyMMa OnLia:
a) pasua 3066; 6) Goabme 60007

753. Ilonp3yAace METOJOM MATeMATHYECKOM MHAYKIIMH, JOKAKH-
Te, 4To ecau (b,) — reomerpmyeckas IpOrpeccHUd, TO

n- bi(¢" - 1)
bn=blq I’Sn= q_l *
754. Halizute cyMMy, B KOTODPO# cyiaraeMble COCTaBJSIOT reo-
MEeTPHYECKYIO MPOTrpeccHIo:
a) 0,02 + 0,06 + 0,18 + ... + 43,74;

6) 230,4 — 115,2 + 57,6 — ... + 0,9.

755. HokakuTte, 4To mIpu Ji06oM n € N cymMMa
a)l+ 3+ 3+ ...+ 3" ! kparHa 40;
6)1+ 5+ 5%+ ...+ 5" ! kparua 31.

756. B reometrpuyeckoii nporpeccuu (b,) Haigure:
aynub, ecsim b, =0,5, ¢=2, S, =31,5;

6)nugqg,ecmu b, =9, b, = %, S, = 13%:
B) ¢ ¥ b;, ecin b; = 6,2, S, = 80,6.

757. NsBectHo, uto (b,) — reoMerpuyecKass IMpPOTPECCHA, B Ko
TOpOH :‘; : 1;12 =4 u S, = 340. Haiigure cyMMy nepBBIX LIECTH YJIEHOB

3TOif TpOrpeccHH.

758. Haiinute cyMMy MepBBIX IIECTH YJIEHOB TOCJIe0BATEILHOCTH
(c,), ecan:

a) ¢, = (0,5)"%; 6) c, =-1,5-2% B)c,=3"+ 1.
759. B reomerpuyeckoii nmporpeccus (a,) HaliguTe a,, ¢ ¥ N, €CJIH:
a - @ =0,6: G + @ =5v2v

a) 1as — as = 1,2, 6) {a + a, = 1,04,
S, =127 S, = 6,24.

760. N3BecTHO, 4TO reoMeTpuyecKas mnporpeccus (b,) comepxur
2n useHos. CyMMa 4JIEHOB, CTOSIILIUX HA YeTHBIX MecTaxX, paBHa S|,
a CyMMa 4JIeHOB, CTOSIIMX Ha HeYeTHBIX Mecrax, paBHa S,. Halixure
3HaAMEHATEJIb MPOrPeCCHMH.
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761. BriBeauTe GopMyJy NpPOU3BEJEHUA MEPBHIX 7. YJIEHOB Ieo-
METPHYECKOH IPOrpEecCHH.

762. Haitiaute cymMmy:
a)l+a+a®+..+a Y
6) (a+-1—)+(a2 +i2)+(a3 +i3)+...+(a" +—1-).
a a a a’

763. B reomeTpryecKoil mporpeccud, Bce UJIEHBI KOTOPOH I10JIO-
JKHUTEJbHBI, CyMMa IIePBOTO ¥ BTOPOT'O YJIEHOB paBHa 48, a cymMMa Tpe-
Ther0 ¥ YeTBepPTOro 4jaeHoB paBHa 12. HaliguTe sHaueHwe n, 0Ipu Ko-
ropoMm S, = 63.

764. CymMa nepBBHIX TPeX YJIEHOB BO3pACTAIOIIEH reoMeTpHYeCKoi
nporpeccuu paBHa 1,4, a mx npousBeienue pasHo 0,064. Haiigute
CYMMYy NIepBBIX MATH YJIEHOB 3TOH IPOrpecCHH.

765. CyMMa nepBbBIX TPeX 4YJIEHOB BO3pacTalolleil reoMeTpruYecKod
nporpeccuy paBHa 10,5, a mpomsBeeHMe MX KBaJpaToOB paBHO 729.
HajianTe cyMMy IepBEIX CEMH YJIEHOB 3TOH IIPOrPECCHH.

766. Ecsin ¥3 mepBBIX YeThIPeX YJEHOB IeOMeTPHYECKOH IIpo-
rpeccud BbIYecTb cooTBeTcTBeHHO 0,5, 1, 4, 12, To mosmyuyaTcsa mep-
BhHle YeThipe uJieHa apudmerHyeckoii mporpeccun. Haligure sHaMe-
HaTeJIb TeOMEeTPUYEeCKOoil MPOrpecCHy U CyMMY HEPBBIX IIIECTH ee 4Jlie-
HOB.

767. Tpu umcna, cymma KOTOpHIX paBHa 15,6, ABIAIOTCA 1epPBBI-
MH TpeMd YJIeHAMH reoMeTPHYeCcKoil IpOrpecCuy ¥ OZHOBPEMEHHO BTO-
PHIM, YeTHIPHAAUATHIM M NATHAECATHIM UYieHaAMH apHdMeTHUeCKOH
nporpeccnr. Haiigire cyMMy HepBBIX IIECTH YJIEHOB reOMETPHUYECKOH
IPOT'PECCHH.

‘/ YnpaxHeHus Ans NOBTOPEHWA

768. Peluinte HepaBeHCTBO:
a) (x — 1)(x — 6) < 50; 6) (x — 2)(x — 14) > 64.

769. IIpn kaxoM x ABy4JeH 2x% + 6x NpUHNMaeT HaXMeHblllee 3Ha-
yeHHe B YyeMy PaBHO dTO 3HayeHHe?

770. Ilepecekaer nu rpaduk QyHKIHYN Yy =

a)y = 6; 6)y=28?
IIpu MOI0KUTENIBHOM OTBeTe HAaMANTEe KOODAWHATHI TOYEK Iepe-
CeMeHM .

+ _ 3 HpAMYyIo:
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’/ KoHTpoOnbHbIE BONPOCHI U 3anaHus

1. ChopmynupyiiTe onpepesieHNe TeOMETPUYECKOH IIPOTPECCHH.
Brieezute dopMysy n-ro yJeHa.

2. ChopMynupyiiTe H AOKAMKUTE XapPaKTEPUCTHYECKOE CBOMCTBO
reOMeTPHYEeCKOH IIPOTPECCHUH.

3. BriseguTe opMyJsIy CYMMEI IIEPBLIX 71 YJIEHOB TeOMETDHYECKOH
nporpeccun. HaliguTe cyMMy uJleHOB TreOMeTPHYECKOH IIpPOTpeccHH

« 1
¢ YEeTBEPTOTO II0 BOCEMO# BKJIIOUHUTEJILHO, €CIH a, = 576, ¢ = ~5

CXOAALLMUECSH

§ 13. /‘\ NOCNEOOBATE/IbHOCTU

35. \/ Mpenen nocnenoBaTenbHOCTU

n +
PaccmoTpumM nocnenoBarenbHOCTS (a,), T G, = il 3anumeM

1

¢opMysy n-To ujeHa II0CJIefOBAaTEJBLHOCTH (a,) B BUAe @, = 2 — S|

U BBIYHCIINM IIepBbleé HEeCKOJIPKO YJIEHOB IIOCJIEZOBA&TEJIBHOCTH!

4 6

a, =1 ,a2=1§, 4,=13, a,=1%, a5=1%, a;=17-

Do =

HaiineMm eitie @00 ¥ g0zt

_,l0 2002
Q100 = 1707’ %2002 = 1732003°

Mgl BHAMM, YTO C YBEJHMUYEHHUEM 7l YJIEHBI [IOCJIEZOBATENIBLHOCTH IIPH-
6mmkalores Kk 2. Ha xoopauHaTHON NpAMON TOUKHM, M300parkalolye
wieHbl MOCJIeLOBATENbHOCTH (a,), pacrnoJaralTcs Bce OGauske u 6in-
JKe K TOuKe ¢ KoopauHaroit 2 (puc. 93).

Paccrosnne MexAy TOUYKAMM C KOODAMHATAMH 4, U 2 paBHO
|a, — 2|. C BoapacranueM n 3TO paccTOAHHE HEOTPAHMYEHHO yMEHb-

1 1
maercsa. Tak kak |a, — 2| =2 - —— - 2| = 7+ 1’ To Ana moboro
n+1 n+
[OJIOXKUTETHLHOTO UMCJIA € (UUTAETCA «3ICHJIOH») MBI MOXKEM, PELUMB
al aZ aa al aﬂ
+ o — o oo —
1 ag 2
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HepaBeHCTBO < €, YKa3aThb TaKoe 3Ha4yYeHHe 71, IPH KOTOPOM

n+1

la, — 2| < €. ToBopAT, UTO MOCJIEAOBATENBHOCTD (@,) cmpemumca ¥ 2
HJIM 4TO YUCJIo 2 ABJAsAeTcS npedenom nocredosamenvrocmu (a,).

Onpegeneunne. Yncao b Ha3pIBaeTCaA mpeneioM MOCIEIOBA-
TeBHOCTH (@,), €CJN JJIA JH060T0 MOMOKHTEeILHOTO IHCIA € CYmecT-
BYeT TaKOii HOMep Ty, ITO IPH I > n, BePHO HEPaBeHCTBO |a, — b| <&.

Ecnm yucyio b aBiseTcs npegesioM NocleXOBaTEeJIbHOCTH (a,), TO
3TO0 3amuchIBAIOT Tak: lim a, = b (lim ecTh coxkpammeHue JATHHCKOTO
cjaoBa limes, o3Hauyalomero «mupejei»). MHorga ucmojb3yeTcsa TakMke
3anuch a, — b.

BriACHHM reoMeTpHuYecKMIl CMBICJ IOHATHA IIpefesa IOoCJeZ0Ba-
rebHOCTH. KaK U3BeCTHO, HEPABEHCTRO |@, — b| < € pABHOCHJILHO ABOIM-
HOMY HepaBeHCTBY —€ < @, — b < €, a 3HAYUT, U JBOMHOMY HEPaBEHCTBY
b-¢e<a, <b+ e Orcioma BeITEKaeT, 4To ecau lima, = b, To ausa
Jo60ro € HaWAETCA TAKOM HOMEp 7, HauWHAad C KOTOPOTO YJIEHBI II0-
CJIeIOBATEBbHOCTH M300paskaioTCA TOUK&MHU, NPUHANJIEKAIIUMHU IIPO-
Me:KYTKY (b — €; b + €), a BHe 3TOro IPOMEKYTKA Ha&XOZUTCA TOJBKO
KOHEeYHOe YHucjo ToyeK. MHaue rosops, ecau yucio b ABiserca mpe-
JeJIOM IIocJIefioBaTeJIbHOCTH (a,), TO TOYKHU, M300paskaomue YJIeHBI
3TOli II0CJIEOBATEJILHOCTH HAa KOODAWHATHON IIPAMOM, CKAIJIMBAIOTCA
OKOJIO TOYKH b.

IocsrefoBaTeILHOCTD, MMEIOIIAA Ipefiel, Ha3bIBaeTcs cxodaujelica,
a He HMemOIIas mpeaeia — pacxofaweiica MOCHeROBATENBHOCTDIO.

IlpuBegeM nmpuMepbl CXOAAINENCA M pacxogsAIleica NocyiefoBa-
TeJbHOCTEM.

(K

n

IlIpumep 1. IIycTh faHa nocIeZOBaTENBHOCTS (C,), TAE C, =
Jra nocJyieKOBATEJIBHOCTh HAYHMHAETCA TaK:

41 11 11
2 34 5 6
Ha xoopauHaTHOM mpsaMo# Touyku, u300paskalomye 4JeHBI I1O-
CJIeJOBATEJIbHOCTH, CKAIIJIMBAIOTCA OKoJIo Toyku (, pacmojarasick TO
cJeBa, TO crpaBa OT Hee (puc. 94).
Hokaxem, uto uncyio 0 ABIAETCA IIPEAEIOM IIOCIIe0BAaTEILHOCTH (C,).
HomyerM, uTo 3afaHO MpousBoJibHOe Yucio € > 0. Tpebyerca xoxasaTtsb,

a, a; a, a, a, a,

& I -

-1 0 1
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4TO HaiifleTcsA TaKoi HOMeD N, HAYMHAA ¢ KOTOPOTO JJIA BCEX UIEHOB
IoCJIe[0BaTeIbHOCTH (C,) BHIMOJHAETCA HepaBeHCTERO |¢, — 0| < €.
PelruM OTHOCHTEJIbHO /i HEPRBEHCTBO

e
e

HNmeem:

IIpoxons 3Ty LEMIOYKY CHM3Y BBEPX, [10Jy4aeM, UTo JJIA J1Ho0oro € > ()
MOXKHO YKAa3aTh TaKoil HoMep, HauMHas ¢ KoToporo |c, — 0| < &. Tax,
1
Hampumep, ecu € = 0,002, To ¢ = 500. Hepasencrso le, — 0] < 0,002
BeIONIHAEeTCA nipu n > 500, T. e. HauMHaA ¢ HoOMepa n, pasHoro 501.
3HauuT, 1o onpexaenenuro limc, = 0.

IIpumep 2. Ilycrs maHa mociienoBaTeJNbHOCTBL (y,), rAe

1
Y, =(-1)" + n JTa mociaef0BaTeIbHOCTh HAYMHAETCA TaK:

0.3 2 5 47
') 2, 3’ 4’ 5! 67 vee o
Ha xoopauHaTHON NPAMON 4YJieHBI IOCHEAOBATEIBHOCTH H300pa-
JKAIOTCA TOYKAMH, KOTOPhIe CKAIJIMBAIOTCS OKOJIO ABYX Todek: —1m1
(puc. 95). IlocnegoBaTenbHOCTH (Y,) HEe BUMeeT IpeneJia.

4 % % o<

> 4 >

-1 0 1
Puc. 95

BrisicHuM HeKOTODBIE CBOMCTBa CXOAAINIUXCS MTOCTIeA0BATEIBHOCTE!.
1. ITocredosamenvrocmd moxcem umems moabko 00ur npeden.
JomycTMM IPOTHMBHOE, YTO CYIIECTBYET ITOCJIEL0BATEJIbHOCTS (X,),
uMewnaa Asa npepena, T.e. limx, =a ulimx, =b, rae a # b.
OTMeTHM TOYKM a U b Ha KOODAMHATHON IpAMoi. Mexay HUMH
HaxoguTca 6eckoHewHO MHOro ToueK. IloaToMy Bcerga Mo)xHO BbIOpaTh
YMCJIO € TaKoe, YTO NPOMeXYyTKU (@ —€; a + ) u (b — € b + €) e
6yayr uMeThb o0mux Touek (puc. 96). Tak Kak 4YuCa0 @ ABIAETCA mpe-
JeJIOM 1OoCcJIefOBaTeJbHOCTH (Xx,), TO, HAYHMHAS C HEKOTOPOro HOMepa 1,
L g L .b AY »
¢ >

< @

AY
a-ce a-’+—e b-¢ b-i-t:
Puc. 96
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BCE YJIEHBI II0CJIeZOBATEJNBHOCTH NMOMAAYT B IPOMEXYTOK (@ — €;
a + €), & BHe 9TOTO IIPOMEXKYTKA OKaXKeTCA KOHEeUHOe YHCJIO WIEHOB I10-
cJIeloBATEILHOCTH. 3HAYHT, B IpoMexkyTKe (b — €; b + €) okarKkeTes JINIIL
KOHEYHOE YHMCJIO WIEHOB II0CJIEJOBATEIBHOCTH, & 3TO IPOTUBOPEYUT TOMY,
9T0 Yyues0 b — mpemes MocJefOBaTEIbHOCTH. 3HAYUT, MPEAIOIOKEeHNe
HEBEPHO M TIOCJIEIOBATEJILHOCTD (X,) HE MOXKET UMETh ABYX IIPEAEJIOB.

2. Ecau sce unenwvt nocaedosamenvrnocmu (x,) pasus. b, mo npe-
dea amoit nocaedosamenvHocmu pasew b.

CrnpaBelJINBOCTB 3TOr0 YTBEPIKJAeHUA BHITEKAET U3 TOT0, UTO B JIIO-
6oit oKpecTHOCTH YucJya b cofiepyKaTcd Bce YeHbl IIOCJIeOBAaTEIbHOCTH.

3. Ecau nocaedosamenvrocmbo (x,) umeem npeden, mo oHa ozpa-
Hu4eHa.

ITycrs lim x, = a. BosbmeMm kakoe-su6o uucio € > 0. U3 onpene-
JIeHKA pejiesia BBITEKaeT, YTO, HAYMHAA ¢ HEKOTOpPOro HoMepa 7, Bce
YIeHbl TI0CJIeZ0BATEIBHOCTH MONAfAalOT B IIPOMEXYTOK (@ — €; a + €).
BHe ero ocraHeTCAa TOJIBKO KOHEUHOE YMCJIO YJIEHOB IOCJIEOBATEJb-
BocTi. IToaTOMy IpoMexyTOK (@ — € a + €) MOXKHO DacUIUPHUThH TaK,
4TOGHI HOBBIA MPOMEKYTOK ([; p) cofepsKas Bce YIeHEI IoCJeA0BaTeb-
HocTH. A 9TO 03HAuaeT, YTO CYLIeCTBYIOT YKucja [ U p Takue, 4TO IJIA
BCEX WIEHOB ITOCJIEA0BATEJIBHOCTH BHITIOJHAETCA JBOHHOE HEPABEHCTBO
l<x, <p, T. e. IOCAETOBATEJIBLHOCTD (X,) OTPAHNYEHHAA.

3amMeTHM, 4TO o6paTHOe HEBepHO: IOCJEeJ0BATEJBHOCTh MOJKET
6LITH OrPAHMUYEHHOW, HO He MMeTh npexeiya. IIpumMepom MoxkeT ciy-
WHTH TOCHAEAOBATEJIBHOCTb, B KOTOPOH Ka’KALIil YieH pPaBeH OCTaTKY
OT JleJIeHUs HOMepa 4JieHa Ha 5:

1,2,3,4,0,1,2,3,4,0, ....
3n-1

771. lana nociegoBaTesLHOCTD (X,), TAe X, = " Beruucanre
X1y Xy X3y X4y X5y Xig0s X1g00- & KAKOMY YHCJHY CTPEMHTCH IIO-
caenoBaTeabHOCTh? IlpoBesuTe ZOKA3aTeIbCTBO.

772. BelyKcnnuTe nepBhle LIECTh YJIEHOB OCHeLOBaTeJIbHOCTH (a,),

2n+1 "
— ' H n300pasuTe UX H& KOOPAUHATHOH

npamoit. Kaxkoe mpeArosioxkeHne o mpejese mMocjeZoBaTeJbHOCTH (a,)
Mo)kHO cxenats? IIpoBeauTe KOKA3aTENbLCTBO.

3afiaHHOU (hopMyJIoH a, =

773. SIBngerca JH cxomAledcs MOCJIeZOBATEIBHOCTD:

2)3,6,9,..,3n, ..;

6l 11

3 6 9, ses oy 3n, sen y

111 1 1 1
R R -

r) 2, 2,2,..,2,..?
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774. JokakuTte, YTO TpeJes IOCIeI0BATeIbHOCTH

325476 €
2”3 45 67 n+1
paBeH 1.
775. K kakoMy YHCIy CXORUTCA MOCIEHOBATENBHOCTD, €CJIH:
1 3n+ 5, 1
a)c, 2+n+3, 6)cn=m, B)cn=ﬁ?
776. MeeT 11 TIpe/ies1 IOCIeJOBATEILHOCTD, ¥ €CJIH HMEeT, TO YeMy
OH paBeH:
1 1 1 .
a) 1’ 9 4’ seey F, ves y
01,2 3 .., 21
1 3 5 2n-1
B) _2'! _2'! 21 ey 2 g eve g
r-1,1,-1, 1, ..., 1), ...;
)_l 2 3 &D'n .
2v 3’ 4, cen o n+1,...,
1 1 1
Ty Ty Tz

777. JoraxuTte, 4To ecam (x,) — MOCIEAOBATENBLHOCTh AECATHY-
HBIX Apobeil, KOTOpbIE IOJYUYAIOTCA, eCId B OeCKOHEYHOI mepuofu-
YyecKo# gecaTuyHon apodu 0,(3) ocraBaaTs OgHY, ABe, TDH U T. A. Iud-

. . 1
PbBI 110CJIE 3a11ATON, TO lim X, = §-

778. B mocnenoBaTebHOCTH (&,) BCe YJIeHbI, HAYUHASA C ZECATOrO,
paBHBI 3. fIBIAETCA M 9TA IIOCJEAOBATEIBHOCTDh CXOAAIIECHCH, U €CIH
Ia, TO YeMy paBeH ee mpejen?

779. Ilycts (c,) — mocyezoBaTeIbHOCTD, IIpeaes KOTOpoi paseH 8.
W3 nmocnenoBaTeNbHOCTH (C,) BRIYEPKHYJIN:
a) LIecTh MEPBLIX YJIEHOB;
6) Bce WIEHHI ¢ YeTHHIMH HOMEDPAMH.

Byaer nn ocraBmiascs mocJjiefOBATENBHOCTh CXOAAIIENHCA, ¥ €CIH
Ja, TO 4YeMy paBeH ee Ipeznei?

780. NaBecTHO, YTO KaKIblif YJIeH CXOOALIEHCA IMOCJeL0BaTEb
HOCTM ABJISETCA OTPHIATENLHBIM YHCJIOM. MOKeT JI¥ IIpeAesoM 3Tol
OCJENOBATENBHOCTH ObITh:

a) TOJIOYKUTEJIBHOEe YHCJIO; 6) uucso 0?
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‘/ YnpaxHeHusa ans NOBTOpeHMNA

781. Pewuute HepaBeHCTBO:
a)x®—3x2—x+ 3> 0; 6) x® — 2x2 — 16x + 32 < 0.

782. Jokaxkure, 4To IIPH JIOOHIX @, b U ¢ UMeeT KODHU YPABHEHUE
(x—-a)x-b)+(x—-a)x—c)+(x—-b)(x—-¢c)=0.

36. \‘/ Cymma GeckoHeuHo yObiBalowieit
reoMeTpuMYecKoii nporpeccum

Haunem ¢ npumepa. Ilycts gnuna orpeska AB, paBHa 1 (puc. 97).

1
OrmeTuM crpaBa oT ToukM B; Touky B, Takyio, urto BB, = 7

3areM crnpaBa oT TOYKH B, ormMeruM ToukKy B, Takyw, uto B,B; =
= -;—BIBZ = %, u T. A. Quuusl orpeskoB AB,, B,B,, B,B;, B;B,, ...

06pasyioT 6eCKOHEYHYI0 TeOMeTPHYEeCKYIo mporpeccuio (a,):

111
11 Ey Z, g’ ey

" 1
sHAMeHATeJb KOTOPOi paBeH 7.

PaccMoTpuM Teneph MOCHEAOBATENBHOCTh JJIHH OTPe3KoB AB,,
AB,, AB;, AB,, ...:

AB, =1,
AB2—1+%=1%,
ABa=1+%+i-=1%,
AB4=1+%+71-+%-=1%14T.11.

Jounel orpeskoB AB,, AB,, AB,, ... 06pa3yIoT nocjie0BaTeJIbHOCTh

1 .3 47
1, 1§’ 174, 1§’ cees

[ A

X X

> o0

B, B, B,

Puc. 97
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WIEHAMH KOTOPOH ABIAKOTCA CyMMEHL S|, S,, S;, S, ..., S, ..., rme S, —
CyMMa IepBBIX 7 YJeHOB reOMeTPHYeCcKOl mporpeccuu (a,).

OueBHAHO, UTO 3TH CYMMBbI pubamxawTca K 2. HeiicTBUTeNbHO,
no ¢opMyJie CYMMBI IIEPBLIX N YICHOB T€OMETPUYECKOHN IIPOTPeccHn
HaxoAuM, UTO

(L i
S,,:l (:1221 )=(2 2_,.1)2=2‘2.,1.1-

Ilpu HeorpaHMYEHHOM YBEJIMUECHUH 71 MOAYJIL pasHocTH S, — 2 cTa-
HOBHTCS MeHbIIe JII060ro CKOJIb YTOZHO MAJIOTO MOJIOXKUTEIHBHOTO YHC-

Jga €. 3uauut, lim S, = 2. Yucso 2 HA3BIBAIOT CYMMOU OeCroHewHOl

zeomempuueckoii npozpeccuu 1, %, ‘—11, %, <. ¥ THLIYT:

1,1 1
1+§+1+§ +..=2.

PaccMOTpUM Teneps NPOU3BOJbHYIO FT€OMETPHYECKYIO IIPOTPECCHI0
(b,):
b:, b.q, b.4%, b.¢3, ...

co 3HaMeHareJeM ¢, Tae |g| < 1.
HaitleM CyMMy MepBBIX N YJIEHOB 3TOH NMPOTPECCHH:

_bh@ -1

Sn— q_]-

IIpeoOpasyem BhIpa)KeHHNe, 3aIIUCAHHOE B IIPABOH YaCTH PaBeHCTBA.
Iomyunm

_bg"-b _b-bg" _ b _ b

S, g-1 1-¢ 1-¢q 1-¢ -

Mo>XHO KOKa3aTh, YTO €CJH || < 1, ¢" IpU HEOTPAHMYEHHOM yBe-
b 7

1-¢

TaK)K€ CTPEMHUTCA K HyJI0. 3HAYMT, IPH HEOTPAaHUYEHHOM yBeJH4e-

b

HHUHU 71 cyMMa S, CTPEMHUTCH K YUCITY T-¢

JIM4EeHHUH 7 CTPEMHUTCA K HYJIO, & II03TOMY IIPDOH3BEeAEeHHEe

by
1 -

Yucao Ha3bIBAIOT CYMMOU OeCKOHEUHOU z2eoMempuieckoll

npozpeccuu (b,) co snamenamenem q, zde |q| < 1. O603HAYUB 3Ty CYM-
My GYKBO# S, moayuyum
S b

1-gq
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BeckoHeuHyI0 reoMeTpPHYECKYIO IIPOTPECCHIO CO 3HAMeHaTeJIeM ¢,
rae |q| < 1, HaspIBAIOT Oeckoneuno yboviearouieil zeomempuuecioiL npo-
epeccueil. IlpumepaMn 6eCKOHEYHO YOBIBAIOIIUX reOMETPHYECKHUX IIPO-
rpeccui MOT'YT CJOYKHTh IPOTDECCUH:

1 1 1 1
61, % 3 216> TR @
;0 11 1.1 rge g = —L.
' T3 9 T2 sy AT T3

3aMeTHM, YTO TEPMHUH «0eCKOHEYHO yOBIBAlOIMaA» XapaKTepuayeT
37eCh U3MEHEHUEe He CAMHUX UJICHOB IIDOTPECCHHU, 8 TOJBKO HX MOAY-
Jeit. BeckoHeuHO yOBIBaIOIIas reOMeTPHUYECKas IIPOTPECCHA SBJISAET-
cs yObIBaIOIIeil OC/eA0BATEILHOCTHIO, B COOTBETCTBHHU C paHee JAaH-
HEIM OIIpeZeJIeHUEeM, JIUIIb TOTAa, KOTAA ee NepPBLId YieH U 3HaMeHa-
TeJb MOJOKUTENbHEI.

1-
saueil zeomempuyeckoll npozpeccuu.
IIpuBegeM npuMephl HCIOJB30BAHUA BTOUH (HOPMYJIBI.

®opmyay S = b p Ha3bIBAIOT POPMYN0il CYMMbL 6eCHOHEwHO YObl-

IIpumep 1. Cymma 6GecxoHeuHO yOBIBaWIIEl reoMeTpUYeCKOMl
8
nporpeccuy (a,) paBHa 3* 8 CYMMa [OCJIe/I0BATeNbHOCTH (c,), cocras-
. 512 . .
JIeHHO# M3 Ky6GoB ee UJIEeHOB, paBHa 53" Haiinure nepBuIdi 4NeH

M 3HaMeHaTeJIb Mporpeccuu (a,).

Ilycts @, ¥ ¢ — mnepBHIA YJI€H M 3HAMeHAaTeJb 'eOMeTPHUYECKOH
nporpeccun (a,). Torna a} m ¢® ABAAIOTCA COOTBETCTBEHHO IEPBLIM
YIEHOM U 3HaMeHaresieM nporpeccun (c,). Tak kaxk (a,) — GeckoHeuHO
ybeIBAIOMIAs TeoMeTpHYeCKas mIporpeccHus, 1o |g| < 1, a moaromy |¢?|
TaK)Ke MeHbIlIe 1, T. e. I0CJeZOBATEILHOCTD (C,) TaKXKe ABJIsgeTcA Oec-
KOHEUHO yObIBalOMIei#l reoMeTpHYeCKO#l mporpeccuei.

IIpuMensasa k nporpeccusam (a,) u (c,) bopmysry cyMMbl 6eCKOHEYHO
yObIBaIOIIE} reOMeTPIYECKOH IIPOrpeccHH, OJIydaeM CUCTEMY YPaBHEHUM

o _8
1-¢ 3
ai _ 512
1-¢*  63°

8
Uz nepBoro ypaBHeHHA HAXOAUM, UTO @, = §(1 — q). lloacraBnas

3TO BBHIpaXX€HHe BO BTODOEe ypaBHEHHUE, IIOJIYUYUM
5121 - ¢)* _ 512
27(1 - ¢%) 63"

8 IO. Maxapniuep « Asrebpa. 9 K.+
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Orcioza
a-¢* _1
3+q+q?» T
7—14q + 7¢2 =3 + 3q + 3¢%,
42 - 179+ 4 =0,

1
=7 =4

BTopoii KopeHb KBaAPATHOTO YpABHEHUA HE COOTBETCTBYET YCJIO-
BUIO 3a7a4yM.

8
N3 pasencrsa q, = §(1 — ¢) HaXOAUM, 4YTO €CJIH q = %, TO @, = 2.
O T B e T: NepBrIil WieH IPOrpeccHH PaBeH 2, a 3HAMEHATeNIb PaBeH %

IIpumep 2. IlpeacraBuM GeCKOHEUHYIO AECATHYHYIO II€PUOAH-
yeckyio gpods 0,8(3) B Buzge oOLIKHOBEHHOIA.
Yucao MOIKHO 3aIIMCATH B BUAE CYMMBI:

0,8(3) = 0,8 + 0,03 + 0,003 + 0,0003 + ....
B cymme
0,03 + 0,003 + 0,0003 + ...

cjaraemMble ABJIAKIOTCA 4YiIeHAMH OecKOHeYHO yOhIBalolllell reoMeTpH-
Yyeckoif mporpeccHM co sHameHaresem ¢ = 0,1.

IIpumenns dopMysy cyMMbl 6ecKOHEYHO yOBIBalOIei reoMeTpH+
YeCKO# ITpOrpeccHH, HalheM, 4YTo

003 _ 1

1-01 30

S =
3Hayur,
0,8(3) =0,8 +% = 30 = B

5 .
PaagenuB 5 Ha 6, HeTpyAHO yOeauThHCA, YTO APOOH § AeiicTBH-

TeJbHO ofpamjaerca B O€CKOHEYHYIO AECATHYHYIO NMEPHUOAUYECKYIO
apo6s 0,8(3).

783. B GeckoHeyHO yOBIBAIOIIEH reoMeTpHUYecKoi nmporpeccun (a,)
HalauTe:
a) S, ecnu a, = 56, ¢ = 0,2;

6) S, ecm a, = —J§, q= J—3§-;
B) a,, ecsin S = 28, ¢ = —0,5;
r)a,, ecnu S = 2\/5, q= %
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784. Haiigure cyMMy, cjlaraeMble B KOTOPOM ABJAIOTCA UYJIEHAMH
feckoHeYHO yOBIBAIOIIEH reoMeTpHUYECKONH IIpOrpeccHu:

1 1 1 . 2 4 8 .
a)§+?+?+..., B)?_E+m_...’
6)J_—§+§—...; I‘)3\/§+\/§+§+....

785. IIpencraBbTe YHCIIO B BUe OOLIKHOBEHHOM Apo0H ¥ caeaiiTe
IIPOBEPKY, BBINOJHAA AeJIeHNe UHUCAUTENA OOBIKHOBEHHOH ApOOH Ha
3HAMEHAaTeJb:

a) 0,(6); 6) 0,(16); B) 0,2(3); r) 0,12(5).
786. IlpeacraBbTe B BUAe OGBIKHOBEHHOM ApPOOHM YHCIIO:
a) 0,7(2); 6) 0,0(3); B) 1,(08); r) 2,(15).

787. Cymma GeckoHeuHO YOBIBAlOMIEH IeOMeTPHUYECKON mporpec-
1 2 "
cHH paBHa 18, a cyMMa NepBBIX TpeX ee UJIEHOB paBHA 2§. Haiigure
OepBbINA YJieH M 3HAMEHATEJ b NPOTPEeCCHH.

788. B paBHOCTOPOHHMI TPEYTrOJbHUK CO CTOPOHOM 1|2 CM BIIHCaH
TPEYTONbHHK, BEPIIMHAMHM KOTOPOTO CJIYKAT CePeXHHBLI CTOPOH JaH-
HOT'O TPeyroJbHHUKA. B IOJMyueHHBI# TPEYroJbHUK TAKUM JKe CII0CO-
6oM BrIMCAH TPeTHil TPEYToJLHUK U T. A. Haiigure cyMMy nmepuMeTpoB
K CYMMYy IUIomiafeil 3TUX TPeyTroJbHUKOB.

789. B xBaspaT, CTOPOHA KOTOPOI'0 paBHa @, BIIUCAH KPYT, B 3TOT
KPyT BIOKCAH KBAJDPAaT, B MOJIYYEHHbIH KBaJpPAT CHOB& BIUCAH KPYr U
r. . Haiigzure cymmy:

2) IepUMETPOB KBaJApPATOB; B) AJIUH OKPYXKHOCTEH,
0) nuomganeit KBaAPATOB; ) IIonage Kpyros.

790. Haitgure 3HaMeHaTesb OeCKOHeUHO yObIBalomieil reoMeTpH-
4eCKOM IIpOorpeccuy, y KOTOPOM KaXAbli YIeH OTHOCUTCH K CYMMe I10-
CAeqYIOIUX YJIEHOB Kak 3 K 5.

791. Cymma 6eckOHEUHO YyOhIBAIOIIEH reoMEeTPHYECKOM Iporpec-
cun (b,) paBHa 3, a cCyMMa IIOCJIeZOBATEJIbHOCTH, COCTABJIEHHOM M3
KBaIpaToB ee wieHoB, paBHa 1,8. Haligure nepBulif uieH U 3HaMeHa-
renb nporpeccuu (b,).

792. B 6eckoHeuHO yOBIBAIOIIEl reOMEeTPHYECKOH nporpecci;m CyM-
Ma mepBHIX ABYX wieHOB paBHa 9. Cymma mociezoBaTeJILHOCTH, CO-
CTABJIEHHON M3 KYOOB ee YJIeHOB, OTHOCHUTCH K CyMMe IIOCJIeAOBa-
TeJIbHOCTH, COCTABJIEHHO! M3 KBAJApPATOB ee WiIeHOB, Kak 36 : 7. Haii-
NUTE EePBbIii YJIeH ¥ 3HAMEHATEJNb IPOTPECCUH.
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793. Cymma ujleHOB GeCKOHeYHO yOhIBaloieil reoMeTpuvecKoi
nporpeccuu paBHa 64. UneHrl, cTosie H& HEYETHHIX MecTax, o6pa-
3yI0T 6eCKOHEYHO yOBIBAIOIIYIO reOMeTPHYECKYIO IIPOTPEecCHI0, CyMMa
KoTopoit paBHa 51,2. BriuuciuTe mepBble YeThIpE YJieH& KaKAOH M3
IIPOTPECCHIA.

794. B GecxoHeuHO yORIBAIOIIEH reoMeTPHYECKOi IPOrpeccuy mep-
BBHIH YJIEH COCTABJAET OZHY YeTBEPTYIO YACTh OT CYMMEI BCeX OCTaJb-
HbIXx. Halanre mepBbIfi ujleH ¥ 3HAMEHATEJb IPOTpPecCHUM, eCJH H3-
BECTHO, YTO TPeTHH! 4YJIeH 9TOM Iporpeccuy paBeH 9.

\
RN ’/ YnpaxHeHuss Ans NOBTOPEHWUN

795. Pemnre ypaBHeHue:
x-4 x+2 _ 41, 6) i_(li"'x_l 21

&) et y—4a- 4% -6 - 6

796. Ilpn xaKuX 3HAYEHHUAX 4 HEPABEHCTBO
a)ax?—-6x+ 4> 0 6)ax?—4a—-1x+2a>0
BEepHO Tipu JiroboM x?

\
RN ‘/ KoHTponbHble BONpocbl ¥ 3afaHus

1. Yro HasnIBaercs apegegomMm HOCJIelIOBaTEJIBHOCTK? PasbacHure
I‘eome'rpnqecxnffl CMBICJI ITpeaeJia I10CJIief0BaTeJIbHOCTH.

2, ChopMynupyiiTe CBOHCTBA CXOAAIINXCA MOCIeZOBATEIbLHOCTEN.

3. Kakaa mociyieloBaTeJbHOCTh HA3bIBAeTCA 6€CKOHEYHO yOmIBa-
omell reoMerpuueckoli nporpeccueii? 3anumnure GOpMyJsy CyMMH
6eckoHeuHO yOniBalomiell reomerpuueckoil mporpeccur. IIpeacraBbre
YHUCJIO B BUJe OOLIKHOBEHHOM JpOOH.

\
NEERRE ‘/ DononHutenbHble ynpaXHeHWUs
K rnase 4

K maparpady 10

797. MoxkeT Jin TIOCJIEAOBATENILHOCTSD (@,) O6BITh 3anaHa hopmy.roit:
Vo= — L Va, = k2
Vb= n-9n -9 B) &= T 05n -5

1 .

6)a.= 7 En v 4
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798. IIpu KaKMX 3HAYEHMAX b MOCIeAOBATENBHOCTD (X,) ABJIAETCA
BO3pacTalomlell ¥ MpH KaKNX — yOBbIBaIOLIEH, ecIu:

2n® + bn, _6n-b
05 =" O)x= g7

799. fiBnsieTca MU OTPAHNYEHHOHN IMOCJIEAOBATENBLHOCTE (C,), €CJIM:

_ 5+,

2
nt2, ) LD mye,=2+3.¢-1)

a)c, = 6) c

800. Jaun mociexosateabHocTHu (a,) u (b,), Tae a, = 2" 4,
b,=2n + 9. [okaxkure, uto a, > b, npy J10O60M HATYPAJIILHOM n.

801. Moxakure, 4To MpoM3BeZeHNe P, MEepPBBIX N YJIEHOB IOCJe-
AOBATEJILHOCTH

1_%,1_4 4 4

6, 1—2—5-, ceny 1 ——(2n — 1)27 see

1+2n
PaBHO T 5,-

K maparpagy 11

802. Mexay uncaaMu 3 U 15 BcTaBbTe HECKOJBKO YHCeJ TakK,
yro0Bl MoJIyyHJachk apudMeTndeckaa nporpeccud (a,), B KoTopoi
a,:a,_,=5:8.

803. Mexay uncnaMu @ ¥ b IOMeCTHIIM M YHKCeJ, KOTOPble BMECTe
¢ NAHHBIMM YHMCJIAMM COCTABHUJIM apudMeTHUYECKYIO IIporpeccuio. Haii-
ZUTE TIepBbie TPH WIEHA 3TO¥ MPOrpPecCHM.

804. Hoxaxure, YTO €CJM AJHUHBI CTOPOH NPAMOYTOJBHOTO Tpe-
VrOJIbHUKA COCTABJIAIT apupMeTHYEeCKYIO IPOTDECCHIO, TO Paguyc
BOMCAHHOM OKPY’KHOCTH DaBeH DPA3HOCTH 3TOH IIPOTPECCHH.

805. UsBecTHO, 4TO (@,) — apudMeTHUecKas IPOrpeccus, B KO-
Topoit a, + a, + a; + ... + a, = 210. Haiizure, ueMy paBHa cymma
a, + ag + a;; + a.

806. Hokakute, uto ecan (a,) — apudmMerHyecKas IIpPOrpeccus
na,+a,=a,+aq,Top+m=~k+1L

807. BepHo a1 yTBepXKAeHHE: IIOCJIEOBATEIbHOCTh (a,) ABIAETCA
apudmMeTHYeckoi Iporpeccueil Torga ¥ TOJLKO TOTAA, KOrga JoGon
ee WIeH, HAYUHAaA CO BTOPOro, ecTh cpeHee apuMeTHYeCKoe PABHO-
VAAJEHHBIX OT HEro 4JeHoB?
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808. JokaxxuTe, 4YTO ecjayd yuciaa @, b, ¢ cocTaBaAlOT apudMeTu-
YeCKYI0 MIpOrpeccuio, To:

a) 3@+ b2 +c¥)—-6(a +b)Y=(a+b+ )
6) a(b? — ¢?) + b(c? - a?) + c(a® - b?) = 1 (c — a)*.

809. B apudmMeTuueckoil nmporpeccun
2,5,8,11, ...

OCTABHUJIM TOJBKO Te UJIEHLI, HOMepa KOTOPHIX KpaTHHI 5. Haiigure
CYMMY IIepBBIX JeBATHA YJIEHOB 00pasoBasBllleiicA IOCIeZOBATEILHOCTH.

810. oxakuTe, U4TO B apudMeTHYecKoil mporpeccuu
Sn+3 - Sn = 3(Sn+2 - Su+l)'

811. IlocnegoBarenspHocts 1, 3, 8, 16, ..., b,, ... obmagaeT TeM
CBOMCTBOM, UTO PA3HOCTH IOCJIEAYIOMIEr0 ¥ MPEeAbIAYILEro YJISHOB CO-
CcTaBJIAIOT apudMeTHYecKylo nporpeccuto. Haipure b, .

812. HaiizuTe KopeHb YpPaBHEHUsI, B KOTOPOM cJjiaraeMble, 3aIu-
caHHBIe B CKOOK&X, COCTABJIAIOT apudMeTHYEeCKYIO IIPOTPEeCCHIO;
aAx+2)+(x+4)+(x+6)+ ...+ (x+ 24)=180;

6) 2x + 1)+ 2x+4)+ 2x + 7))+ ... + (2x + 46) = 472.

813. Haiigure cyMmmMmy m + n 4jJeHoB apudMeTHUeCKO# mporpec-
cuH, B KOTOpoii a,, = n, a, = m.

814. B apudmeTuueckoit nporpeccun Sg = m, S;, = p. Haiigure S;.

815. Ilycts (a,) — apudMeTuueckas nporpeccus, (S,) — mocie-
JOBaTEJBHOCTh CYMM IIEPBBIX 1t ee uJieHOB. I3BeCTHO, YTO YJIEHBI MO~
ciegoBaTeJbHOCTH (@,) M300paXaloTCA B KOOPDAMHATHOM IJIOCKOCTH
TOYKAMU, NPUHAMJIEKAIUMA OpaMoi y = 3x — 1. Hanummure ypas-
HeHUe KPHWBOI, KOTOpOil NPUHAAJEKAT TOYKHM, H300pakalonye uJe-
HBI TI0CJezoBaTesbHOCTH (S,).

K maparpady 12

a b
816. Mexay umcaamMu 32 U gz THea > 0, b > 0, BCcTaBBTE NATH

yuceJyg, KOTOphle BMeCTe C AAHHBIMHU 4YHUCJI&MHU COCTaBAT reoMerT-
PpHUUYECKYIO IIpOrpecculo.

817. CymMmMa mepBERIX TpeX YJIEHOB reOMeTPHYECKOHl mporpeccuu
paBHa 124, a ux npoussefenue pasHo 8000. Haiigure mepBblil WwieH
¥ 3HAMEHATeJb IPOTrPecCHH.
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818. Moxaxure, uro ecau (b,) — reomerpuyeckas mporpeccus
ub, b, 10b,-b, TOP+ m=k+ 1.

819. Cymma Tpex 4uceJl, COCTABJAIOIIAX I'eOMETPHUYECKYIO MPO-
rpeccuio, paBHa 21, a cymMMa uUX KBagpaToB paBHa 189. Hailigure atn
qHCJIAa.

820. loxakuTe, YTO TOJBKO IIOCJELOBATEJIBHOCTH PABHBIX YHCEJ]
ABJAETCA OJHOBPEMEHHO apudMeTHUYEeCKOH U reOMeTPHUYECKOH IMpo-
rpeccueil.

821. JoxakuTe, YTO ecJ 3HAMEHATEJb IeOMETPHUYECKON IIpo-
1+5
2
paBeH PasHOCTH MOCHeAYIOHIeT0 U NpeAbIAYIIero 4JeHOB.

rpeccul paBEeH , TO KaXXAbIM ee 4JieH, HAYUHAA CO BTOpoOro,

822. MoxaxkuTe, 4TO ecjy Yucaa a, b, ¢, d COCTaBIAIOT reoMeT-
PHYECKYIO IIPOTPECCHIO, TO:
a)a—-c)+b-c)l=(@—-d?+ (d-d3
6) (a® + b% + c?)(b% + ¢ + d?) = (ab + bc + cd)?.

823. CKOJIBKO YJIEHOB reOMeTpHUYEcCKOil mporpeccuy
0,1; 0,2; 0,4; ...

HAJZI0 CJIOIKHUTDH, YTOOBI IOJIyUeHHaA cyMMa Onlja:
a) paBHa 51,1;
0) 6osnire 10, HO Mensbue 40.

824. HaiiguTe ymcyio YIeHOB KOHEUHOM BO3pacTaloileil reoMeTpu-
YeCKOM IIporpeccui, ecji U3BECTHO, YTO CyMMa IIEPBOTro ¥ MocJIeAHEro
wieHoB paBHa 9,9, npousBesieHNe BTOPOTO U IIPEANOCJIEAHETO YJIEHOB
paBHO 2,88, a cymMMa BCceX YJIEHOB Iporpeccuu pasHa 18,9.

825. Tpu umciia, cyMMa KOTOPBIX paBHa& 42, ABJIAIOTCA IePBHIMH
TpeMs YIeHaMU IeOMETPHUYECKOMH MpOorpeccuyd U OJHOBPEMEHHO BTO-
pBIM, MATHIM M OSMHHAAIATHIM YeHaMM apudMeTHuYecKo mporpec-
cnn. CKOJNIBKO YJIEHOB TeOMETPHUECKOM IIPOrpecCHuy HaAO CJIOXKHUTH,
4yTo6BI MX cyMMa OblIa paBHa 7627

K naparpady 13

826. N3BecTHO, YTO MOCHEAOBATENBHOCTD Uy, Uy, «oe 5 Uy, .. AMEET
mpefes, paBHBIN b. SIBasieTcs su cxopsieiica mocyaen0BaTEIbHOCTD
8) Us, Ugy Ugy <o » Upy oo , TTOTYUEHHAA U3 JAHHOU II0CJIEAOBATEIBHOCTH

nmyTeM oTOpachIBaHUA II€PBBIX YEThIpEX UYJIEHOB;
6) D1y D2s P3s Pa» Uy Uy, Uszy ooy Uy, ... , IOJYUEHHASA U3 JaHHOH! IIOCHE-

JOBATEJBbHOCTH A00aBJIEHHEM NEPBBLIX UEThIPeX YJIEHOB?

IIpu MONOKUTEJIBHOM OTBETE YKaKUTe, YeMy paBeH Ipeesl.
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827. BepHO J111, 4TO paBeH HYJIIO IIpejiel OoCJedoBaTeIbHOCTH (U,),
ecyu:

__1_. _(_l)n. — (_1\*
a) u, = & O u, = 55 B) u, = (-1)"3 + 3?

828. NaBecTHO, uTO (@,) — CXOAAIIAACA II0CIeA0BaTEIbHOCTE. [IpH
KaKOM YCJIOBHH IIOCJIE€JOBATEIBbHOCTh

a;0,a,0,a,0,..,a,0,...

ABJIsgeTCA cxomAmeica?
829. [laun! nocaepoBareanHOCTH (a,), (b,), (c,), TOE
2 1 a,
@G =g b=y 6= b
Haitgure lim a,, lim b,, lim ¢,, ec1tu ouu cymectsyior.

830. UaBecTHO, YTO cymMMa OecKOHEYHO yObIBalOIleil reoMeTpu-
YyeCcKOll nmporpeccuu pasHa 64, a cyMMa IepBBIX YeThIpEX YJIEHOB JTOH

NIpOrpeccvu pPaBHA 63%. Haiigure nepBbIii uieH ¥ 3HaMEHATeNb IIPO-
rpeccuu.

831. HaiizuTe cyMMy mepBBbIX IATH YJEHOB G€CKOHEYHO YOBI-
BalIleid reoMeTpHyYeCKOM MpOTpeccHy, BTOPOH YJIeH KOTOpOii paBeH

1 : .
§, a4 OTHOLIeHHe CYMMBI I10CJIeJOBaATEJIBHOCTH, COCTABJIECHHOW M3 KBaj-

" 3

PATOB ee UWIEHOB, K CyMMe BTO I10C/Ie/I0BATELHOCTH PABHO 7.
832. B GeckoHeuHO yOBIBaIOIEH reoMeTpHYECKOM Iporpeccuu

2
OTHOIIEHHE I1ePBOTO YWIeHa K CYMMe HOCHeAYIOIIUX YICEHOB PABHO 7.

Haﬁ,tm're 3HAaMEHAaTeJb IIporpeccuu.
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B3AUMHO OBPATHbIE
§14. /A OYHKUUUN

37. V ®DyHkuua, obpatHaa [aHHONA

Tabauna
u -3 -2 -1 0 1 2 3
v 9 4 1 0 1 4 9

3a7laeT ABA& COOTBETCTBHA: OJHO MeXAYy MHOXXEeCTBOM
Uv={(3,-2,-1,0,1, 2, 3}
H MHO)KecTtBoM V = {0, 1, 4, 9}, Apyroe MexxXay MHOXXeCTBOM V U MHO-
secTBoM U. Tarkue cOOTBETCTBUA HASBIBAIOT 83AUMHO 00PAMHbIMU COOM-
semcmeuamu. IlepBoe coorBeTcTBHE siBNAEeTCS GYyHKIMEH, TAK KAaK KaM-
JOMY 3HAYEHHIO MEePEMEHHOH U COOTBETCTBYET €IMHCTBEHHOEe 3HAUEeHUe
nepeMeHHoO# v. Bropoe cooTBeTcTBHE QYHKIHEH HE ABIAETCA, TAK K&K
CYIHIECTBYIOT TAKHE 3HAUYEHUSA TMEPEeMEHHON U, KOTOPHIM COOTBETCTBYET
6onee ogHoro snauenns u. Hanpumep, ecimv=4, Tou=-2nu = 2.
PaccmoTpum eiie ogHy Tabamumy:

x -4 -2 0 2 4 6
y -2 -1 0 1 2 3

OTa TabJuIa TaK)XKe 3aaeT ABa B3AMMHO OOPATHBIX COOTBETCTBHA:
ofHO Mexay MHoxkectBom X = {—4, -2, 0, 2, 4, 6} ¥ MHOKeCTBOM
Y ={2, -1, 0, 1, 2, 3} u BrOpoe Me}xqy MHOKeCTBOM Y M MHOXe-
crBom X. Kaskzoe 13 aTMX COOTBETCTBH ABideTca pyHkuueii. O603ua-
YUM nepBylo pyHKnuio 6yksoit f. [Ina dyukoum f o6paTHoe cooTBET-
CTBHe TakKyke sABjaAercA dyHknueit. ['oBopar, uro ¢pyHkuua f obparuMma.

OnpexeneHue. Pyaxuusa ¢ 06iaacTeio onpenesieEnsa X u obaa-
CcTHIO 3HaYeHMI Y HassiBaeTcsa o6paTHMoOi, ecau oGpaTHOe el COOT-
BETCTBHE MeXJy MHOKECTBOM Y M MHOKeCTBOM X — GyHKIHA.

Ecaun dyskumua f o6paTuma, To o6paTHOe eif cOOTBETCTBHE HA3bI-
Ba1oT ¢ynKknmeii, o6paTroi dbysxuun f.

OueBHAHO, UTO OOPATHMA TA M TOJBKO Ta QYHKINA, KOTOP&A KaxX-
Jloe CBOe 3HaUYeHNe IPUHUMAET JIUIIL IIPY OAHOM 3HAYEHWH apryMeHTa.
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OTcroza, B YACTHOCTH, CHEAYET, YTO KAXO0as MOHOMOHHAA PYHKYUA
obpamuma.

Ob6paTuMbIMH GYHKIIMAMY ABJIAIOTCA, HAIPDUMED, JUHeHHAaA GYHK-
UM, cCTeleHHaA YHKIHA ¢ HEYETHLIM NOKasareneM, oOpaTHasd IIpo-
TMOPIIHOHAJIBHOCTh, QYHKIUA Y = J_ .

IIpumep 1. Ilyers byukuus f sagana Gopmysioi y = x2 — 4, rae
x 2 0. IloraxeMm, uto pyukuusa f obpaTuma ¥ 3agaguM GHopMyJIoH
dyuKnuo g, obparnyio f.

@DyHKuuA f — Bo3pacraloas, 3HAYMT, OHa obpaTuMa. Bripazum
u3 popmyns y = x* — 4, rae x > 0, nepeMeHHy0 x yepes y. Ilosy-
yum x? = y + 4. Orcloaa x = ‘/y + 4, taxk kak x > 0. ®opmyson

x = \Jy + 4, rie y ABAAETCA He3aBUCHMOI IepeMEHHOH, a X — 3a-

BHCHMOI IIepeMeHHoii, 3agaerca GyHKUUs, obpaTHaa GyHKUMH f.
IlepeiimeM K CTaHEAPTHHIM 0003HAYEHUAM, 00O3HAYUB HE3aBHUCH-

MYIO TIlepeMeHHy10 GyKBoit X, a 3aBUCHUMYI0 — OykBo# y. Ilna sroro B

dopmyse x = \Jy + 4 nomeHsieM x Ha y U y Ha x. Ilonyuum dopmyiy

y=+Jx + 4.

Ob6sacTio omnpexesieHUs GYHKIUM [ ABJIAETCA MHOXKECTBO HEOT-
pHMLaTeNbHBIX Yucel, T. e. D(f) =[0; +0), a o6nacThio 3HaYeHHiT HyHK-
My f ABIAETCA MHOMKECTBO AEHCTBHTENBbHBLIX YHcel, GOJbIINX WK
paBHBIX —4, T.e. E(f) = [-4; +0).

Haiizem obsacTh onpezeneHuda GyHKuuu g. [uda sroro pemum
HepaBeHCTBO X + 4 2 0. Orciona D(g) = [-4; +°°). Teneps HaiineM

obsiacTs sHaueHUH GyHKIUY g. Tak Kak QyHKIUA &, T.e. ¥ = Jx + 4,
IpM JIO0BIX X 2 —4 MOXKeT IPUHUMATH JIOOble HeOTpUIaATeIbHEIE 3Ha-
yeHusa, to E(g) = [0; +o0).

MsbI BUAMM, YTO 0GJIACTH OTIpEJeIeHUA U 00JIacCTh 3HaYeHMi GyHK-
uuit f ¥ g MOMEeHANUCHh POJAMU: obaacmb onpedenenus Gyrrxyuu f
cmana obaacmoelo 3HavenHull Gynxyuu g, a obracmsy 3naieruil QyrHk-
yuu f cmana o6aracmuio onpefenenus QyHrKyuu g.

9Tta 0co0EHHOCTh MMeeT MeCTO JIA JIOOBIX ABYX B3aUMHO oGpar-
HBIX ¢dyHkui. [JeilicTBUTENbHO, U3 ONpeAe/IeHUsI B3AUMHO OOpaTHRIX
byHruuit f U g caegyer, UTO ecJM @ — 3HAYeHUe aprymesHTta GyHK-
uuu f, a b — cooTBeTCTBYIOIEE eMy 3HaueHne GYHKIUHU, TO AJIA GyHK-
LIUM g 3HaYeHNeM apryMeHTa ABJfAeTcA b, a COOTBETCTBYIOLINMM €My
sHayeHneM GyHKIUM ABjideTca a. IHauye roBops, eC/JiM BEPHO paBeH-
cTBO b = f(a), To BepHO U paBeHCTBO a = g(b).

TaxkuMm obpasoM, ecit X = D() u Y = E(f), to D(g) =Y u E(g) = X.

Has paBencts b = f(a) u a = g(b) cnexyer, uro

f(g(®)) = fa) =b u g(f(a)) = g(b) = a.
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Takum oO6pasoM, eciu f 1 £ — B3aUMHO OOpaTHEIE QYHKIHUH, TO UMe-
10T MECTO TOXKJIECTBa
flg(x)) =x n g(f(x)) = x.
OTH TOMKAECTBA MOYKHO UCIOJb30BATH, B YACTHOCTH, HJIA TOrO,
gro0n1 HANTHU GOpMyJy, 3amaoImyo GYHKINIO, 0OpaTHYI0 JaHHOI.

IIpumep 2. Haligem dbyHKUMIO, 06pPATHYIO QYHKINHN
1
f) = gx - 2,

rae -6 < x < 9.
®dyarnua f obpaTuMas, MO3TOMY UMeeT OOpPaTHYI GYHKIHIO.
IIycts g — byukuusa, obparnas f. Ucnmonbaya Toxzgectso f(g(x)) = x,

HOJTYYUM %g(x) - 2=2x, e —6 < x < 9. Orcioga umeeMm: g(x) = 3x + 6,

rae —4 < x < 1. HepaBeHeTrBo —4 < x < 1 mosyuuau, IOACTABUB B
HepaBeHCTBO —6 < g(x) < 9 Bripakenue 3x + 6: -6 < 3x + 6 < 9,
-12 < 3x < 3, -4 < x < 1. 3HauuT, pyHKuMeH, oOpaTHO f, ABNIAETCA
¢yaxkuua g(x) = 3x + 6, roe D(g) = [-4; 1].

[UA 4l
IR /,*l
| AT
l =Jx+4]
RN im—\‘/
9 | i
- |
614112 /10 J5 | 4 | g1 8 |10!%
ol IJ1 11 ]
| fx)=x" -4,
_|4 raex >0
| HEENE
Puc. 98

Ha pucynke 98 usobpaxens! rpabuku dbyHKuuit y = x2 — 4, rae
x>0, uy=x+ 4. OHU CHMMETDUYHBI OTHOCHTEJHHO MPAMOMH
y = x. TakiKe CUMMeTPHYHBI OTHOCUTEJIBHO NPAMOH Y = x ¥ rpaduKu

byHKIMIA f(x =:—lgx—Z,me—6<x<9,ng(x)=3x+6,me—4<x<1

(puc. 99).

Takum sxe cBoiicTBOM 00s1afaloT Ji00ble B3aUMHO oOpaTHbIe QYHK-
19%0: 8

ITycts Touka M(a; b) npuHamieKuT rpaduKy HEKOTOPOH MOHO-
rounoil Gyukuuu [ (puc. 100). Torza b = f(a) — BepHOE paBeHCTBO.
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B arom cayuae BepHBIM SABJISETCA U paBeHCTBO a = g(b), rae § — byHK-
nua, obparrasn f. Us aroro ciaeayer, uro rouka M'(b; a) npuHanJIeKUT
rpabuky dyaknuu g Ho Touku M u M’ cMMMeTPUYHEI OTHOCHUTEJILHO
IpAMOM Y = x. 3TOT BBIBOJ AOCTATOYHO OUYEBUAEH, TaK KAK CHMMeET-
p¥A KOOPAMHATHOM IJIOCKOCTH OTHOCHUTEJILHO NMPAMOM Y = X NEpeBo-
ot Touky M(a; b) B Touky M'(b; a).

ITepeuncaiuM HEKOTOPEIE CBOMCTBA ABYX B38MMHO OOpaTHBIX GQYHK-
uui f 1 g.
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1. O6nacTth onpenesneHusa GYHKIUY [ ABJIAeTCA 00JIaCTHIO 3HAYEHNHA
GOYHRUMY g, a 06JacTh 3HaYeHu QyHKuuy f asaserca o6acThbio om-
pefesieHUaA GyHKIUU £.

2. dyuxknusa, obpaTHas Bo3pacTalomlei, TakiKe ABJIAETCS BO3pa-
crapomieii. PyHkuus, oOpaTHaa yObIBalolllei, TaKKe ABJIAETCA yObI-
BaoIen.

3. Ecou o6patTuman ¢yHKUIus f HedeTHas, To obpaTHasa eft QyHK-
IOuA g TaK>Ke HeuyeTHad.

CroiictBo 1 6110 KoKa3aHo Bhimle. CBoiicTBa 2 1 3 JOKa)KUTe ca-
MOCTOATEJIBHO.

833. ®yuknua sagana rabaunei:
D xl-s]-3[-1]1]3s O3[]4 ]5]7]6
yl| 1 3 5 4 1 y|-2|-3|-4]|-5]| -6

fABnserca mu dyHKuUe cooTBeTcTBUE, oOpaTHOE QyHKIuHU [?

834. ®yuxuusa g 3agaHa ¢opmyJoi y = x%, rge x € [-5; 7). Haii-
JauTe obyiacTh 3HaYeHu GyHrmuu g. fBnasercs gu pyHKIUA g oOpa-
TUMO?

835. ®yuxuus [ sagana ¢opmysoi y = x*, rae D(f) = [0; 3]. Haii-
aute E(f). fIBnaerca nu pyukuua f o6parumoit?

836. sisnaerca sm QyHKIUA oOpaTHMOL, ecy OHa 3aaHa hopMyIIoii:
a) y = x% B)y=gx—8;
6) y = x% )y =|x[?

837. ®yukuusa f sagana dopmyioii:
a) y = x%, rne D(f) = [3; 7];
6) y = 5x — 8, rae D(f) = [-3; 12];
B) y = x* — 1, rae D(f) = [-2; 3];

Dy =3 me D) = [-6; 11,

Asnserca mu dyuruusa [ obparumMoii? B ciaydae moJIOKHATEIHHOTO
orTBeTa 3agailite QyHKOUWO g, obparHyoo GyHKuuu f, dopmMmyJoi
H YKakuTe obJyacTh ee ompeneseHHA.

838. 3agaiite dopmysoit GyHKIUIO, OOPATHYIO KaHHOI:
a)y="7x-3; B)y=10x -1, rge 2< x < §;

6)y=-2x + 3; r)y=—%x+3,me—4<x<2.

839. UsBecTHO, uTO & — GYHKUUA, oOpaTHad GYyHKOUHU f, ¥ YTO
D(f) = [-20; 40], E(f) = [-5; 10]. Haitgure D(g) u E(g).
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840. UssecTHO, yTo rpadurky obpaTumoii ¢byukmuu y = g(f) npu-
HajgaexxaT Touyku A(2; 8) u B(—1000; —10). HaliguTe KOOpAKHATHI ABYX
TOYEK, KOTOphle NpHHAAJeXaT rpaduKy GyHKIUHU, oOpaTHOU (YHK-
noum g.

841. Hexoropas ¢pyHkuusa y = f(x) sagaHa Ha MHOJKecTBe Jeil-
CTBUTEJILHBIX Yuces. fIBiaAerca au ata GyHKIUA oOpaTHMOit, ecau
M3BECTHO, YTO €e rpaduKy NPUHAAJIEIKAT TOYKH:

a) A(35; 41) u B(83; 41); 6) C(12; —8) u D(31; —8)?

842, ITocrporite rpaduk GyHKIUN, OOPAaTHONH GYHKIIMH:
a)y=%x—1,me—3<x<6;
6) y = x%, rae x < 0;

B)y=~/;;
r)y=\/3.

. . k
843. loxaxkure, 4T0 pyHKuuel, o6paTHOH DYyHKIUH Y = >’ The

k # 0, aBndAerca Ta ke (pyHKuudA. aiiTe reoMeTpu4ecKoe HCTOJIKO-
BaHUe 3TOMYy (daxTy.

1
844, Nokaxxure, urto GyHKIUHN, 3afaHHbIe (GOPMYJIAMH Y = pramt

1
» TAe x > 0, ABNAIOTCA B3IAUMHO O0OpaTHBIMH

rae x > 2, 0 y= ™

OYyHKIUAMH.

845. 3agarite popMyJoi GpyHKIHNIO, OOPATHYIO JaHHOM:

a)y=1- Jx - 2; O)y=1+ Jx - 2.

\
RN ‘/ YnpaxHeHus Ana NOBTOPeHUs

846. Haitgure cymmy 40 uneHOB apudMeTHYECKOM nmporpeccu (a,),
eciu a, + a; +a; + a;, =36 ua,,=21.

847. Hajigure cyMMy BceX HeCOKPATHUMBIX Apobei co saHaMeHaTe-
JeM 5, MpHHaIJIeKaIuX npoMexyrtky [0,2; 6,4].

848. Peimute cucreMy ypaBHeHMIA:
) x+y+2xy=11 ) lx + 2| + |y - 2| = 12,
a

XYy+x-y=4 |x + 2| = 8y - 6.
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849. YnpocruTe BHIpa)KeHHE
Vat+tx+Ja-x Ja®-x2
Ja+x-Ja-x x

38. \‘/ dyHkuua, obpaTtHaa cTeneHHoOW PyHKUMM
C HaTypanbHbIM nokasartenem

PaccmoTpumM creneHHy0 GYHKIIMIO ¢ HATYPAJILHBIM IIOKa3aTeJIeM 7i.
Ilpu HeuetHoM n dyHKHIuA f(x) = x" ABAseTcss Bo3pacTaloIiel
(puc. 101). 3uauuT, ona obparuma. na dyukuuu g, odpaTtHoi f, rae

n > 1, BBesu crenuaibHoe obosHavenue g(x) = Yx. Boipaxkenue %x
Ha3BIBAIOT KOpHeM n-ii cmenenu u3 x. Uucio n Ha3LIBAIOT nokasame-
JleM KOpHA, 8 X — nodxoperHbim 6bipaicenuem. Hanpumep, BeIpaxe-

Hue ¥4 sBNsSeTCA KODHEM TpeTheil cTemeHM M3 YeThipex. KopeHs Tpe-

Thell CTeIeHU HA3BIBAIOT TAaK)Ke KyOMYecKMM KopHeM. BripakeHue
{-5 ecTb KopeHB cegbMOH CTemeHM U3 —5.
CorstacHo ToxkaecTBy f(g(x)) = x, roe f

Y

H & — B3aMMHO oOpaTHble QYHKUMH, UMe-

n

em (¥x) = x. Orcrona cJenyeT, HAIIpUMED,

yro §-27 = -3, rak kak (-3)® = -27;

Y32 = 2, Tak kak 2° = 32. Boobme ecam

n — He4YeTHOEe YHCJO ¥ @ — IPOU3BOJILHOE

L = L N_L W L Ol O |

o
g
-4
&1
g_
g._.
]
/

n
JeHCTBUTEJILHOE YHUCJIIO, TO ((‘/; ) = a.
PaccmorpuM cBoiicTBa dyHKIUM g(x) =
= ('/;, rae n — HeYeTHOe YHCJo u X € R.

1. Ecom x = 0, To g(x) = 0;
ecau x < 0, To g(x) < 0;

ecau x > 0, to g(x) > 0. __2__1/7-
Jns 060CHOBAHMSA BOCIIOJB3YEMCH TOMK-

n
JeCTBOM (%‘/; ) = Xx, TZle n — HedYeTHOe Ha- I
TYPAJIbHOE YHUCJIO.

Ecnu crenens uucia paBHa& HYJIO, TO
OCHOBaHHE paBHO HyJ1I0. Eciam HeueTHas
CTEeIlIeHb OTPHLaTEeJIbHA, TO OCHOBa&HHE CTe-
IIeH¥ OTPHLATEJIBHO. Ecnun HeueTHad cre-
TIeHb TOJIOXKUTEJIbHA, TO OCHOBAHUE CTelle-
HH TIOJIOKHUTEJIBHO.

2. @yuxuua g ABJAETCA BO3PACTa-
Iomei. ITo cIefyeT U3 TOro, YTo QyHKIUA

R
— e
R
i

Q
o

|

|
T
[=Y

—

N
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[

[2]

[~

(S O Iy N O Ny O NN

Puc. 101
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WwilTIiTTTTTTTTTT]

g2(x) =%x,re n — HeeTHOe YHCIO

pussest?

b\ A

&) \h-l .

Puc. 102

f(x) = x", rme n — HedeTHOe YHCJIO, BO3pacTalllas, U U3 CBOMCTBa,
yTo MyHKIUA, oOpaTHaA Bo3pacTalollel, Bo3pacTaloIas.

3. PyHKIUA g ABJIAETCA HEYETHOH, T. e. g(—x) = —g(x). 31O BhITE"
KaeT M3 CBOMcTBa 3 B3aUMHO 00paTHBHIX (yHKIMHA.

4, Obnacth sHaUeHUN QYHKIUH £ — MHOXKECTBO JEeHCTBUTEJIbHBIX

YHuCeJI.

9TO BBITEKAET M3 CBOMCTBA B3aMMHO 00paTHRIX GyHKOuUi f(x) = x"

u g(x) = 4'/;, rge n — HederHoe yucho. Eciu D(f) = R, to E(g) =

= D(f) = R.

Ha pucysnke 102 moxkasano, Kak BBHIVIAANT Irpaduk GYHKIHNHU g(x) =

= {x npu HeuyeTHOM n.

Yl

|
l

U N -, )
rne nt—— qe'rnoe_tchlo_+

L = L N
|
x

f(x)

T

|
[\

]

|
[y

Q

[y

|

|
(O

|

[

PaccMoTpUM Teneps cTeneHHYIO (HyHK-
OUIO ¥ = X" ¢ YeTHBIM IIOKasaTelyieM .
Ota GyHKIOHMA He ABJIseTCA oOpaTHUMoOi
(puc. 103). Iloaromy paccMoTpuM GyHKIMIO
f(x) = x", rne n — uerHoe uucao u D(f) =
= [0; +o0)., Pyukuua [ BO3pacTalOIad M,
cJIefioBaTeJIbHO, OHa obparumMa. PYHKIMUIO &,
obpaTHy0 QyHKIUY f, TAK K€ KaK U B CJIy-
yae HeYeTHOro 71, 0003HAYAIOT 3HAKOM KOp-
HA g(x) = Yx. IIpu n = 2 moxasaTesb KOp-
Ha He nuiuercda. Hanpumep, BbIpakeHue

«‘/6 €CTb KOpeHb YeTBepTOi cTeneHu U3 6;
BeIpaskeHue $1,5 — KopeHb 1ecTol cre-
menu us 1,5.
Kax u npm HeueTHOM 7, PaBEeHCTBO
n
(\/"x) = X ABJIAETCA TOXKAECTBOM U IIpH

yeTHOM n. OZHAKO B 3TOM cJydyae aomyc-
THUMBIMM 3HAYEHUAMHU X ABJAOTCA x > 0.
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HOJILBYHCL 3THM TOXXAECTBOM, MMEeM:

4625 =5, rak kak 5*= 625; lﬁ— 16—9—1—3=1%, TaK KaK

144 ~ V144 — 12

i) = () -1 %

n
Boobiie ecoim n — uerHoe uucyo u @ = 0, TO (\/" x) =a.
Bruipaskenua V-2, $§/-2,7 He uMelOT CMBICIA.

Paccmorpum cBoiicTBa GyHKIMH g(x) = i‘/;, TZe n — 4YeTHOe YHC-
aoux >0,

1. Eciim x = 0, to g(x) = 0; ecim x > 0, 1o g(x) > O.

910 ciexyeT U3 CBOMCTB creneHHOM GYyHKOUM f(xX) = X" ¢ YeTHBIM
noxasareseM n: f(x) =0 opu x = 0; f(x) > O npu x > 0, u ToXKAECTBA
(Wx) = .

2. OyHKINUA £ ABASETCSA BO3PaCTAIOMIeH.

HeiicreuTenbHo, GyHKmua f(x) = x°, rae x > 0 ¥ n — yeTHOe UHC-

JI0, BOo3pacTamiolnaa. 3HauYuT, obpaTHas et byHkuua g(x) = 4‘/; BO3pa-
craoniasa (o cBOMCTBY B3aMMHO OGpaTHBIX QYHKIMH).

3. DyHKINA £ He ABJAETCA HU YETHON, HM HeUeTHOH. ITO BuITeE-
KAeT U3 TOTO, YTO 00JIACTh ONpeeieHUA DYHKIUM g — IPOMEKYTOK
[0; +00) — HecMMMeTpPHUYHOE OTHOCHTENBHO HYJS MHOYKECTBO.

4, Obnactp 3HaueHWH (PYHKIHU & — MHOYKeCTBO HEOTPHMIATEeJNb-
BEIX YHCeJ.

910 ciexyeT M3 CBOMCTBAa B3aMMHO OOpaTHHIX GYHKIUM: eciiu
D(f) = [0; +o0), To E(g) = D(f) = [0; +0).

Ha pucyske 104 mokasaHo, KaK BHITJIAANT rpaduKk QPyHKIHH
g(x) = Yx ¢ 4eTHBIM TOKasaTeJeM.

AT ITTT
T 1Tt 11517 1T T 1T
—18(x) =(‘/;, rje n — 4YeTHOE YHUCJIOT]
A
/
1 Vx
-1
Puc. 104

850. fABnsaerca au obparuMoit GyHKIUA:
a) y = x°% B) y = x'°% rge x € [0; +0);
6) y = x'% r) y = x°, rae x € (—0; 0]?



242 Fnasa 5. CreneHn u xopHu

851. 3agaiite dopMysoii GyHKIHIO, OOPATHYIO QYHKIIUHK:

a)y = x5 r) y = x8, roe x € [1; +00);
6) y = x%, rme x € (—o0; 0]; x) y = %%, roe x € [-2; 2);
B y=x"; e) y = x*, roe x € [0; 3).

852. Haiinure o6sacTh onpeseneHus GyHKIHH:

a)y=~/;; B)y=1§/3_c;
6) y = ¥x; r)y = Vx.

853. Haiigure sHaueHWe QyHKIUYU Y = 5/;, ecyu:

a) x=-1; o) x = —-0,125;
6) x = —64; e)x=1—;5;
3.
B) x = 8; m)x=3-g,
r) x = 1000; 3) x = -2750.

854. Hatigure sHuaueHue GyHKIUY Y = ‘\‘/;, €CJIH:
a)x=1; 6) x = 16; B)x=§—fli; r)x=3-83—1-
855. Haiinure obnactey 3HayeHUi GyHKOuHU f, ecian:
a) f(x) = 3/;, roe x € [-8; 27];
6) f(x) = 3/;, rme x € [1—16’ IOOOO:I;
B) f(x) = &‘/;, rge x € [1; 16];
r) f(x) = 5’/;, rme x € [—312-; 32]-
856. IlocrpotiTe rpadux byHKIUU:
a)y = ¥x, 5) y = ¥fl;
6)y = Yx, r)y=Y-x.
857. CpaBHuTe umCIIa:

a) ¥-31 u ¥-28; B) 450 u ¥48;
6) 343 u i‘/ﬁ; r) f/g u §o.

858. Peitute ypaBHerue:
a)x*+ Yx +Tx=9; 6) Yx—2+Yx+5=3.
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859. N3obpasnre cxemMaTnuyecKH rpad@uk GyHKIUN:
a)y=3/;; B)y=-§/|_x—|;
6)y = —¥-x; r)y = | {d|.

860. IlprHagnexut au rpaduKy QYHKIUN:
a) #x rouka A(216; 6); B) ¥x - 2 rouxa C(29; 3);
6) #x Touka B(-16; 2); r) §/|_x_| touka D(-81; 3)?

861. Haitzute n, 3Has, uro rpabuk GyHKOUH y = Yx mpoxozut
4yepe3 TOUKY:

) AG2; 2); ») C(L; 1)
1, 1), 1. -
) B(-1a ~3) ) D(-1; -1).

862. Iloctpoiite rpadukx GbyHKIUU:

a)y=|§/;|? 6)y=—V-x; Bl y=¥x -2 -1.

\
FTTT T ‘f YnpaXHeHUA ANA NOBTOPEHUN
863. PasnokuTe Ha MHOMKHUTENH TPEXUJICH:
a)a® — 5a + 2; 6) b® — 2b% — 5b + 6.
864. Peuinre cucremMy ypaBHeHU
x? + y? = 2,52y,
x —y = 0,25xy.
865. 'eoMeTpHuyecKkas MPOTPecCHs COCTOUT U3 YEThIPEX YJIEHOB.

Cymma xpaifiHMX ee wieHOB paBHa 45, a MpousBefeHHNe CPeIHUX
paBuo 200. HalizuTe nepBhlil 4jeH U 3HAMEHATEJNb 3TOH IIPOrpeccHH.

el ‘\
HEREN 7/ KOHTpONbHbIE BONPOCHI U 3afaHUNA

1. Kaxaa ¢yukinua HaseiBaeTca odparumoit? IIpuBegure npumep
IBYX B38MMHO 0OpaTHBHIX GyHKIMA.

2. ChopmynupyiiTe cBOCTBA B3aMMHO O6paTHHIX GYHKIUM.

3. ChopmynupyiiTe cBoiicTBa GYHKINK g(x) = ('/; , €CJIM n — He-
YeTHOE YHKCJIO M eCJIM n — uyeTHoe unciio. Ilokakure, KaK BRITIAXUT
rpaduK GYHKINK g IPH HEYETHOM 71 ¥ YETHOM 7.
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KOPHU n-in CTENEHU
N CTENEHU
C PALUOHANIbHbIMU

§ 15. /‘\ NOKA3ATEJ/IAMU

39. V ApudmMmeTnyeckmin KOpeHb
n-A creneHu

MB!I BBIACHHJIHN, YTO MYHKIHNA Y = 4‘/;, ecan x > 0, npu aob6oMm n
(4eTHOM M HEeYEeTHOM) NPHHHMAET HEeOTPHIaTeJIbHbIe 3HAUYEHHS.

HeorpuuareJbunlii KOpeHb n-ii CTelleHH U3 YHCJIE a4 Haamnalm‘
apugmemuvecKum KOpHeEM. '

Onpenenenune. ApudpMeTHIeCKHM KOPHEM n-i CTENeHH U3
YHCJIa @ Ha3bIBAETCA TaKoe HeOTPHIATeJbHOe IHCIO b, n-s1 cTeneHs
KOTOpOro paBHA 4.

N3 onpexnenenusn ciueayer, uro a > 0. CorsacHO onpeiesIeHUIO €CIH

b>0ub"=a, 0b=%a.
I/IS oripeneJqIieHuA cJaenyeT, 4TO IIpH JIIOGOM a U 4YeTHOM 1n HMeeT
MECTO TOXIXECTBO
Ya* =|al.

ITepeuncauM cBoiicTBa apndMeTHYECKOro KOPHS.
1. as atobbix a > 0 u b > 0 umeem mecmo mosxdecmeo

tab = %a - o.
JleicTBUTENBHO, TAK KAK (‘/E 20mu &'/I; 2 0, To {'/; . 4’/5 2 0.
IIpuMeHsa cBOMCTBO CTEMEHM IMPOU3BEAEHUS, MOJYUHUM:
(a %) = () - (&) = ab.
Orcioga 1o onpeAenreHUIo apuGMeTHYeCKOr0 KOPHS BEPHO paBeH-
crBo Yab = Ya - %b.

CBoiCTBO MMEET MECTO, €CJIH YHCJIO MHOMKHUTEJIeH MO 3HAKOM KOp-
HA OoJbIIle ABYX:

Yabe = i@y = Yab - ¥ = ¥a - 1B - 4.
Cnegcreue. Ecoma >0um€ N, To ('\'/E)m=4'/;17-

HNmeem ('/a_"' = ,"/aa . a = 4'/5 : 4’/;1- 4’/; = (4'/;17)

n pas m pa3

2. na nwoboix a 2 0 u b > 0 evtnoansemea moxdecmeo
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n
a o
Tak Kak '\’/; 20mn (‘/I; >0n —4'/—5 2 0, To, IPpUMEHAA CBOMCTBO

crenmeHu apobu, UMeeM

(J’) W) _a
o) T @p b

Ilo onpepgesennio apuGMeTHUYECKOr0o KOPHA MMOJIy4aeM

3. ns nwbozo a 2 0 u m € N guinonnsemcsa moxcdecmaso
Y4a = "fa.

Tak Kay ”«fc; >0, oM \/ 2> 0. IlpuMeHnsasa ciaeacTBHe U3 CBOI-
crBa 1, uMeeMm

(47=)" = ({efa)) = @a) - a
Ilo onpeaenenno apupMeTHIECKOro KOpHA, MMoJydaeM
[ m{t/_ .

CnencrBue. [Ina moboroa > 0 u k € N, m € N uMeer MecTo

roxgectso "fam™ = Yam.

IIpumenssa cpoiicTBOo 3, UMeeM
e = e = J(Wa) = da.

ToxkaecTBO %[qmk = Gfqm TOKa3bIBaeT, UTO 3HAYEHHEe KODHA He
H3MEHUTCS, €CIIM IOKAa3aTeNb KOPHS U IOKAa3aTeJlb MOZKOPEHHOTO
BHID&YKEHUA Pa3feIUTh HA MMEIOIUICA ¥ HUX o0IM it MHOKUTENb HITH
YMHOXXKHTBH Ha OJHO M TO Ke HaTypajJbHOe 4ucio. IloaTromy aTo cBoii-
CTBO HA3bIBAIOT OCHOBHbLM CB0LCME0M KOpHA (IO aHAJIOTHH C OCHOB-
HEIM CBOIiCcTBOM ApoGm).

ToxmecTBa, KOTOpHIE IPEACTABJIEHbI B IPUBEJEHHBIX BHIIIE CBOM-
CTBAX, ZAIOT BO3MOXKHOCTBH IIPOIe ITPOM3BOAUTL BBIUUCIECHUS K TIpe-
06pazoBaHUA BHIPa*XEHHUI, cojepiKamux apudMeTHYecKNe KODHM.
IIpu sToM KakJoe TOKAECTBO MOYKHO YNTATH K&K cJieBa HAIIpABO, TaK
H cIpaBa HAJIeBO, YTO 3aBMCHUT OT paccMaTpHBaeMoit 3agauu. Hanpu-

Mep, eciu Tpefyerca HaiiTH 3HayeHHe BhipakeHua {81 - 0,0625, To

ueJIecoo6pa3Ho BOCIIOJNIB30BaATHCA TOXAECTBOM \4/017 = \4/(; . \4/1_7:

481 0,0625 = 481 - 40,0625 = {3* - 40,5 = 3. 0,5 = 1,5.
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JIJIK BBIYNCJIEHHNA K€ BbIDAXXE€HHA 3/3_2 . '(\5/-2- cjieagyeT BOCIIOJNB30-
BaTbCA TOXKEeCTBOM % . % = f/a_b:
832 .82 = §32. 2 = 64 = 2.

IlpuBeaeM mpuMepkI.
IIpumep 1. HajizeM 3Hauenyme BBHIPaYKEHMA:

13, 3108, Y19 V7
a) 4331', 6) i B) o

13 _ /256 _ ¥256 _ .1,
) {351 =81 - g - 13

-

IIpumep 2. HaiifeM 3HaueHNe BLIPAXKEHUSA

3/3/5—1‘3/9/2+3/§+1.
Y2-1 - Yla+ 2 +1=Y@2-10)F4+3¥2+1) =

@) -1=41-1.

3aMeTHM, YTO IIP¥ HEYETHOM N M OTDHIIATEJbHOM 4 BBID&KEHHE
%a He sBaserca apudmMernueckMM KopHeM. OZHAKO B CHJIy Heuer
HOCTH (QYHKUIHM Y = %x TpH HeyeTHOM n KOpeHBb n-i CTENEHH u3
OTPHIIATEJBHOTO YMCJa MOXKHO BHIDA3NTh uyepe3 apudMeTHUYeCKHH
KOPEeHb M B AaJIbHeHIIeM BLIMOJHATHh Ipeo6pa3oBaHMs, IPHUMEHAd
K HHMM CBOMICTB& apH(PMETHYECKOTO KODHSA.

IIpuMep 3. BolHeceM MHOKHMTENb M3-TIOJ 3HAKA KODHA:
a) ¥-24; 6) Y64a°, rae a < 0.
a) ¥-24 = Y24 = Y83 = -8 43 = -2¥3;

6) 64a° = 32 32 - (-a®) = -2(-a)¥2 = 2a¥2.
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IIpumep 4. BueceM MHOKUTENb MOA 3HAK KOPHS:
a) —34/;; 6) b§/§, rae b < 0.

a) -3¢c = Y3'c = —4f81c;
6) b3 = ~(-0)¥3 = -§(-b° - 3 = -{3°
IIpumep 5. YOpoCTHM BhIparkKeHHE

YV2 -1 - Y3 - 242 -#17 - 1242.

IIpeacTaBuM i’/s/i -1mu 9/3 - 2J2 B Buze KopHe# 12-if cremeHwu.
HmeemM:

— 12[17 _ 12\/5.

Orcroza ciexyer, 4TO

W1T-12V2 = W2 -1 ¥3-2/2 = W2 -1.

3na4yuT,

V2 -1-Y3- 242 317 - 122 -
21 4z-1-4-1-(2-1) =v2-1

IIpumep 6. HokaxkeM, 4TO %/x/g + 2 - 3/\/— -2 =1.

IIycTts {’/\/5 + 2 - {’/«/_ — 2 = a. BosBeaeM JIeByI0 4acThb 3TOTO
paBeHcTBa B Ky0. Meem:

(B+2-45-2) =vB+2-(B-2)-
—3(i‘/(£+2)2(~/3—2)—i‘/(«/3+2)(~/5—2)2)=
= 4-3(Y(0 + 4v5)(V5 - 2) - ({5 + 2)(9 - 45)) =

=4—3(«3/~/5+2—3/~/'—2)=4—3a.

Orcrona
4 — 3a = ad,
a®+3a-4=0.
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9To ypaBHeHMEe NMeeT KOpeHb a = 1 (ycTaHaBJINBaeM 1IpoBepKoit). [py-
X KOPHe# B CHJIy MOHOTOHHOCTH QyHKIMM Y = a® + 3a — 4 Her. 3Ha-

quT, 3/«/5+2—§’/\/5—2=1.

866. HalizuTe sHaueHMe BhIpaKeHNA:

a) 30,125 - 216; B) ssg; ) 321% . 33:

4256 - 0,0016; L, 1w faz
6) 4256 - 0,0016; r) 4 39_13, e) 5 132 5 TR

867. Briunciure:

a) ¥63 - ¥147; 8) 8 — 56 - 48 + 56;

6) 4112 - 4343; ) {11 + V40 - {11 - J40.
868. CpaBHnTE YyHCHIAa:

a) ¥11 u $119; r) W u ¥3;

6) ¥27 u ¥9; n 7 u \32;

B)ﬁ“\/%; e)ﬁ‘/g%nmig-

869. CpaBunTe yucia ¢ efUHULEIH:
a) 40,2, 6 Y5 5 09; 1 YL,0L

870. Haiinute sHaueHne gpobOu:

AN N 71
a 4/59 mr pi 52‘3/_2.7

6) Y2 . - §3125 . o 4595
Y486’ 1024’ 5925

871. YuopoctuTe BhipaKeHHE:
a) Va2, roe a < 0; B) Yxy%, rme x < 0, y < O.

6) Y4b*, rae b < 0;
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872, IIpeacraBsTe BHIpaXKeHuWe B BHUAE ApoOH:

a) bz,mea 20ubd=>0

343x°,
6) {125,

B) § 4,1‘1190 20ud>0;

r alG ;

12
x) —67225 , rae b < 0

e) 250 s5r—5 e x < 0.

873. Ynpocrure BhIpa)keHue:

a) §(a@ - 3)* + \(a - 6)?, rge 3 < a < 6;

6) §(b—1)° + (2 - b)* + (b -32, rae2<b< 3;
B)\/2x2—2x+3—«/x4+4x2+4, rge x < 1

P)Jy3+y2—y—1, rae y > 1.

874. Haiigute nBa moCeZOBATEIBHLIX HATYPAJIBHBIX YMCJIA, MEX-

Ay KOTOPBIMH 38KJIOUYEHO YHCJIO:

8) V5; 6) V7; ) ¥2; r) 3.

875. BuecuTe MHOMKMTEND IO 3HAK KOPHA:

‘a) ai’/—2_, rae b = 0; T) x#% + %, rae x > 0;

5) b43, rae b < 0; 1) y,ﬁ,% - ;14— rae b > 0;
B) ci’/g, rae ¢ < 0; e) z,fi - %, rge 2 > 0.
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876. BoiHecuTe MHOYKHMTEJb U3-TIOA 3HAKA KODHSA:

a) V8azb?®, rme b > 0;
6) ¥54atts;

7.
B) ,5’12;2!,2 , rae a = 0;

bic?
T) 1 rae b<0, ¢c20, d=>0.

877. YupoctuTte BhIpakeHUe:
a) Yadaa; 6) Yb¥ob.

878. IlpeacrasbTe B BUe KBafpaTa CyMMBI BHIpa’KeHHE:

a) a + 2Ja + 1; B) 4x + 12§/x%y? + 9%/17;
6) Vx + 2yxy? + y; r) Ya® + 4%a%?® + 4b.

879. IlpeacraspTe B Buje Kyba pasHOCTH BhIpaKeHUE:

a) ava - 3a¥b + 3Va¥? - b;
6) x — 63/xT + 128x5 — 84x3.

880. IlpeacTaBbTe BhIpakeHue B BUe ApoOH ¢ UEeJIBIM PallioHAaIb:
HBIM 3HaAMeHATeJIeM:

a) 1 . r) Y a2 .

bz Yo — Yab + 907
6) = N I

Ny VG x
B) ;' e) _1—

881. HajlizuTe 3HaueHNe BHIPAXKEHUS

1 1
x+1 g+l

npnx=2+\/§, y=2—«/§.
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882, anoc'm're BhIpAXKEHHE:
o |5 im T | (- )
6)[ 2 +2]_ ¥

b-2h+1 Vb-1) B+l
By =3 __ 2x5 .
Yr + 2% x+ 28x°’
)\/_+2y+4\f-+ 8
Yyt +affy? v16 Yy -2y + 4

883. okaxxuTe, 4TO BEPHO pPaBEHCTBO:
g) ¥x - 5 = {’/(x - 5)%, ecnu x > 5;

6) ¥x - 5 = —§/(x - 5)%, ecam x < 5;
8) 49 + V80 + ¥9 — V8O = 3;
0 YV50 + 7 + Y50 — 7 = 3.

AN ¢

Frrp i 7 YnpaxHeHus ANA NOBTOPEHUs
884. 3anaiiTe hopmysoil GyHKIINIO, 0GPATHYIO JaHHOM:

B)y=2x — 1, rme x € [-3; 3];

) y=x% - 2x + 2, rae x € (—o0; 1].

885. IlocTpoiite rpaduk GyHKUNYK Y = x\/;.

886. YnpocruTe BhIpaKeHHe
( 3 + 1 ) C(x —=5)? 43
25 -x2  x?-10x + 25 2 x+5

887, Cymma Tpex 4YHcesI, COCTABJIAIOMNX I'eOMEeTPUYECKYIO IIporpec-
CHIO, paBHa 7, a cymMMa uX KBagpaToB paBHa 21. Haiiaure st yucia.

40. \’/ Crenexb C pauuoHanbHbIM
noxkasartenem

IIpy BBeAEHWH IIOHATHUSA CTENEHU C I[eJBIM IOKa3aTejleM MEI Tpe-
foBasy, YTOOGLI HOBOE OonpefesieHue OblJIO TAKUM, IIDU KOTOPOM CBO¥M-
CTB& CTEIIEHH C HATYPAJbHbIM IMOKa3aTejieM coxXpaHsaiuch. Orpanu-
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YyeHH€e BBOAHJIOCH JIUIIb HA OCHOBAHKE CTEIIEHH, KOTOPOe JOIKHO OhITh
OTJIMYHBIM OT HYJIA.

BBezeM Temephb HmOHATHE CTelleHU ¢ APOOHBIM IOKa3aTeJeM, IIPH-
YyeM, AaBas HOBOE OoIpeAesieHue, TakKe 6yaeM Tpe6oBaTsh, YTOGHI CBOM-
CTBa CTelleHell C I[eJIbIM IIOKAa3aTesIeM COXPaHAJHKCH.

PaccmoTpuM mMaBecTHOe CBOMCTBO

(am)n — amn
’
rae ¢ > 0, m ¥ n — neJble YKUCJAa.
Ecau nmorpe6oBaThb, 4TOOBI 3TO CBOMCTBO BBINIOJHSAJOCH TaKMKe H

AJA PAaIUOHAJILHBIX M W N, TO, B YACTHOCTHU, OHO ZOJI’KHO BBITIOJ-
HATHCA, KOTAa M ¥ n — B3AaUMHO OoOpaTHBIE YucCJa.

1
IIycrs, Hanpumep, @ = 3, m = gun= 6. Torza B COOTBETCTBHH

6
1
6
¢ 3TUM TpeGoBaHUEM HOJIKHO OBITH BEPHLEIM PABEHCTBO (3 ) = 3.
1

6
Byaem cumrath, uro 3° > 0. Torga B COOTBETCTBHUM C OIIpejeJe-
HUEM apu(PMeTHUYECKOTO KOPHA MMeeM: IIOJIOKHUTEJbHOe YKCJIO, IIec-
TadA CTelleHb KOTOPOrO pPaBHa 3, eCTh apuMeTHYeCKUH KOpEeHb IIec-
1

" 3
TOHU CTEIIeHH U3 TpeXx, T. e. 3 = s/g.
1

Boobmie ecitu a > 0, n € N n a” > 0, To nenecoobpasHo CYUTATD,

1 n
= —_ n
yro a" = Ya, Tar Kak (a") =amu (\/"a) =a.
Tak KaKk Mbl YCJIOBHJIMCH, YTO CBOMCTBO JOJIKHO BBIIIOJHATHCHA H

Ul PAIUOHAJIBHBIX M ¥ 1, TO, IPHMEHANA €ro K PaBeHCTBY a” = 4‘/;,
\" m om
TMOJYYHBM (a") = (K'/Z) , a® = Ya™.
3aMeTHM, YTO IIOKA HE AAHO ONpeJesIeHHe CTelleHH C APOGHBIM
1 m
TIOKasaTeJieM, TaKWe BBHIDAXKEHHA, KaK 36, a”, a", He UMelOT CMEIC-
aa. Ho paccyrxkjgeHusi, IpoBeAeHHble BbIIIE€, FOBOPAT O IiejiecooGpas-

HOCTH TaKOTro onpeneJyieHUud.

Onpenenenue. Ecitm a > 0 m r — panHoHAJbHOE UHCJIO,

m
3aIMCAaHHOE B BUAE XPOGH 7’ TAe m — 1elioe, a n — HATYPAILHOE, TO

a" =

n,

am

CoruacHo 3TOMY oIlpejeJIeHHn10, UMeeM:
1 -1

3 : -3 3
57= s, 2°=2"=2, 107 =10° = 10",



§ 15. KopHM nN-A CTeneHn 1 crefNeHn ¢ PauMOHAIbHLIMKA nokKasaTesiaMu 253

Ilo OoIpegesIeHNIO TaKiKe II0JIararrT:

m
eCIM m M L — HaTypajJbHBIE 9HCaa, To 0" = 0.
3HaYeHHe CTeleHH ¢ PALMOHAJLHLIM IOKA3aTeJieM I He 3aBHCHT
OT 3alINCH YHCJa I B Bufie Apo6u. J[efCTBUTENbHO, IPEACTABIAA YHC-
J0 r B BHJe Apo6u pasHBIMH cmocobaMM, MEI Bcerga OyaeM moaydaTs

OJKH N TOT e pe3yJbTarT.
6 3

IIokasxeM, HaLIpuMep, 4YTO 32E = 323:
6 3
3210 — 10 ,326 - 5’323 — 325.

mk
Boo6me niycte @ > 0, roe r; = T M= o Taem €Z,n€N,

3

m mk
ke N.Torga a” = a" = Yar = "W =a™ = q*

B sToM mpeo6pa3soBaHUM MBI IPUMEHAJH OIpefAesieHHe CTEeleHH
¢ PallMOHAJIBHLIM MOKA3aTeJIeM M OCHOBHOE CBOMCTBO KOPHA.

JlaBas ompesesieHNe CTENEeHH ¢ APOOHBIM IIOKA3aTejeM, MBI MC-
KJIOYHUJIH OCHOBaHHe cTeneHH a < 0. To orpannyeHne HEOOXOAMMO.
B nporusHOM ciryuae (ecau g < Q) onepaliusi Bo3BeJ€eHUs YKCIa B Jpo0-
HYIO CTelleHb CTAHOBUTCA HeOAHO3HaYHOH. /115 060CHOBaHKUA 3TOrO IO~
CTATOYHO MPHUBECTH IIPHUMep:

1 2
) =¥ 1= (D =Y =-=1
1

2
r.e. (-1)° = (1%
ITokaxxemMm, 4TO CBOICTBA CTelmeHe#l C IeJILIM IOKA3ATeJEM BbI-
HOJIHAIOTCA M AJIA cTeleHeil ¢ JIOOHIM PAIMOHAJBLHBIM IIOKa3aTeeM.
IlepeuncauM 3TH CBOICTBA.
Aas n106020 a > 0 u 1106bIX PAYUOHANLHBIX HUCEL T'y U Ty 6bLNON-
HAlomea moxcdecmaea:

a”-a®* =a""", (1)

a” :a® =a"" ", (2)

(@)* = a. (3)

Has noboix a > 0 u b > 0 u 1106020 PAYUOHALLHOZ0 YUCLA T UMe-
lom Mecmo moxdecmea:

(aby = a'¥, 4)
o -5

3ameTuM, 4To Jio6oe palMOHAaJbHOEe YMCJIO I', KaK IlleJoe, Tak

m
u Apo6HOe, BCerga MOYKHO NPEeACTABHTL B BHUAe ApPoOOH 7 Tae
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m — UeJjoe YUCJIO M N — HaTypajbHoe. IloaToMy IpM HOKa3aTesb-
CTBe CBOMCTB CTEeIeHH ¢ PAaIlMOHAJLHBIM II0Ka3aTesleM HeT HeoOX0AUMO-
CTH pacCMaTPHUBATH YACTHELIE CJydad (KOorga r; — IeJioe YUCJIO, I, —
apobuoe u T. x.). IlpeacraBasaa paluoHAJIbLHOE YMCIO I' B BHAe ApoGH
m
—> TZie m — Heyoe UMCJIO U 1 — HATYPAJLHOE, MBI OXBATHIBAEM TeM
CAaMBIM BCEBO3MOXKHBIE YaCTHEIE CJIYUYAH.

Joxakem ToxxaecrBo (1).

IIycts @ > 0, r; u r, — NPOM3BOJIbHEIE PALIMOHAJLHEIE YHCHa. Mbl
BCerga r; U r, MoKeM IIPeJCTABUTL B BUAE AP0Oel ¢ OAHUM U TeM Ke

my my
3HaMeHaTeJeM: = —>» r,= —sraen €N, m, € Z, um, € Z.
1 n 2 n 1 2
Torna
arlarz = ’ ’ Ja’nlamz = n’aml+mz
my+mg m  m2
=a n =a n n = a"l+"2

B npeobpaszoBaHUAX MBI MOCTELOBATENHHO MCIIOJNb30BANH OIIpe-
JeJIeHHe CTelleHHM ¢ pallMOHAJIbHBIM IIOKasaTelieM, cBoicTBo (1) apud-
MeTHYeCcKOro KOpHA, cBoHcTBO (1) cTemeHH C LIeJIBIM IIOKA3aTesieM H
olpejieJIeHNe CTEIIeHN C PAallHOHAJLHBIM MOKAa3aTeseM.

M3 TtoxkzectBa (1) BEITeKaeT cieACTBUE:

1

ecima >0ur— paluMoHaJbHOE YUCJIO, TO & = E,"'

MelicTBUTENBHO, TAK KaK @’ -a =a’=1ua >0, Toa" = s

Joxaxkem ToxgecTso (2).

m )4
Ilyers a > 0, ry = o U= E’ U TZe m 4 p — Iejble YUCJA,
an ¥ ¢ — HaTypajbHLIE.
m J3
IIycrs a™ : @a® =a’, .e. a® : a’ =a’. Toraa, o onpeaeeHUIO
P m r+2 m
yacTHOro, @' - a? = a". Orciona a ? = a". B cuJIy MOHOTOHHOCTH

1
byHKOIUYM Y = {‘/; (a Takke M GYyHKOUM y = Xx") 3aKJIOYaeM, 4YTO

. 3Ha‘lHT, PaBeHCTBO

— TOMKZECTBO.

HUrak, a” : a” = a* ™.
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HoxaxkeM ToxkgecTBO (3).

A~

Hyctba >0, r, = ur,==", roemup — Lejble YUCJIa, a N U

n q

q — HartypajbHble. Torga
4
m

@) = &) < @) = Yy - W) = W -

U3 roxxaectBa (3) BEITEKAET CJIEACTBHE:
ecau @ > 0, r — pauMoHAJbHOE YMCJIO U NI — HATypaJIbHOEe YMCJIO,

.
0 Ya” = a”.
“ m
JeicTBUTENILHO, IIYCTh I = p’ TAe m — ueioe uMcio, p — Ha-

rypainbHoe. Torza

m m m 1 r
nf — np 7 n r n
n,ar = \’aP = "’P,am = "P[am - a"P =a? " =a = a".

HokaxxeM ToxaecTBO (4).

|

m
IOyetba > 0,b6>0ur =7,» T@e m — LeJoe IUCI0, N — HATY-

paJIbHOe.
Torzga
(ab) = (@b)" = Y(ab)" = %amb™ = Yam - o™ = a™ - b" =ab".

Hoxaxem ToxAecTBO (5).
IIycers @ > 0, b > 0 u r — panmoHanbHOE umncyio. Toraa
a) a”
IIpuBegeM nmpuMepbl NPUMEHEHUA CBOMCTB CTeleHed C paluo-

HAJILHBIM IIOKa3aTeJIeM B npeoﬁpasoaa}max Bblpame}ﬂlﬁ ¥ BBIYUCJIE-
HUAX.

1 1\
IMpumep 1. Haiizem snauenue Boipakenus (a')! + (bs) npu
a=-1,5ub=2,25.
1 1 1 1
(@) + (b") =|a| + b® =|-1,5| + 2,25* =1,5 + 1,5 = 3.
1
Baxxno o6paTurh BHHMaHHe Ha To, uto (@*")*" =|a

.
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1
IIpumep 2. IlpeacTaBHUM BhIpakeHHue @ — b, raea >0, s BUJE
NPOU3BeAeHH s, UCIOIb3YA HOPMYJIIBI:
a) pasHOCTH KBaApaToB; 0) pasHoCTH KyOOB.

a)a - béz (aé)2 - (b%)2 = (a% - b%)(a% + bi);
6) a - b% ( l)3 - (b%)3 = ( ; b‘"’)(a2 + a;’b‘ls + bé)

1 1 1 1
xz -yt + xi - y2
IIpumep 3. Cokpatum aApobb ly T L.

T ryt+l

x%+y%+1 y +1
NERENE EI) ¢ Alsstonl)
x3+yz+1 xi+y +1
1 1
- xf gyt

1
2 -
IIpumep 4. YopocTuM BeIpa’KeHue a+ x)l +d-x)

» BBIIIOJ-

(S B SIE

A+x)?-1-2x)

2b
HUB MONCTARHOBKY X = 33 7» TAe 0<b<1.

[

).
)

a+ x)2 +( - x)2 ((1 + x)% +(1- x)%)((l + x)% +(1-2x)
a+ :c)2 a- ;)c)2 ((1 + x)% -Q1- x)%)((l + x)% +(1-2)

Dl

o=

1
2+2(1—Jc)2 1+(1—x)
2x x

Iloacrasus B BhIpa)xenue 1 — x2 sBMecTo x Apobb

2b
B2 4 1 ToayuuMm

®* - 1)°
b2 + 1)
Orclona ( )
1
1+@-x% _p*+1+p° -1 b +1+0-0")_ 2 _1

S

x 2b - 2b T2
(3mechr yuurteiBaercd, 4yro 0 < b < 1).
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YA
2
_1_’i3 //'5' T
I P ta
1,6 = et
| Bl
.1.|4 /' = xa
i o J -
| — :
_1.,|2 — % -
i y= x L
le 1 | /7
0,16 777
0,I4 / /
0;2
o 012--0,14—-0,6~-0 8414 pl,2--1,4»1,6--118J—12—P2,2--2,4-Z
| | | | | | |

Puc. 105

IIpumep 5. IlocTpouM B ofHOH M TOH Ke cHCTEMe KOODAMHAT
1 1 1
rpaduky pyukumii y = x%, y= x3, y = x*.
1

Tpadux pyHKUKK ¥ = x* HHYEM He OTIHYAETCH OT rpadrKa QyHK-
1

ouH Y = 4/; . A rpapuk byHKIUMN Yy = x? uMeer CyIlleCTBEHHOe OTJIN-

Yyue oT rpadpuka QyHKINH Y = i’/; . Kax BBI 3Haere, GQyHKINA Y = 3/:;
1

ompezeseHa HA MHOMKECTBE JeACTBUTENbHBLIX YHCEJI, a BhIpaskeHne x°
uMeeT cMBICJH JuIb npu x 2 0. IToaTromy rpaduk GyHKINK cOBIagaeT

JUIIBb ¢ TOH YacThIO rpadukKa GYHKIUHN Y = i’/; , rme x 2 0.

Ha pucyske 105 nzoOpaskeHbl rpa@MKM IIepeYHCIeHHBIX (YHK-
nuit. Ux 0coGEHHOCTH COCTOHMT B TOM, YTO BCE€ OHM IIPOXOJAT 4Yepes
rouky (0; 0) u (1; 1). IIpu atom B npomesxyTke (0; 1) BrInmosHAeTCA

HepaBeHCTBO
1 1 1

x? < x% < x* gna mobrIX X,

a B mpoMexKyTKe (1; +00) BhINNOJIHAETCA HEepaBeHCTBO
1 1 1

xt < x3 < x2

9 1O. Maxapnrues «Anrefpa. 9 Ki1.»
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888. IlpeacTraBrTe apndMeTHIEeCKHl KOPeHb B BUjJie CTeIeHH C pa-
IMUOHAJILHBIM NoKa3aTesieM (a > 0, n € N):

a) V/29; r) {7, x) ¥(a + 2)°;
6) ¥5%;  n Yar; 3) @ + 5)*.
B) 437, e) Ya;

889. 3aMeHUTE CTeneHs ¢ APOOHHM MMOKa3aTesieM apudMeTHIeCKUM
KOpDHeM:

1 2
a) 7 B (x + y)", n€N;
6) 2,5%% e)(a - x)**", neN;

1
B) 3a%; x) 10"*", n € N;
1 n

r) (32)%; 3) 25'°, neN.

890. Haliznre sHaueHue BHIpAKEHUA:

_2 0,25 _1
a) 81°% + 0,001 °; n () - 277
1

6) 16°° - (0,0625)*"; r) (6561)° + (1024)'.

891. Vraxure obysacTs onpezesieHNss QYHKIIH:
1

a)y=x" B) y = (x + 6)°%;

2
5 1
6)y = (x - 3) DYy= Gooe

892, Haiigure obsacTy 3HaueHU# GyHKIMHU:
1

a)y=x§, rae 0 < x < 100;
2
6)y= x°, rme 1 < x < 2T;
1
B)y=(x-3)" rne3<x<19;
1

r)y=(x+5)°, rge -4 < x < 22.
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1 1 1
893. Micmons3ysa rpaduky GyHKOMA ¥y = X°, Yy = x° My = x°,

CPaBHUTE 4YHCJIa:
1 1

1 1 1 1
a) 0,5° u 0,5°; 8) 1,5° n 1,5°;

1

1 1 1 1
6) 0,5° u 0,5*; r) 15 u 1,5

894. Pacroyio’KHTe B IIOPAZKE BO3PACTAHHS YHUCJIA:
1 1 1 1 1 1 1

a) 0,12, 0,1%, 0,1%, 0,1; p) 1,2, 1,2, 1,2°, 1,2%;
1 1 1 1 1 1 1 1

6) 0,5%, 0,5°, 0,5°, 0,5%; r) 28, 27, 2%, 2%

895. IlpeacTasbTe B BHAEe KBAAPaTa YUCJIO:

A V2 6)3%  ®)2 ) 32

896. IIpeacrasnTe a’® B BUAE:
a) KBagparTa; B) CEIbMOMH CTEIEHH;
0) kyOa; T) n-# cTemeHH.

897. 3uas, uTo 3/_ = \/\/(; , rme a 2 0, HalanTe, HCIOJIb3Ya KaJlb-
KYJIATOP, NpUOIHIKeHHbIe 3HaUEeHUA KOPHEH ¢ TpeMsa 3HaKaMH IIocJie
3aIATOM:

a) 3; 6) {5; B) i1; r) {19.
898. YnpocTuTe BhIpakeHHUe:

2 1 _2 -5\"02
a) (16a3b‘2) ; 6) (0,027x0%y15) *; B) (23:12—31;5)

899. Coxparnre Apobb:

1 1
a—3a§, b_ba-
a) 15 r) T
a + 3a? |
xlﬁ _ y1.5 . CO'G + d0,9.
0) - 05 — x5y R) oz o3
x1P 4 ylb a+b
B H e
) T v 2%y ) 1T 13
a-ab +ab
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900. Hoxaxcwre, YTO 3HAYEHHE BLIPAYKEHUS He 3aBUCHUT OT n (n € Z).

25" - 52"~ 2)2 . 6™ -16™ 2)4
a) i 6)
25"" - 61-5¥°%?3 @8 2+17-8" 3)3

901. JokakuTe, YTO 3HAYEHWE BHIPAYKEHUA SABJIAECTCA LEJLIM HC-
JIOM:

1 1 1
a) 2° . (4 + V8)® - (3 - 242)%;

2

6)5° - (1 +v6) - (7 — 2J6)°
B)i‘/l+2~/§+3/1—2\/§;
r) Y7 + 542 + Y7 - 542.

902. YopocTuTe BhIpa)KeHHE:
6 5 4 3
7 7 7 7
y ty +ty +ty
) 7=z 1
y +y +y +1

x + x%8 4+ 108 4 04
X083 %08 1 x04 ; 702

a)

03

1
(a+8)" 4 la-at)
903. VYnpocture BhipaxeHue \a + x%/ +\a - x%) , ecan

x = 4(a — 1), paccMOTpeB CJlIy4au, KOTja:
a)l <a<2; 6) a > 2.
( 1 1)2 1,1
904. YopocTuTe BhIpa)XeHHe \x™ + x"/ — 4a?x™ ", ecam

2mn
, 2 m-
X = (a + va - 1) ", m 1 n — HaTypaJbHble YUCJia, IPpHYEeM m # n.

905. 3Has, uTOo n — HaATypaJIbHOe 4YHCJO, OoJbliee 1, ympocTuTe
BhIpaKeHHe:

a) ¥125" — 61 - 125" ; 6) Y81"*! - 65 - 81".

906. YopocTuTe BhIpaskeHHe:
a® + 2a + 4a%® 8 .
BT+ 4% 116 B -2aB+ 4’

5 D2 10005 + 21 (&5-36)".
) S T 11eF 30 C \5—d9)

(B (2 +x+ixos 2 m)

1
4y? ) -1 - 4y 1+ \jl - 4y

(1-42) 1+\/1—4y 1-\[1—4y

r)

L
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907. Beluucaure
1 1
((29 +4- 70'5')‘5 -1+2- 70’5)3) . 19/231 + 2.

908. YrpocruTe BBIpa)KeHHE:
1
a’+b

3 3
a) az + b2

|t

1

8 | (B) s

w| ool
|
——

Q
0ol

1 1
2+ 2% 2-x'| 4-x,

6) 1~ T " 43
2-x1 24+ xt x
x% a 11 ( 1 l)_l 1 1
B) | S5—F +a%x? | \x+ a3x?] - ax %
2 _ g8

D Grn® a® 1™ 2Jab

909. [loxa)xkure, 4TO 3HaYEHHE BHIPAKEHUS

(6 oy i + ) (5 ) = 02

x-y s/;+\/§

2
@ + %) (a+b” ] _1+b

IpN BCeX AOIIYCTHMBIX 3HAYCHHUAX IIEePeMEHHBbIX He 3aBHCUT OT X U Y.

910. dokakuTe, uTO 3HAYEHNE BBHIPAKEHUA
5
1-VJx
1- \/_ B \/ ~/_ ~Jx

1-Yx 1+ 4%

IpHM BCeX AOMYCTUMBIX 3HAUEHUSX NMepeMeHHOI He 38BMCHUT OT X.
911. Joxakure, YTO MPH JIOGOM HATYPAJIbHOM 71 BEPHO PaBEHCTBO
(1 + JE) + (1 + JE)_ (1 - JE)"_ (1 - JE)"“ -
2 2 2 2
_ (1 + \/5)'”1_ (1
- 2

_ng)n—l.

912, okaxkure, 4TO BHIpaKeHHeE
Je+2Jx -1 +yxr-2Jx -1

paBHO 2Vx — 1, ecau x > 2, u paBHO 2, ecqu x < 2.
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’\
Frer T 7/ YnpaXHeHus ONS NOBTOPEHWUs
913. Ucnoab3ysa cBoiicTBa MOHOTOHHOCTH, PEIINTE ypPaBHEHHE:

a)x*+ x*+ x—5=37;

6) ¥4x + Yx +x - 2 =10.

914. PemunTe HepaBeHCTBO:
a) (x? — 4)(x + 1)(x — 8) > 0;
x* - 2x%2+x -2
6) W— < 0.

915. Pewnre cucteMy ypaBHEeHHH
{xz + Xy + P

x+ .y +y

I
N oo
‘!—l

\
IREERE ‘/ KoHTponbHble BONPOCH M 3afaHus

1. Yo HaspiBaeTca apupMeTHYECKUM KOpHeM?

2. IlepeunciuTte cBoiicTBa apu@METHUYECKOT0 KODHSA M JOKAXKHUTE
OHO M3 HUX.

3. HaiiTe onpeaesieHWe CTEIIEHHW ¢ PAIlMOHAJIBHBIM IMMOKA3aTeJIEM.

4, ChopmynupyiiTe CBOMCTBA CTEIeHUM C PALMOHAJHLHLEIM II0KA3a-
TeseM. JlokakuTe cBOMcTBO a'a® = a@"'*"? piusa ciaydasd, korgar; € N,

r, — ApobHOe YHuCJIOo.

UPPALLUOHAJIbHLIE
YPABHEHUA

§ 16. /‘\ U HEPABEHCTBA

41. \/ PeweHue
MppPaunOHabHbIX YpaBHEHWHA

Paccmorpum ypaBHeHHsA:

Jx - 2 =5, (1)
§x2 -8+ Yx+24 =4, ®)
x?— 252 +3=0, 3)
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1 1
T —+T =g )

x¥-3 x2+3

VYpasrenns (1) u (2) cofepskar nmepeMeHHYIO 04 3HAKOM KOpPHA,
B ypaBHeHHUH (4) mepeMeHHAA BXOAUT B OCHOBAHUE CTENEeHH C APOOHBIM
nokasareseM. Takue ypaBHEHUS HA3LIBAIOT UPPAUUOHAAbHbIMU Ypas-
HeHuAMU.

YpaBuenue (3) He ABISETCA UPPAIMOHAJIBHLIM YPABHEHUEM, XOTHA

B 9TOM YPABHEHHH H €CTh HPPAIMOHAJIBbHLIA MHOXKHUTEID —2«/5, HO OH
ABJIAETCA YUCJIOBBHIM K03(DhUIMEeHTOM DAllMOHANLHOTO YPaBHEHUA.
IIpu permreHUN UPpAIMOHAJIBHBIX YPaBHEHHI CTPeMATCA K TOMY,
YTOOBl 3TO ypaBHEHUe 3aMEeHUTh PABHOCHJIBHBEIM €My DPaIUOHAJBHBIM
YpPaBHEHUeM MJIHM PABHOCHJBLHON eMy CHCTeMOIi, cocTosAlleid U3 pa-
IUOHAJILHOTO YDABHEHUA U PAIlMOHAJILHBIX HEDABEHCTB.

o0 &

Crauana pacCMOTPHM pellleHHe ypaBHeHuit Buma %f(x) = a, rae
f(x) — panmoHa/JbHOE BHIPaXKEHNE U @ — HEKOTOPOe YHCJIO.

Vpasuenue I/f(x) = a npu yeTHOM n u a < 0 He UMeeT KopHeii,
npu a > 0 OHO pPaBHOCHJILHO ypaBHeHHIO f(x) = a". 9T0 cieayer us
onpezeyeRus apubMeTHIECKOTO0 KOPHA.

YpaBueHnue ,"/ f(x) = a npu HeueTHOM n M M0OGOM @ PaBHOCHJIBHO
ypaBHeHHIO f(x) = a". 3TO BHITEKaeT U3 omnpejesieHUsI KOPHA HedeTHOU
CTEIeHH.

IIpuBeseM NMpUMepHl pellIeHNA TAKUX ypaBHEHUIl.

IIpumep 1. Pemum ypaBuerue Vx2 + 9x + 29 = 3.
Boapegem o6e yacTH 3TOro ypaBHEHUA B YeTBEpTYIO cremeHb. Ilo-
JYYUM ypaBHeHUEe, PAaBHOCHJIbHOE JAHHOMY:

x? + 9x + 29 = 81.
Pemus nojiyueHHOe KBaJpaTHOe ypaBHeHHe, HalZieM €ro KOpHH:
x, =-13; x, = 4.
OrseT: —13; 4.

Ilpumep 2. Haiinem kopEu ypaBHeHHs ¥2x2 — x — 7 = 2.
BossegeM o6e yacTty ypaBHeHus B Ky0. Ilosryuum ypaBHeHue
2x2 - x—-T7=28,
PABHOCHJIbHOE MCXOAHOMY. Ero KOpHAMH ABJIAIOTCA Yyuciaa X, = —2,5;
xz = 3.
OrBerT: —-2,5; 3.

PaccMoTpuM crioco6rI peleHus ypasHeHuit suga {/f(x) = g(x), rme
f(x) u g(x) — pamuoHaJbHBIE BHIPAYKEHUS.
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HMoxaxkeM, 4TO ypasHeHuUe

Yf(x) = glx), &)
20e f(x) u g(x) — payuoHabHbLe BbIPANCEHUA U N — YeMmHOoe YUCTO,
PABHOCUNbHO cucmeme

{f(x) =g (x)’ (6)

g(x) = 0.

HoxasatensbcrBo. IIycte x; — KopeHs ypaBHeHus (5). Torga

BepPHO PABEHCTBO ,"/ f(x,) =g(x,). Tak Kax IpU YeTHOM 1 YUCJIO \"/f(xl)
HEOTPHIATEJbHOE, TO U PaBHOe eMy 4HcJ0 g(x;) HeoTpHUIATEJbHOe.
CiegoBaTesnbHO, eciu ypapHeHHe (5) MMeeT KOPEHb X = X;, TO 9TO YHC-
JIo yAaoBJeTBOpsaeT U cucreMe (6).

Bepno u o6GpaTtroe. IIycTh X, — YMCJIO, KOTOpOE YAOBJIETBOPSET
cucreme (6), 1. e. f(x,) = g"(x,) — BepHOe paBeHCTBO U g(x,) = 0 —
BepHoe HepaBeHcTBo. Torga, mo onpeze/eHUI0 KOPHA YeTHOH CTeNeHH
(T. e. apudMeTHUYECKOTO KODHA), BEDHO PABEHCTBO ,"/f(xz = g(x,).

3HauYuT, KayKgOoe pelleHUe ypaBHeHus (D) ABAAeTcA pelIeHHEM
cucreMnl (6), 1 HaoGoOpOT, KaKAoOe pellleHHe cucTeMHl (6) sBiserca
peuieHneM ypaBHeHuA (5). A aTo o3HauaeT, 4To ypaBHeHue (5) u cuc-
TeMma (6) paBHOCHUJIbHEI.

IIpumep 3. Pemum ypaBHenue v2x — 3 = 4 — x.
Ilo moxasaHHOMY BBIIIE 3TO YpaBHeHHE DABHOCHJIBHO CHCTEME

2x - 3 = (4 - x)%,
4-x20.

VYpasgenne 2x — 3 = (4 — x)? nocJyie TpeoGpPA30BAHUN [IPUMET BHJ
x2 — 10x + 19 = 0. PemuB 3T0 ypaBHeHHe, HAKJEM ero KODHH:

x,=5- \/6, xX,=H+ J6. IlepBrIit KOPEHb YAOBJIETBOPSAET HEPABEHCTBY
4 — x > 0, a BTOpoii — He YAOBJIETBOPAET eMy. 3HAYUT, YpaBHEHUE

\/Zx———3 = 4 — x UMeeT eAUHCTBEHHBIH KOpeHb — YHCJIO 5 — \/-6
OTrBeT: 6 — Jf_i
HMoxaseM, 4TO ypasHeHue
@) =), (7

20e f(x) u g(x) — payuoHanvHble BbIPANCEHUA U N — HewemHoe YUCHO,
Goavlee 1, paBHOCUNLHO YPABHEHUIO

f(x) = g"(x). 8
HoxaszarteabcTBo. Ilycth x; — KopeHb ypaBHeHud (7). Torga
BepHO paBeHcTBO {/f(x;) = g(x,). BoaBegeM JeByI0 M IpaBYIO 4YaCTH
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3TOTO PABEHCTB& B 71-10 cremeHb. IlosyuyuM BepHOoe paBeHCTBO f(x,) =
= g%(x,). 3HauyuT, X, — KOpeHb ypaBHeHud (8).

Bepro u ob6parHoe. Ecnu x, — xopeHb ypaBHeHud (8), To BEepHO
paBeHCTBO f(x,) = g"(x,). Torza mo ompeAeeHUIO KOPHA HeYyeTHOH cre-

HeHU BEPHO PABEHCTBO ,"/ f(x:) =g(x,), T. e. x, — KopeHs ypaBHeHus (7).
3HaunT, ypaBHeHUd (7) u (8) paBHOCHJIBHEI.

IIpumep 4. Pemum ypasuenue ¥3x% + 6x — 25 = 1 — x.

BoasegeM ofe yacTu ypaBHeHHs B Ky6 ¥ mpuBefeM IOJIyUYeHHBIE
ypaBHEHUA K CTAHAADTHOMY BUAY:

3x2 4+ 6x — 25 =(1 — x)3,
3x2+6x—-26=1-3x + 3x% — x8,
2% +9x - 26=0.

Yucno 2 aBasercsa AeauTesieM cBoOOZHOTO UJeHa KYyOHYECKOro
YpPaBHEHUA U oGpaIaeT ero JIEBYIO 4acTh B HYJb, 3HAYUT, 2 — KO-
PeHb 3TOTO ypPABHEHHA.

JIlpyrux KopHeil 3To ypaBHEHUe HE MMeeT, TaK Kak y = x° + 9x —
— 26 — MOHOTOHHAA PYHKIUA.

OTserT: 2.

PaccMoTpuM Temephk pellleHNe YPaBHEHUH, B KOTOpble BXOAAT ABa
paguKaia.

Mpumep 5. Pemum ypasuerue +5x + 1 — /13 — 3x = 2.
Haiigem oGiacts omnpezgenenus X ypaBHeHus. [[Jig 3TOro pemum
CHCTEMY
{5x +120,

13 -3x2>0.

1 1
= |- 4= 1.
Orcioga X [ 5 3]

ITepeHecem —+/13 — 3x B mpaBy1O YacCTh YPABHEHU:

VBx +1 = 2 + /13 — 3x.

O6e yacTu 3TOTO YpaBHEHUA IpH JIOOBIX 3HaUeHUAX x € X — He-
orpunareabuble yucia. IloaTomy, Bo3BeAa obe 4acTH 3TOrO ypaBHe-
HHS B KBaJpaT, MOJYYUM ypaBHEHUE, PABHOCUJIbHOE LAHHOMY.

Hmeem:

5x+1=4+ 13 - 3x + 4418 - 3x,
8x — 16 = 413 - 3x,
2x — 4 = 413 — 3x.
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CorylacHO NOKAa3aHHOMY BEINIe, ypaBHeHMe 2x — 4 = /13 — 3x
PABHOCHJIBHO CHICTEMe

(2x — 4) =13 - 3x,
2x —420.

PemuM ypaBHEeHMe 3TOI CHCTEMEI:

4x% - 16x + 16 = 13 — 3x,
4x* - 13x + 3 =0.
1

x1=z; x2=3.

HepaBeHcTBy 2x — 4 2 0 yaosjleTBOpsieT JHMIIbL KOPeHb X, = 3.
OrBer: 3.

3aMeTHM, YTO ypaBHEHHE J5x +1 — V13 - 3x = 2 moxHO pe-
IIUTH, UCTIOJB3YA CBOMCTBA MOHOTOHHBIX (yHKuMi. [deiicTBUTENBHO,

byuknusa y = Vbx +1 — /13 - 3x poapacrawinasn. ([JJokaxure 3To0.)
IloaToMy pmaHHOe ypaBHeHHMe MMeeT He Gosee ozuoro KopHsa. IloxGo-
POM HaXOAHM, YTO YMCJIO 3 — KODPEHb 3TOr0 YPaBHEHHA.

HNHorpa, uro6hl pelInTh MPPAIMOHAJIBHOE ypaBHEHHe, Iiejecoob-
Pa3HO BBECTHM HOBBIE IIepeMeHHbIe, CBeAsA NaHHOe ypaBHeHUe K Gojee
IIPOCTOMY PAIlMOHAJBHOMY YPABHEHHIO HJIH CHUCTEME PaAIlMOHAJBHBIX
yPaBHEeHMil ¢ HECKOJBKHMH [IepeMeHHbIMH.

IIpumep 6. PemuuMm ypaBHeHMe

Yx + 6 + V11 — x = 5.

Ilyete 3x + 6 =u,a 11 - x =v. Tornaul=x+ 6 u =11 — x,
npuyem v 2 0. MeeM cucTeMy Tpex ypaBHEHHIi:

u® = x + 6,
v =11 — x,
u+v=>5.

CinoxuB mepBoe M BTOPOe YPaBHEHUA CHCTEMBI, IOJIYUHUM ypas-
nenue ud + v? =17,
PemnM cucremy
u® + vt =17,
u+v=2>5.

BripasuB v yepes u M3 BTOPOro YpPaBHEHMS U MOACTABUB 3HaYeHHe
v B IIepBOe ypaBHEHHe, MOJIYUINM

u+u?-10u+8=0.
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PemuB 9T0 ypaBHeHUe, HailieM ero KOpHM: U4, = 1, u, = 2, u; = —4.
Orcionma v, = 4, v, =3, v; = 9. Kaxkaoe 3HaueHNe U YAOBJIETBOPAET yCJIO-
Buio v > 0. IlogcTaBuB 3Ha4YeHUd U, U, U U; B ypaBHeHue u® = x + 6,
HalileM KOpDHU JaHHOTO ypaBHEHUS:

x,=-5, x,=2, x3=-T0.
OrBeT: -5; 2; —-70.

IlIpumep 7. Halizem KOpHM ypaBHeHUA

6Yx - 3 + Yx - 2 = 5Y(x - 2)(x - 3).

HaiizeMm MHOKeCTBO X, B KOTOPOM MOTYT Ha8XOAUTHCS KODHU YpaB-
HeHHA.

Pemns mepasenctso (x — 2)(x — 3) > 0, uaiizeM oGiacTs ompene-
JIeHHA ypaBHeHHs: (—o0; 2] U [3; +09).

Yncyna, NpUHAAJIeKaIe IPoMexxyTKy (—o°; 2], He MoryT OBITH
KOpHAMH yPaBHEHMS, TAK KaK Npy X < 2 JieBasA 4aCTh ypaBHEHUSA OT-
puuaTeJbHA, a UpaBas HeorpuuarejgbHa. Kpome Toro, jerxo mpo-
BepPHUTh, YTO He YAOBJIETBOPAET YPABHEHUIO U 4ucyio 3. 3HAYUT, MHO-
skectBo X, KOTOPOMY MOrYT NPHHAJIeXXaTh KODHU YDaBHEHUA, e€CThb
opoMesRyToK (3; +20), 1. e. X = (3; +o°).

YuureiBas, uro X # 2 M x # 3, MOXXKHO obe YacTH YpaBHEeHHs pas-

zequtTk Ha §/(x — 2)(x — 3). Umeem

6¥x-3+¥x-2 _5
Yx-2oAx-3

Tak kak x > 3, TO BepHLI paBEHCTBa Yx -3 = {‘/(x - 3)?
uYr-2-= fl(x - 2)2, Orcioga

6Y(x — 3)° + Y(x - 2* _ 5
§(x - 2)(x - 3)

PasfesuB NOYJIEHHO Kakaoe cjaraeMoe UHNCJIHTeId HA 3HAMEHa-
TeJib, OJYYNM ypaBHEHHE

6§/x—3 +dx—2 = 5,
x -2 x -3
PaBHOCHJIbHOE NAHHOMY.

B _gx—38 dx -2 _
BefleM HOBYIO IlepeMeHHyw0. IlycTs y = < — o TorAe (T3 =

» npudyeM y > 0.

=
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Orcona
1
6y + y =5,
6y2-5y+1=0,
_1 o _1
h=%9¥=3

O6a xopHA Yy, U Y, — IOJIOKUTEJILHBIE YUCJIA, IIOITOMY Y/OBJET-
BOpPAIOT ycJiopHIO Yy > 0,
Hanee nmMeeM:

gx -3 _ 1 gx -3 _ 1
x-2" 2 x-2 8
x-3_ 1 x-3_ 1
x-2 64 x-2 729
64x — 192 =x - 2, 729x — 2187 =x — 2,
63x = 190, 728x = 2185,
1. - g1
Xy = 3@9 X, = 3728.

Kaskapiii KopeHb Xx; U X, IPHHAMJIEKUT MHOXKecTBY X.

1 1
Orser: 3——; 3-L.
TBET 9790’ °728

916. Pemnte ypaBreHHe:

a) Y -9=2 r) Yox +1 = -5
6) Yx* — 44 = 3; B Ve -2+ 4=5
) ¥x2 — 4x + 24 = 3; e) Yx* - 32 = 2.

917. HailifuTe KOpHN YpaBHeHWS:
a)JxTZ:x—4; r)m=x;
6) Vx - 2 = 4 — x; n)?/m=3—x;
B)m=x—3; e)mzl—x.

918. ToxaxuTe, YTO YPaBHEHHE He UMeeT KOpHEeM:
a) \/xj =3-x
6) Vx -8 =6 -x =1
B) V2x -7 + 2x = m;‘

r) Vx — 4 + ¥2x - 16 + ¥30 - 6x = 3.
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919. Peminte ypaBHeHMe:

A Vi-x+V5+x =3; B) V3x + 4 - 3 = Jx - 3;
6) Vvx +5 + V2x + 8 = T; r) Vbx + 2 — 2 = 5x - 10.

920. Ucmonb3ya cBoiicTBa MOHOTOHHBIX QYHKIWI, HaliguTe IOXA-
60poM KOpHHM ypaBHEHHA:

A Vr+1l+Jx+6+Jx+13=09;
6) V3x + 4 + V2x — 4 + J6x + 1 = 11;
B)Vx +17 +J2x + 11 + V8x + 7 + J4x + 5 = 10.

921. Pemnrte ypaBHEHHE:
1 1

8) 22 — 10x% + 9 = O; BDYxc-6+VT-x=1
6)x%—3x%—10=0; e) V3x-2-¥1-x =3
B)x%+5x%—24=0; ) Yr-2+JT-x =3
r)x%—6xé+8=0; Ay Nx+2-Yx-1=1.

922. Pemnte ypaBHeHue:

a) V4 + xJx® + 40 = x + 2 B) \/x\/x\/; =2
6) VO — xVx? — 18 = x - 3; r) Vxix¥x = 4.

923. JokaKkuTe, YTO ypaBHEHHE
Y2x -3 - 5x = Y27 -18x - 7,5
HMeeT eAWHCTBeHHBI KOopeHb, ¥ HailuTe ero.

924, Penm're ypaBHEHHe:
8) sz +2 [x+2 (.

x+2 VN2x+2 12°

26415 _ 51,
6) \/2;“15+ x—4 - %%

B)sz 2+ 9 +Jx? -2¢+16 = T;

X + 1,5 2’5.

r) \Ix+1,5 \/
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925. Pemure ypasHeHMe:

(B0 - x}Wx—-1—(x-1)30 - x _
J30-x - Jx -1 h

(26 — xx -6 — (x —6}26 - x -8
V26 —x - Jx -6 -

a) 10;

6)

926. HaiizuTe KOpHH ypaBHEHUA:
11 4
a) x* + x % = qg(x+x7);

1 B |
6) X*(x+19) 3 + x3 = 23.
927. Pemnte ypaBHeHUe:

a)5Yx -1+ |x+7=8 6 4/x+3+|x+4=6.

928. HaiiguTe KOPHY YpaBHEHMA:

a) (x* - 25)vx? + 3x - 28 = 0;
6) (x> - NV6 + x — x2 = 0;

B) (" + x - 72) 477

9 _ o
g =%

r) (x* - 16)Yx® — 4x = 0.

929. Pemnre ypaBHEeHHE:
a) (x2 — 6x + 9)° + (x — 2x + 1)>° = 4;

6) Vx + 2 - 4Jx - 2 = 1.

\
N ‘/ YnpaxHeHus ANa NoBTOPEHUs

930. ITocrpoiite rpaduk GyHKINH
—2x - 7, ecit x < -2,
f(x)=4-x2 +1,ecn -2 < x < 2,
2x — 7, ecmn x > 2.
Haiigure Hyau GyHKIUM M OPOMEXYTKH, Ha KOTOpbIX f(x) < 0

¥ f(x) > 0; npoMeKyTKH, HAa KOTOPHIX GyHKIUMA [ yObIBaer, BO3pa-
CTaer.
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931. Pemiute HepaBeHCTBO:
a)|2x — 1| < 1; 6)|8x - 2| > 7.
932, IIpu xkakuX 3HA4YEeHUSX MapaMeTpa a ypaBHeHUe
a’lx+ax-12=0
HMeeT TIOJIOKUTENBHEIH KODeHb?

933. Jloka)KuTe TOMXKAECTBO
(a®)" + (*YaB)" _ 1
Ya + 3 -

42. \‘/ PeweHne vppaunoHasibHbIX HEepaBeHCTs

K wppanmoHaJbHEIM HEDaBEHCTBAM, TaK *Ke KaK ¥ K Hppanuo-
HAJIBHEIM YPaBHEHUSM, OTHOCAT Te HeDaBEHCTBA, KOTOPbIE COAEPIKAT
IepeMEeHHYIO MOJ 3HAKOM KODHA MJIH B KOTODBIX IIePeMeHHas BXOJUT
B OCHOBaHUE CTEIIeHU C JPOGHBIM IIOKa3aTesieM.

OcHOBHAA 1ieJb TIPYM PELIeHNH WPPAIMOHAJIbHBLIX HEPABEHCTB CO-
CTOMT B TOM, YTOObLI MpPPAIMOHAJBHOE HEPABEHCTBO CBECTH K DABHO-
CHJIbHOMY €My DallMOHAJbHOMY HEepPaBeHCTBY WJIM PaBHOCHJIBLHOM CHC-
TeMe, coAepiKallell paluoHANbHLIE HepaBeHCTBa.

s obocHOBaHUA PaBHOCUJILHOCTH IIPOBOAMMABIX IIpeobpa3soBaHu it
OyzmeM HMCNIOJB3OBATHL TEOPEMEI.

Teopema 1. EcomO<a<buneN,10a"<b";ecima <bun—
HEeYeTHOE 9HCJI0, TO a" < b".

HoxasaTtenbcTBo. PaccMorpuMm dpyraknuio ¢(x) = x", rne n € N
u x = 0. 9ra dyHkuua sospacraiomaa. Ilo yeaosuio 0 < a < b. 3Ha-
aut, ¢a) < @(b), T. e. a* < b".

B caryuae HeueTHOro 2 paccMoTpuM GyHKNUIO ¢(x) = x*, roe x € R.
Tak kak aTa GyHKIUA BO3pacTalolias, TO U3 yCJIOBHA, 4YTO a < b, cye-
ayer ¢(a) < ¢(b), T. e. a” < b".

TeopeMma 2. Ecxm O a<bunée€N, ro¥a < '\‘/3; ecim a <b
B n — HeYeTHOe YHCJ0, 6oabmee 1, To %‘/; < 4‘/5

HoxasaTexabcTBo. PaccMoTpuM dyEKIMIO A(X) = (‘/;, rge
x 2 0. Ora GyHKUUA Bo3pacTapilasa, moaromy ecaum 0 < a < b, To
h(a) < h(b), 7. e. ¥Ya < Yb.

B cayyae HeueTHOro n QyHKuuA h(x) = ('/; fABJAeTCA Bo3pa-

cramonieit Ha MHOoKecTBe R. IloaTomy ecnu a < b, To h(a) < h(b), T. e.

Ya < .
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HauseM ¢ npocreiimux HepaseHCTB Buga Y f(x) <au if(x) >a.
CHayajia PACCMOTPHM CJIy4Yail, KOrZa n — 4YeTHOe YHCJIO.
HoxaxkeM, 4TO ecJH n — 4YeTHOe YUCJO U @ > 0, To HepaBeHCTBO

Jf(x) <a 1)

f(x) < a”,
f(x) >0,

PAaBHOCHJIBHO CHCTEMe

@)

8 HEepaBE€HCTBO

Jf(x) > a 3

PaBHOCHJIBHO HEPDABEHCTBY

f(x) > a”. “

IIycrs x; — pemenwne HepaBeHcTBa (1), Torza BepHO HepaBeHCTBO
{‘/_f_(_.x?) < a. Orcioga caepyer, uro f(x,) 2 0 n {/;‘_(_xl—) > 0. Ilpumenss
K HEpapeHCTBY {'/m < a Teopemy 1, mosyuyum ({'/m )'1 <a". e

f(x,) < a". 3gaunT, x; — pelIleHHEe cUCTEMEI (2).
BepHo u o6patHoe. IlycTh x, — pelreHne cucreMsl (2). 3To 03Ha-
qaeT, 410 f(x,) < a” u f(x;) 2 0 — BepHbIe HepaBeHcTBa. IIpuMeHsad K

HepaBeHCTBY f(x,) < a" TeopeMy 2, MOJyUYHNM ,"/ f(x) <a, T e x,—
peilieHue HepaBeHcTBa (1).

3HaYNT, Kaykjgoe pellleHHe HepaBeHcTBa (1) ABIsAeTcA pelleHHEM
cucreMnl (2), ¥ HaoGopoT, T. e. HepaBeHcTBo (1) u cucrema (2) pas-
HOCHJIBHBI.

AHaJIOTHYHO JOKAa3bIBAE€TCA, YTO HEpaBeHCTBO (3) paBHOCHJILHO
HepaBeHCTBY (4).

3ameTHM, 4To HepaBeHCTBO (1) u cucreMa (2) paBHOCHJIBHEI H B
TOM cay4dae, Korga f(x) < 0 nmpm mwob6oM x € R (kak, Hampumep,
BrIpasKkeHue —x% — 1). B atom cinyuae HepaBencTBO (1) U cucreMma (2)
He UMeEIOT pellIeHMid.

HepagBenctBo (1) He MMeeT peimreHU# U B caydae, Korga a < 0,
a HepaBeHCTBO (3) B 3TOM cJlyyae PaBHOCHJIBHO HepaBeHCTBY f(x) 2 0.

IIpumep 1. Pemrum HepaBeHCTBO:
a) Vx - 2 < 3; 6) ¥6 — 2x > 1.
a) HepaBeHCcTBO 4/x — 2 < 3 PaBHOCHJBHO CHCTEMe

x—-2<9,
x-220.
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Pewrus aty cucremy, HalifgeMm, uto 2 < x < 11,

6) HepaBeHCTBO ‘s‘/ﬁ——Zx 2 1 paBHOCHJILHO HEP&BEHCTBY
6-2x > 1.

Orcroma x < 2,5.

OrBerT: a) [2; 11); 6) (—o<; 2,5].

PaceMoTpuM Temeps cayuaif, Korja n — HeueTHOe YHCJIO.
Ecsiu n — HeyeTHOE YMCJIO, TO HEPABEHCTBO

Jf) <a

PaBHOCHJILHO HEpPaBEHCTBY

f(x) < a®,
a4 HepaBeHCTBO

Yfx) >a
PABHOCHJIBHO HED&BEHCTBY

f(x) > a".

9TO JIeTKO AOKa3aTh, IPUMEHAA K 3THM HEepPaBEeHCTBaAM TeopeMbl 1
" 2.

IIpumep 2. PemuMm HepaBeHCTBO:

a) Y2 — Tx < 2 6) 3§ 1 51

x -2

a) Boasenem obe uactu HepaBeHcTBa ¥x2 — Tx < 2 B Ky6. Iloay-
4uM HepaBeHCTBO x° — Tx < 8, paBHOCHJIBHOE JAHHOMY. Peimus aTo
HepaBeHCTBO, HaiijgeM, uyTo -1 < x < 8.

/ 1
6) BoaseneM 06e uacTyl HEpaBeHCTBA 2 > 1 B IATYIO CTENEHb.
x —

1 .
IlonyyuM paBHOCHJIBHOE €My HEPABEHCTBO -0 > 1. Peumus ero, Hait-

neM, uto 2 < x < 3.
OrBeT: a) (—1; 8); 6) (2; 3).

TIlepeiigeM Teneps K CIy4aio, KOrqa HepaBeHCTBA MMeloT BUJ /f(x) <
<gx)m ,"/ f(x) > g(x), rme f(x) n g(x) — paunoHANBHBIE BHIDAKEHUS.
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IIOK&JKGM, YTO HEPaBEHCTBO

i) < elx), )
rae f(x) u g(x) — pauMoHaJbHble BHIPAXKEHHUA U 11 — YETHOE YHCJIO,
PaBHOCHJIBHO CHCTEME

f(x) 2 0,
g(x) > 0, (6)
f(x) < g"(x).

HorasaTenbcTso. IlycTs x; — pemenne HepaBeHcTBa (5). Tor
Za BepHO HepaBeHCTBO 1f(x) < g(x;). Ynecmo g(x,) He Moxer GuTs
OTPpMIIaTEJBHBIM HJIM DABHBIM HYJIIO, TAK K&K B 9TOM CJIydae IIOJydH-
Joch Gbl HeBepHOe HepaBeHcTBo {/f(%) < g(x,), B Kotopom ¥/f(x%) >0,
a g(x,) < 0. 3nauur, g(x,;) > 0. Kpome TOro, Tax Kak n — 4YeTHOE YHCIO,

o f(x,) 20 u ‘"/f(xl) > 0. IlpumeruB Kk HepaBeHCTBY %/f(%) < &(x)
TeopeMy 1, mosryyuM BepHOe HepaBeHCTBO f(x;) < g'(x,). CiemoBaTens-
HO, x; — pellleHHe cHUcTeMEl (6).

Bepno u o6patHoe. Ilycts x, — pemenue cucteMsl (6). Torna sep-

HEI HepaBeHcTBa f(x,) 2> 0, g(x;) > 0 un f(x,) < g*(x,). 3HAUUT, MOKHO

npuMeHUTH Teopemy 2. ITosyunm BepHOe HepaseHCTBO f(Xy) < £(%,).

Hrak, Kaxgoe pelleHue HepaBeHCTBa (5) ABIAETCA DelIeHHeM
cucreMn! (6), u HaobGopor, T. e. HepaBeHCTBO (5) M cucrema (6) pas-
HOCHJIBHBI.

IIpumep 3. Pemum HepaBeHCTBO v2x — 5 < 4 — x.
CornacHo AOK&3aHHOMY BLINIEé 3TO HepaBEeHCTBO PaBHOCHJBLHO
cucreme

2x -520,
4 -x>0,
2x - 5 < (4 - x)%.

PemuB xaxf0e HepaBEHCTBO CHUCTEMBI, HaljeM, YTO MHOXKECTBOM
pellleHuil IIepBOro HepaBeHCTBA ABJIAETCA IIPOMEXYTOK [2,5; +0),
BTOpPOT'O — IIPOMEIKYTOK (—0°; 4), TpeThero — MHOXKecTBO (—0o0; 3) U
U (7; +00),

Haiigem nmepecedeHne aTUX MHOXKecTB. IlosyduM IpoMexKYyTOK
[2,5; 3) — MHOXeCTBO peleHM# CHCTeMBbl.

OrBer: [2,5; 3).
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Ya
_{4 &\\vl
—}3 \% -
_12 — Y = J2x - 5]
L1
N

Puc. 106

HepaBeHcTBO +/2x — 5 < 4 — X MOYKHO DEIIMTH, BOCIIOJB30BAaB-

mucsh rpaduxamu GyHKIMiA y = 2x — 5 u y =4 — x (puc. 106). Ilep-
Bas QyHKIMA BO3PACTAET, a BTopasi — yOniBaeT. I'padmku nepecexarorcst
B OBHONM TOYKe, abcimucca xoropoil paBHa 3. IloaroMy permeHuMsMH He-
PaBEHCTBa ABJAIOTCA BCe 3HAYEHWUA X, DU KOTOPHIX rpadux ¢yHK-

ouM y = +/2x — 5 pacnoyioyeH Hike rpaduka GyHKnuM y = 4 — x.
JokaxkeM Telepb, 9YTO HEPABEHCTBO

Yf(x) < &), )

rge f(x) 1 g(x) — pamuoHaJbHEIE BHIDAXKEHUA M 71 — YeTHOe YUCJIIO,
PaBHOCMJIBHO COBOKYIIHOCTH JBYX CHCTEM:

g(x) <0,
{f(x) >0 ®
KN ) >0
g(x) 20,
9
o » svco ®
HoxasateascTno. IlycTs x; — pemeHue HepaseHcTBa (7),

1. e. §f(%) > g(x,) — BepHOe HepaBeHCTBO. ITO HEPABEHCTBO ABJA-
eTcd BEPHEIM B ABYX caydasx: 1) korga g(x,) < 0 u f(x;) > 0 niu
2) xorga g(x;) 2 0 u f(x,) > g%(x,). B nepBoM cnyuae HepaBEeHCTBO

,"/f(xl) > g(x,) BepHOe, TaK KaK HEOTPHIATEeJbHOe YucJyo Gosbllle OT-

punatensHOTo. Bo BTOpOM ciryuae HepaseHCTBO Z/f(x) > g(x;) BepHO,
TAK KaK K HeMy OpuMeHUMa Teopema 1. 3Ha4YuT, KakJoe peunieHue
HepaBeHCTBa (7) ABJSETCA pelIeHHEM CHCTEMBEI (8) MJIM pelLIeHHueM
cucreMsl (9), T. e. ABNAETCA pelIeHUEM COBOKYIHOCTH OTHX CHCTEM.

Bepuo u ob6patrnoe. IlycTs x, — pemeHue cucteMsbl (8) uiam
cuctemsl (9). Toraa ecau BepHnl HepaBeHcTBa g£(X,) < 0 u f(x,) = 0,



276 fnasa 5. CreneHn u Kopuu

TO X, ABJIAETCA pelleHHeM HepaBeHCTBa (7). Eciiu BepHBI HepaBeHCTBa
g(x,) > 0 u f(x,) > g°(x,), TO mo TeopeMe 2 BEePHO U HEPABEHCTBO

3f(x) > g(x,). 3uauur, Kaxkaoe peleHye HepaBeHCTBa (7) ABJAeTCA
perreHHeM COBOKYIIHocTH cucrteM (8) u (9), u HaoGopoT, KaKzaoe pe-
menue cucreMnl (8) unu cucremel (9) ABNAeTcA pellIeHUEM HepaBeH-
crBa (7). CirefgoBaTesIbHO, HepaBeHCTBO (7) PABHOCHMJIBHO COBOKYIIHOC
Ta AByX cucreM (8) u (9).

Ilpumep 4. Pemum HepaBeHcTBO /6x —1 > 2 — x.
ITo moKa3aHHOMY BHILIE 3TO HEPABEHCTBO DABHOCHJIBLHO COBOKYI-
HOCTHL CHCTEM:

2-x<0, 2-x20,
WiIa
6x-12>0 6x - 1> (2 - x)2.
Pemmus nepBylo cucTeMy, HalileM MHOXKECTBO €€ PeIlleHUH — Ipo-
MeKYTOK (2; +°0), PelmiuB BTOPYIO0 CHCTEeMY, HalJeM MHOKECTBO ee

pemenuit — (5 - 2«/5; 2]. PemieHusaMu COBOKYIIHOCTHA CHCTEM HBIS-
eTca o0beANHEHUE ITUX MHOXKECTB!

(2; +0) U (5 — 245; 2] = (5 — 24/5; +o0).
OrserT: (65— 2\/5; +00),

Ha pucynxe 107 npuseseHa rpaduyeckas WIIIOCTPALUA PEIleHns
HepaBeHCTBa 6x —1 > 2 — x.

] [ |
T 11

—5 7Ty =6z - 1T

|
|
()
T
|
'S
|
|
[34
|
|
(-}
R\

|
N =
&
-1

| | Sim= T
|
2/,

Puc. 107
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PaccMoTpUM Temephb pelueHHe HepaBeHCTB Buaa {/f(x) < g(x) u

Uf(x) > g(x), rme f(x) 1 g(x) — palOHAJIbLHBIE BHIDAYKEHUA U N —
HeYeTHOE YHcJ0, Gosbinee 1.

HepaBercTBO
(%) < &x) (10)
PEBHOCHJIBHO HEPABEHCTBY
f(x) < g'(x), (11)
& HePaBEHCTBO
Yf(x) > glx) (12)
PRBHOCHJIBHO HEPABEHCTBY
f(x) > g"(x). (13)
HoxaxkeM paBHOCHJIBHOCTH HepaBeHCTB (10) m (11).
Ecin x, — pemrenue HepasencTBa (10), To BepHO HepaBEHCTBO
If(x) < g(x,). Ilo TeopeMe 1 sBIsieTCA BepPHBIM M HePaBEHCTBO

flx)) < g™(xy).
BepHo 1 o6paTHOoe. Ecin x, — pemenne HepaBeHcTBa (11), To Bep-
H0 HepaBeHCTBO f(x,) < g'(x,;). Ilo TeopeMe 2 BepHO M HepaBEHCTBO

1le) < g(x,).
3uaunTt, HepaBeHcTBa (10) 1 (11) paBHOCHJIBHEI.
AHaJIOTHYHO OKAa3bIBAE€TCA DABHOCHJBHOCTbL HepaBeHCTB (12)

1(13).
pumep 5. Peunm HepaBeHeTBo 7 — x® <1 — x.

Boseegem o6e uacTH HepaBeHcTBa B KyO. IlosyumM mepaBeHCTBO
7-x* < (1 - x)?, paBHOCHIBHOE MCXOLHOMY. BhIOSIHUB mpeobpaso-

BAHMA, TIOJYYHM HEPaBEHCTBO
x**-x-2>0.
Pemrns ero, HaiigeM, uro x < —1 mim x > 2.
OrBeT: (-00; —1) U (2; +00),

IIpumep 6. Pemum HepaBeHCTBO 3/6x2 + 25x + 8 > 2 + «x.

Bossemem o6Ge yacTm HepaBeHCTBa B KyO. IlonyumM HepaBeHCTBO
62> + 25x + 8 > (2 + x)?, paBHOCHJIbHOE AAaHHOMY. BEIOJMHMB mpe-
06pagoBaHMsA, MOJYYUM HEpPaBEHCTBO

x3 - 13x < 0.

I'Ipe,uc'raBnB 9TO HepaBeHCTBO B BHJe

xz(x - V13)(x + V13) <0
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¥ IPUMEHUB METOJ MHTEPBAJIOB, HalfeM, UTO
x € (—o0; —\13) U (0; V13).
OTBeT: (—00; —J1—3) U (0; J1—3)

PaccMoTpuM Apyrue IpHMephbl HEPABEHCTB.

1
IIpumep 7. Pemum HepaBeHCTBO v1 — x — Ja_c > E

HaiineM MHOXecTBO X, HA KOTOPOM BEIpaskeHHe V1 — x — «/;
NPUHMMAET IIOJIOKNTEIbHble 3HaUueHUA. [[JIA 3TOTO DEIINM CHCTEMY

1-x20,
x =0,

J1-x-Jx>o.

Honyynm X = [O; %)

YuureiBas, 4ro npu X € X BhIpaKeHUe Nl1-x - \/; > 0, BO3Be-
neM ofe yacTH HJaHHOTO HepaBeHCTBa B KBaapaT. Umeem:

(Vi-zx-x) >(71§)
1—2\/x—x2>%,
x/x—x2<l.

3

2
’

IIpy BBITOJIHEHHUM YCJIOBUSA, uTOo X € X, BhIpaxkenue x — x2 > (.
ITosToMy 06€ YacTH IOJyUYeHHOrO0 HepaBeHCTBA HEOTPHUIATEbHbBI M UX
MOXKHO BO3BecTH B KBazpaT. Ilomyumm

1
x—x2< 9
9x2-9x+120.

Pemerns aToro HepaBeHCTBA 00Pa3yIOT MHOMKECTBO
—(—oc 83=25 ] [3 + 5.
X, = ( % =5 v 5 +00).

Yrobbl HAWTH MHOJKECTBO DELIeHWH JAHHOT'O HepaBeHCTBa, HYKHO
HaWTH Te 3HAUYEHUA IepeMeHHO# X, IPU KOTOphIXx X € X n x € X|.
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Haitgem nepeceqe}me mHOKecTB X m X,.

3-+5 3+J"
Talucarc—6—<2 >§,To
X”X1=[O? 3_‘/5}.
6
OrBerT: [0; 3 _6\/5}'

IIpumep 8. PemiuM HepaBeHCTBO Y2 - x +Jx-1>1.
HepaBseHCTBO PaBHOCHJIBHO CHCTEMe

{(32_ Z)'> (1- Ve =1),

x> 1.
PeinuM HepaBeHCTBO (\/3 2 - :yc)3 > (1 - Jx - 1)3. HNmeem:
2-x>1-Jx-1),
1-x-D>01-vx-1).

Iycts vx — 1 =y. Toraa y? = x — 1. IIpoussenem 3aMeHy:
1-y*>@1-y)r
Hanee umeem:
QA-y)1+y-1-yP>0,
A-y»Ad+y-Q1A-2y+y?)>0,
1-yBy-y)>0,
(y - y@y —3)>0.
Orcioga O <y <1 wumu y > 3.
IIpoBenemM o6paTHYIO 3aMeHY:

O0<Jx-1<1lwmmJx-1>38;

l1<x<2wummx>10.
OrseT: (1; 2) U (10; +00),

IIpuMmep 9. Pemmum HepaBeHCTBO Ye -2+ Yx+2> MQ/Z

IIycTs f(x) = Y -2+ Yx + 2, ag(x)= ——«/_ ®dyuknu4a f Bo3pa-

cTaeT Ha MHOMecTBe R (Kak cymMMa ABYX BospacTaroumx GyHKimii), a GyHK-
nHs g UMeeT NOCTOSHHOe 3HaueHue —34 mpu x <0 u 3/1 opu x > 0.

Ecnu x = -2, 10 f(x) + g(x) = —«3/2, ecnu x = 2, o f(x) + g(x) = 4.
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CiuemoBaTenasHo, ecin —2 < x < 0, To f(x) > ¥4, ecoim x > 2, 10

f(x) 2 4. 3HAYUT, MHOKECTBO pPelIeHHH AAHHOT'O HEepaBEHCTBA —
o0 befHeHNe TPOMeXKYTKOB [—2; 0) n [2; +00).,
OrseT: [-2; 0) U [2; +00).

934. Peminte HEPaBEHCTBO:

a)~/;<5; B) Vx - 5 < 2;
6) Yx > 2 r) x -8 > 3.

935. PerinTe HepaBeHCTBO:

a) Va2 + 8x - 9 < J11; B),/;:g<1;
6) v —1lx+18>2 1 2t >2

936. MoxakuTe, YTO HEPABEHCTBO yx — 7 < 2 — x He HMeeT pe-
IIeHHUI.

937. Pemnte HepaBeHCTBO:

a)Jx -4 >1-x; B) Vx2 - Tx +12 <x - 38;
0) vx -5 <3 - x; r) vx2 - 6x — 16 > x - 5.

938. HaiiguTe 1pOMEKYTKH, Ha KOTOPBIX QYHKIUA

y=+axr+1 -x+1
IPHHUMAET:

a) oTpuIaTeNbHble 3HaUYEHUA; ©0) IOJOKHUTEJNIbHbIE 3HAYEHHA.

939. Pemnte HEpaBeHCTBO:

a) Y2x -5 < Yx + 7; B) Yx -5 < Yx + 1;
6) Yxz -1 > Yx + 3; r) vx - 2 < Yx + 5.
940. HaitnuTe MHOXKeCTBO pellleHMii HepaBeHCTBA:
4 2
1 1 3 3
-4 -1
a)x2—7x‘+6<0; B)—Z——'xl——'<3;
x2+2 x2-1
L1 s 5
6) x* - 5x° + 6 > G F)x§—9_xz—4>5.
x* -3 x*+21
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941. PemnTe HepaBeHCTBO:
a) yavxvx < ¥128; 6) V2x + 2Jx2 — 9 > Jx - 3.

942, PeuinTe HepaBeHCTBO:

Jr—4-2 i 1.3 4
8)8_m <2, B) X + X > 5(x X ),

V2x —5 -1 3. o333 3
6)m+1 >3, I‘) x +x > 4(x - X ).

943. Hcronp3ys CBOMCTBA MOHOTOHHOCTHM (DYHKIHH, pellluTe Hepa-
BEHCTBO:

a)Jx+2+J5x—1+J3x+10 < 9;

e

1 1
6) (x + 5)° + (2x - 5)* + bx + 1)* < 5.

944. Peminte HepaBeHCTBO:
a) (x — 8)V15 - 5x < 0;
6) (x* — 9)v16 — x* > 0;
B) (24 + 5x — 2)Yx? —5x — 14 > 0;
r)(x* - 3x + 8)Yx* — x — 56 <O0.
945. [ToxakuTe, YTO MHOXKECTBO PEIIIeHNA HepaBEeHCTBA
V8= 2x - 5x < f6x — 24 - 20
COCTOMT M3 OZHOTO YMCJIA.
946. HaiiguTe MHOXKECTBO DeIIIeHU HepaBeHCTBa
V25 - 2% + x(x - 5) < V2x% — 50 - 5(5 - ).
947. Penminte HepaBeHCTBO:

2) Jx+5 -1 > 0:
5-Jx+5 Z
N-x-2
— > .
R T
B) (% — 2x — 1)°° < 14(x% - 2x — 1)%5 —- 5;
r) (x> - 3x + 11)%5 > 8(x® — 3x + 11)%% - 2,

948. PeninTe HepaBeHCTBO:

8)x— ¥2x + 4 <0; 6) 64/-x — x2< 0.
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\
RN ‘/ YnpaxHeHns ON8 NOBTOPEHWUs

949. 3agaiite popmyoii pyHKUHMIO, OOpaTHYIO JaHHOI:
a)y=3x-5,rae -3< x< 2

6)y=—Jx - 3.
950. Peimute ypaBHeHHe
[2x® + 5x — 3| =2x — 1.
951. Pemnre cucremMy ypaBHEHUN

x* — xy - 6y* = 0,
x2+y? =0.

952. [JokakuTe, 4YTO ypaBHEHUE
Xt -5+ 6x2—3x+ Jxr =0

HMeeT TOJIBKO OAUH KODEHb.

\
RN RN ‘/ KOHTpONbHbIE BOMPOCH! U 3aAaHMUA

1. Kakoe ypaBHeHUe Ha3bIBAIOT MppalAoOHaNbHbBIM? OOBSACHHTE,

KaK pelnaercs ypaBHeHue {/f(x) = g(x) mpH UeTHOM n ¥ NpH Heder-
HOM 7.
2. Kakoe HepaBeHCTBO HA3LIBAIOT UppauuoHaabHeIM? Kak peiator-

ca Hepasenctsa ff(x) < g(x) u %f(x) > g(x) upu wetHOM n u mpm
HeueTHOM n?

HHH &~
/7  DonoNHWTENbHbIE YNPaXHEHUs

K rnaese 5

K maparpady 14

953. 3apatite dopMysoit GyHKIUIO, OOPAaTHYIO ARHHOM:
2x% - x2 - 2x + 1,

a)y=x*-6x2+ 12x - 8; B)y= o) ;
¥ -x-x?+1
B)y=+vx -2 +1; r)y=T——,mex>O.

954. dyuknua y = x", rAe n — HATypaJibHOe YHCJIO0, 00paTuMa.
Kaxum mosxer 6biTh 3HaueHue n?
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955. Iocrpoiite rpaduk byHKIMKA, 0OpaTHONH KaHHOM:

1
a)y=m, rae x = 0; B)y=—«/;;

By=v-x; r)y=+v9 - x%, rae x < 0.
956. N3BecTHO, uTO TOukKa M NpHHAMIEKUT rpaduKy PyHKINH
k
flx) = e HaliguTe KOOPpAMHATHI TOYKH, IPHHAIIeKalell rpaduxy

dyEROMM g, oOpaTHOl f, ecan:
8) M(8; 2); B) M(3; 3);
6) M(—4; 1); r) M(-1; -1).

957. Haiigure f(g(x)), ecnn:
g)fx)=x—4x, TRe x < 2, mg(x) =2 — Jx + 4;

fx)=x*—6x+8, raex>3, mg(x)=Jxr -1 + 3.

958. ®yukumna sagana popmytoii f(x) = %2 + 3. Haiignre:

x
&) D(f) u E(f);
6) D(g) u E(g), rme ¢ — dyHKIUA, obpaTHas f.

959. Haiigure By dyHkouy, obpaTHON byHKINH:
Dy=-2+ Jx; 6) =%x—3.

960. MounoTronHaa GbyHKIMA Y = f(x) mepecekaeT OCh Y B TOYKE
A(0; —6). Haiiaute Hyau byHkunu g, obpaTHoil dyuxuum f.

961. 3axaiite dopmysnol byHKIUIO, OOPATHYIO HAHHOM:

)y =(x—1)% 6) y=(x—2)%, rme x > 2.
962. Haiigure oGiacTs onpeaesieHUA GyHKIUHU:
+ 2 x—-3.
Dy= {7 By= {3
B)y= i—;;; r)y= Yx® - 5x% + 6x.

963. Haligure ob6nacTh 3HaUYeHUH GYHKIIMH:

g)y=¥Yx — 8, rne 0 < x < 16;
6y=¥Yx - 4, rge 4 < x < 85.
964. IlocTpoiiTe rpadhux GyHKIUH:

)y=Yx + 2|; B) y = -|x|;
0y =4l Ny={lx-1 -1



284 Tnasa 5. CreneHn n xopHu

965. ITocTpolite rpaduk GyHKIUM:
a)y = +lx — 4; 6)y = Yx — 4, rge x > 0.

966. Ucnoans3ys cBOACTBA MOHOTOHHOCTH GYHKIMI, PELINTE ypaB-
HEHHE:

a)Jr-4+Yx +Yx+8 =6;
6) Vx + ¥3x + 5 + 410x + 6 = 5.

K naparpady 15

967. [JoxakuTe, YTO BEPHO PABEHCTBO:
a)\/2+\/§=\/§+\/%; 6)\/2—\/—=\/%—\/%.

968. IlombGepuTe Takume 3HAUEHHA @ U b, YTOOBEI pPaBEHCTBO

Y93 - 11V2 = a2 + by/3 6bL10 BepHBIM.

969. ITokasxuTe, YTO BEPHO PABEHCTBO

35832 =5+8+3+ 2.
Harigure eie mogo6GHBIe paBeHCTBA.

970. Halignre sHaueHUe BBIpAKEHUA:

a) V2 + 3 - \/2+\/2+\/_ \/2 2+\/_,
6)\4/21+\/5.é/5+\/4+\/§-{‘/5—\/4+\/5.

971. YapocTiTe BeIpaKeHHe:
a) Y63 - 10; 6) Y17 - 1242.

972. Halignre 3HaueHHe KOpPHA

1
§/§(113.Y.L.1 - 33;1..3 00;1..0) (n € N).

973. BHecuTe MHOXKHTENb HMOA 3HAK KOPHSA:
a) abxfg raea <0, b > 0;

0) abJ§ raea < 0, b < 0
B) —ab«/E raea =0, b < 0;
T) —ab«/ﬁ, rnea =>20,b > 0.
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974. BrolHecuTe MHOXXHUTEJb M3-IIOJ SHAKA KOPHA:

8) 3/_5404; 6) 448, roe b > 0; B) $-a"b®.

975. [lokakuTe, 4YTO BEPHO PABEHCTBO:
20 - 113
2) 99 + 7042 = V2 + 1; 6)———— =1.
)J4 61 - 283

976. Coxparure gpo0b:

a)j.[_‘;+j/£' B)%.

o - P’ -¥b’

5 a-b . r) x + 8x%y + 3{xy? ty
Yo+’ ?/F+§/y_2+2i’/;g;

977. IlpeacraBbTe B BHAE KBaApaTa CyMMBI:

a)a+b+2\/E+2\/Z+2\/5+1;
6) Va + b + 1+ 2¥ab?® - 2¢a - 24b.

978. IIpeacraBbTe B BUAE Ky0a CyMMBI:

a) aa + 3a«/5 + 3bJa + b«/l;;
6) x + 33x%y + 3Yxy® + y.

979. Cokparure apodb
X+Y+2Jxy +20x + 2y +1
wfy + e+

980. HokakuTe, 4TO

a-bJ2, ecrn a 2
Jaz + 2% — 2abJ2 = ’
{b\/é—a,ec.:ma<b\/§.

981. Haiigure suauyenue ZpodOu:
1 1

) 0,52 6 253 | 2 2108 ) 48°%
550" 5 4% 243"
0,04 (§)

982. Moxka)kuTe, UTO 3HAYECHHE BHIPAYKEHUS He 3aBHCHUT OT 3HA-
YeHNi IepeMeHHbIX:

1 1 1 1
) ((27:;)3 + (8a)3) - (3,5'1(34311)3 - 30 (0,001a)3);

6) ab -5 —abg/bi_2 + 5 Yab* - 5 Y.
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983. YnpocTuTe BHIpaXKEHUE:

(% + Yy + x %),
a) OB Z PP B ’

y+2+ @ -9%  y+2-@ - 9%,
y+2-@-9% y+2+ @ -9

6)

@+ +@-") '+ (a+b*-(@-b%)!
@+ +@-0)")T-(@@+bm)™ -@-y""

B)

984. YnpocTuTe BhIpakeHHe

{,jx"—3x+(x2—1)~/x2—4+dx3—3x—(x2—lwx2—4
2 2 )

985. UsBecTHO, uro 10%°°° = 2 » 10%%%° =~ 5, IIpencTaBbTe B BUAE
cTelleHN ¢ ocHoBaHMeM 10 umcio:
a) 8; B) 0,4; x) 0,008.
6) 25; r) 0,04;

986. HaiiguTe 3sHaUYeHUE BBIPAYKEHUA:
1

a) (b“)E npu b = -2;
1
6) (c“)8 npm ¢ = —3;
B) (x99 npu x = -7Tu x=8;
r) 2yy") P oppy=—-2uy=3.

987. YnpocTuTe BhIpa)KeHUe:
8) a + b _a+bh,
@b)*® +b (@) -a a%p%’

6( a% + 2 _a°5—2)_a°5+1
)a+2a°-5+1 a-1 a%

988. IlocrpoiiTe rpaduk GyHKOUM:
1 1
a)y = -x*; B) y = |2[’;
1 3
- 2, = (42)2
6) y= (-x)°; r)y= (x?)".
1
989. Haiignre o6sacTh onpefieieHUss GyHKIuU y = (x2 — 1)2 H 0o
cTpoiiTe ee rpaduk.
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990. YopocTuTe BhHIpa)KeHHE:

1 1 1 -1
2 2 3v4 1 1 1
2) al - b1 _ a1+ (ab )1 _(ab)* |- (a“ _ b‘) :
ai _ bi

a? + (ab)*

_1\2
((x% + a%x%)(x% + a%) ) +x+3
T .
x%+3
991. Bruuncaure (3/25 - 4«/_ - 3/1 + 2\/6) . i’/l - 2«/5.
992. YupocTuTe BHIpaKeHHE:

a) \/a + 4Ja - 4 + \/a — 4+Ja - 4, paccMoTpeB cIy4an, Korga 4 < a < 8

H Korga a = 8;
1) 1\? 1
6)(1+—) +(1——) ,ecnnx:(l——)
x x n

993. Ilglcamn're, q;ro BEpHO p%BeHc'rBo: \
o (L) - (155 - (5] - (255

6)

(S

Y
(1+l)2nn>1.
n

6) 420 + 1442 + ¥20 - 1442 = 4

5) 2+\/§ + 2—\/§ 2=2
VZ+V2+3 V2-y2-3

K nmaparpacdy 16
994, PemruTe ypaBHeHHE:

a)\/2—xx/§+\/2+x\/§=2;
6) V1 + 22 = 2/x(1 - x);
1

B)l-x2-(1-2x24° =0

1
r) (3x2 — 2)® = 2x - 1.

995. HailiguTe KOPHU YpaBHEHHUA:
1

1 1
8) 85+ x + Y85 -x = 3; B) (4 +1)° + (4y? + 1)* =12

1 1
) Yx-2+483-x=1; r) Gy +1)° + Gy? + 1) = 6.
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996. Pemunre cucTeMy ypaBHEHHIL:
(¥x - 4y)(Vx - \y) = 16,
(¥x + 4y)(Vx + \y) = 40;

x+y+«/;+\/§=32,
12(Vx + ) = Wy

997. Peuinte ypaBHeHME:

8) Yx + 24 + Jx +1 = 5 B)i‘/x—1+i’/x+1=m§/§;
X

o Yxra+¥x-8=8 1 ¥x-s2+¥r+32= 2y
x

998. Peminre ypaBuenue (n € Nun > 1)
a8) Y(xr + 1P + Y(x -1 = 4¥x® - 1;

6) Y + x)? — (1 - x)? = ¥1 - 22,

999. Peminrte ypaBHeHMe:
1 1 _ 1,

a) l—ﬁ—x_1+\/i—x X
6) ¥x -5 + Yx - 12 = 1,54/8(x - 5)(x — 12);
B) 4621 + x + Y77 + x = 8;

I‘)\/x+2\/x— —\/x—2s/x—1=2.

1000. Pemnre cucreMy ypaBHeHMIA:

- x_|y_3
a%%+%_& 6)& ﬁ 2

=8 x+xy+y=9.
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1001. Pemiute ypapHeHue:
8) vxifx - Yxdx = 56 6) Yxvx + Jxix = 24.

1002. Pemnte ypaBHEHHE OTHOCUTEJIBHO X:
2 2 1
(a + ;yc)3 + 4(a - x)3 = 5(a? - x2)°.

1003. HajiizuTe KOpHM ypaBHEHUS:

a)\/x+\/_—\ﬁc—\/;=g ;:57——;

J_«/x4J— J_\/x

1004. Pemnre cucreMy ypaBHeHHH

1 1
(x-y’ +@x-p)’ =
x+y=~6.

1005. Pemnre HEpaBEHCTBO:
a) J(x+ 2(x-5) < 8-x; 6) J(x + 3)x -8) >x + 2.

1006. Peimnre HepaBeHCTBO:

8) J7x-1+J’x+1<|—§1/§;

5)5’/x—3+«5/x+3>|—i|5/§.

1007. 3uasa, 4yTo n — HaTypajJbHOE uucJoO, Oosbllee 1, pemuTe
HepaBeHCTBO:

a) ¥6 - x < 1; 6) Yx — 20 > 1.
1008. Pemunre HepaBeHCTBO
2x(x — 1)+ 1> Jx? —x + 1.

1009. Peinte 0OTHOCHTENBHO X HEPABEHCTBO:

a) Vx - 2 <a; 6) Vv3x -1 > a.

1010. PemuTe 0OTHOCHUTEJIBHO X HEPABEHCTBO
2x+ vJa? — x* >0, e a > 0.

1011. HajiguTe MHOYKECTBO peILlIeHUN HepaBEeHCTBA
1 1
2 "2 4
x +x" <—+—=-1.
Jx

10 10. Maxapbiaen ¢ Anre6pa. 9 KJ1.»
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§17. \ OYHKUUK

43. YV Yron noBopoTa

IIpoBeseM B KOOPAUHATHON IJIOCKOCTH OKPYXKHOCTBH ¢ IeHTpoM O
u paguycoM OA (puc. 108). Oxur KoHern paguyca OA coBmajgaer C Ha-
YaJIOM KOOPAMHAT, a APyroi — mpuHagaexur ayuy Ox. Taxkoi paguyc
HA3BLIBAIOT HAYAAbHbIM PAduycom.

HavanpHeiil pagmyc MOXKHO HOBEDHYTH OKOJIO TOYKH O Ha CKOJIbKO
YrOZHO IpajycoB KakK II0 YacoBOH, TaK M IIPOTUB YACOBOH CTPEJIKH.
IToBepHeM, HaLIpUMep, €ro IPOTHUB YacoBoi crpesky Ha 180°, moTroM eme
Ha 180° u emre Ha 60°. B pesynbraTe HaYaJILHBIA PagNyc MOBEPHETCA HA
420° u zaiimer mosioxkeHue paauyca OB. TosopsaT, 4To yzon nosopoma
HavyaJLHOro pagmyca pased 420°. Yros moBopoTa CUNTAETCH ITOJI0XKHUTEID
HBIM, €CJIM HAYAJIBHBII paJUyC BpAalllaeTcs NMPOTHB YaCcOBOM CTPEJIKH, U
OTPHUIATEJbHBIM, €CJI¥ BpaIlleHNe MPOMCXOAUT 110 YACOBOH CTPEJIKe.
Ha pucyske 108 crpeixamu noxkasasnbl yrisl nosopota 420° u — 50° .

B oTnuyue oT yrioB, pacCMaTpuBaeMbIX B Kypce reOMeTPHH, IJd
KOTOPBIX rpafycHas Mepa yrjia naMmeHaercda ot 0° zo 360°, rpagycHas
Mepa yrJjia ImoBOpOTa M3MEHAETCA OT —O° go +00, T. €. MOKeT
BBIP&YKATHCA JIIOGBIM YHCJIOM I'PAgyCOB.

IIpu nmosopore HauansHOro paauyca OA (puc. 109) ma 120° nportus
Y4YacoBOM cTpesikM OH mepeiiger B paguyc OB. MoxkHO yKasaTh eme

YA YA
B

Puc. 108 Puc. 109
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CKOJILKO YrOJHO YIJIOB IIOBOPOTA O, IIPM KOTOPLIX HAYAJILHBIA paguyc
Takxke nepeitger B paanyc OB. Hanpumep, 120° £ 360°, 120° £ 2 - 360°,
120° + 3 - 360°, u T. a. Kaxkablil u3 HUX BHRYUCIAETCS 10 GopMyJae

a = 120° + 360°n, roe n — meJsoe 4ucJo.

Kakum 6bI HU OB yroJl IIOBOPOTa O/, €r0 MOKHO IIDEACTABUTH
B BJle CYMMEI 0 + 360°n, rae 0° < o, < 360° u n — meJyioe yucio.
[Ipn 3TOM IOBOPOTHI Ha O ¥ O IEPEBOAAT HAYAJNbHBIN PagUyc B OOUH
H TOT ’Ke paguyc, TAaK KaK 3TH YIJIbl OTJIMYAlOTCA OAHUH OT APYroro
JHIIH Ha IeJioe YucJo 060pOTOB.

IIpumep 1. IlpeacraBum yruer 5078° u —1976° B BuUge O +
+ 360°n, rae 0° < 0, < 360° u n — ueJsoe yuco.

Pasgenum ¢ ocrtaTkoM Kakjaoe u3 uucea 5078 u 1976 ma 360,
OOJTYIMM:

5078 =360-14 + 38, 1976 =360-5 + 176.
Orciona

5078° = 38° + 360°- 14,
—1976° = —176° — 360° - 5 = 184° + 360° - (—6).

B pasencrse 5078° = 38° + 360°- 14 umeeMm o, = 38° u n = 14,
a B papeHctee —1976° = 184° + 360° - (—6) umeem 0, = 184 u n = —6.
Ocu xoopauHAT pasbUBaOT MHOKECTBO He NMPUHAMJIEKAIIUX UM
TOYeK KOOPAMHATHOM IIJIOCKOCTH Ha YeThipe yeTBepTH (puc. 110). Ecau
IPK IIOBOPOTE Ha YroJl 0. HAYAJBHBIM pafguyc nepeiger B paguyc, Je-
aamuit B I yeTBepTH, TO rOBOPAT, UTO O. €CTh yroJ moBopoTa I uer-
BepTu. TakuM ke 06pasoM moHHMAaTCA yriakl nmosoporta II, IIT u IV
YeTBEepTEM.
Ecau yrosa o mpejgcraBUTh B BHAe O, + 360°n, To mo o, Jerko
y3HaTh, K KaKOH YeTBePTH OTHOCHUTCS YTOJ O
Ecimn 0° < o < 90°, To 00 — yrox
I yersepTH; ecoau 90° < o, < 180°, To
o — yroa II yerBepry; ecau 180° <
<0y < 270° To o — yroua III yer- I 1
BepTH; ecau 270° < o, < 360°, To o0 —
yron IV yersepru. Eciu o, pasen 0°,
90°, 180° usu 270°, To yroa o He OT- O
HOCHUTCA HU K KaKoii yerBepTu. Takoit
yron umeer Bug o = 90°n, rge
n — neJoe uucio. IIpu nmoBopoTe Ha- III v
yaJbHOTO pazuyca Ha yroja 90°n on
OepexofuT B pajguyc, JIeKalluil Ha
OHOM M3 OCe KOOpPAUHAT. Puc. 110

YA

Ry
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IIpuMep 2. BBIICHHM, YyrjoM KaxKof YeTBEDTH ABJSAETCH yrol
TIOBOPOTa O, paBHbIN 995°,

IIpexcraBuM yroa o B BuAe o, + 360°n, rme 0° < 0y < 360° m n —
[IeJI0e YMCJIO, TMOJYYUM

o =995° = 275° + 360° - 2.

B aTom npumepe o, = 275°. Tak xak 270° < 275° < 360°, To 0y,
a cJIe[JoBaTEJIbHO, ¥ O ecTb yroa IV yerBeprH.

1012. HauepTTe B KOOPDAWHATHON IJIOCKOCTH OKPYXXHOCTbH C Ha-
yanbHbIiM pagnycom OA, paBHeIM 4 cM. IloBepHuTEe HAYaNLHBIH pa-
AMYyC HA YroJ O ¥ IIOKAYKHUTE CTPEeJKOM YIoJ IIOBOPOTA, €CJIH:

a) o = 450°; B) o0 = 135°; x) o= —200°;
6) oo = —60°; r) oo = —120°% e) o= 315°.

1013. IloxaxkuTe CTPEJIKOHA YroJ IIOBOPOTa O HAYAJIBHOTO pajguy-
ca, ecan o = 450°; —540°; 720°.

1014. IIpu ooBopoTe Ha yroJ O HaUaJbHbIH paguyc OA nepexogur
B paauyc OB. Kak pacnoJioxken pagnyc OB B cucTeMe KOOPIUHAT, €CIIH:

a) o = 90°; r) oo = —90°; xK) a=0°%
6) o = 180°; o) o =-180° 3) oo = 360°;
B) o0 = 270°; e) oo =—-270° n) o = —360°?
1015. YrioM Kaxoil yeTBepPTH ABJAETCA YroJ IIOBOPOTA:
a) 190°; B) 300°; o) 35°% k) 100°;
6) —85°; r) —100°; e) —185°% 3) —350°?

1016. IIpeacraBbTe yroJ moBopoTa O B BHAe o, + 360°n, rae
0° < 0y < 360° u n — 1meJroe YMCJIO, €CIHU:

a) a = 1100°; B) a = 2150°; I) o = 4322°;
6) o= —-672°% r) oo = —3400°; e) o = —3960°.
1017. YrioM xaxoii YeTBepTH ABJAETCA YIroJ IIOBOPOTa O, €CIH:
a) o = 850°; B) o0 = 369°; o) a = 920°;
6) o = —460°; r) oo = —1000°; e) oo = —2170°?

1018. IIycths mipu moBopoTe HauaJibHOTO paxuyca OA Ha yroJ O oE
nepexoguT B paauyc OB. Hazosure erfe ABa MOJMOXKHUTEILHBIX U ABA
OTpHIATEJBHEIX YIJIa TIOBOPOTA, IepeBogAnnx paguyc OA B pajguyc
OB, ecau:

a) oo = 359°; 6) oo = —412°,

1019. Havansubiil paguyc OA cHauyasla MoBepHYJIH Ha 115°, a mo-
TOM eme Ha —75°. B peayabrate oH nepemesn B paguyc OB. Hanu-
mure GhopMyITy, IO KOTOPOH MOXKHO BBIMMCJIATH JII060H Yros moBopora @,
npu kotopoM paanyc OA mepexonut B paagnyc OB.
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\
HEREE ’/ YnpaxHeHna ana NOBTOPEHUS

1020. Hoxaxkure, urto pyuxuua y = n? — 2n + 1, ruge n — HaTy-
panbHOEe umciao, obparuma. Ilocrpoiite ee rpaduk u rpadux obpar-
HoOK et pyHKIMH. 3agaiiTe o6paTHyo GyHKIUIO GOPMYJIO.

1021. YupocTuTe BhIpaskeHHne

1
2

1 1
?+y? | 2%y

y
1 1

x% + y? x

ol

1022. CxoabKO 0GIHUX TOYEK HMMEIOT:
8) npaMas x + 2y = 5 u OKpyXxHOCTB X2 + y? = 5;
0) okpy»kHOCTb x% + Y2 = 10 u npamas x — 3y = 9;
B) npaMas x — y = 6 u mapabosa y = x% + 10;
r) napaGosa x = y2 — 5 ¥ oxpyxkHocTs X2 + y* = 100?

44, \’/ U3amepenne yrnos nosoporta
B paguvaHax

Ilpu maMepeHHH YIJIOB MOBOPOTA, TAK JKe KAK M IPH M3MEPEeHHUH
BeIMYMHBI YIJIa, KpOME I'PajlyCoB HMCIOJb3YIOT MUHYTHI B CeKYHIbI.
Hanomuum, uro 1° = 60’; 1’ = 60”.

OpHaKo BO MHOTHMX ciayuadax OoJiee yEOoOHON eNHHHMIEH BeJIHUYHHBI
yria oxassiBaeTcs paduan (oT jat. radius — pagmyc).

Ilycts npn mosopoTe HayanbHoro pagmyca OA (puc. 111) npotus
YacOBOM CTPEJIKM ero MOABHMIKHBLIA KOHEI OIMILIeT AYry, PABHYK IO
JHHe paguycy, u 3aiiMeT moJiokeHue B. Yros moBopoTa, IpH KOTO-
poM OA nepexoput B OB, Ha3bIBAIOT PAAU&HOM. 3aMeTHM, YTO C IIO-
MOLIBI0 PAAHaHA U3MEPAIOT JI00YI0 BeJIUYUHY yrja.

OnpexneneHue. Pagmanom Ha3bi-
BA€TCA YroJ IMOBOPOTa HAYaJHHOFO pa- n
IMyca MPOTHB YAaCOBOM CTpPeJIKH, NPH KO- B,
TOPOM ero IMOABMKHBIH KOHEIl ONMHCLIBAET B
AyTy, PaBHYIO IO JJIMHE PAgHyCy.

Ha pucynke 111 crpenkoit mokasaH
yrost nosopoTa o B 1 paguas: A A,
o =1 pan.

Eavuunma BeJIHYHHBl yrja paZHaH
He 38BHUCHT OT JJIMHBI HAYAJILHOTO paguyca. Puc. 111
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L/} Bo3pMeM IpPOM3BOJBHBIA HAUalb:
HHA paguyc OA, (cM. puc. 111) &
MOBEpPHEM €ero Ha TOT JKe yroJ o. Ero
CBOOOAHBINA KOHEI, ONMMIIET AYTY
A;B,. [liuHa 3TO¥M AYTH IPOIIOPIIHO-
HaJIbHa AnuHe pagmyca OA,. Otcwo-

8) » Ia CJefyeT, YTO AJIWHA AYTH AB,
TaK)Ke paBHa AJuHe paguyca OA,,
Puc. 112 Ha pucynke 112 crpenkaMu mo-

KasaHbl yIJIB IoBopoTa B 1, 2, 3 pa-
zuaHa. IIpu aToM ¢BOGOAHBIA KOHEIl HAYAJbHOT'O PagUyca OIMHMCHIBAET
ayry gausoit R, 2R u 3R, rae R — anuHa paguyca.

Ecan pnuHy ayru, KOTOPYIO ONMCHIBAeT CBOOOAHBIN KOHeI Ha-
YaJIbHOTO pajuyca NPH BPAIeHHH IPOTHB YacoBOH CTpEJKH, pas-
JeJUTh Ha MINHY paguyca R, To IOJYYHUTCA YroJ MOBOPOTa B pajHa-
Hax.

IIpn moBopoTe HayandbHOro pamuyca Ha 180° ero cBoGOAHLIR Ko-
Hell ONHUIET MOJYOKPYXKHOCTh, QJHHa KOoTOpoi paBHa TR. YTobn
BBIPAa3HUTh YyroJI IIOBOPOTa& B paguaHax, Haxo TR pasgenuts Ha R.

ITonyunrcsa

180° = % pax =« pax = 3,1428... pax.

Paccmorpum paBeHCTBO
180° = &t pan. 1)
Paspenus o6e ero yactn Ha 180, momyuum:
T
1°= 755 pax;
1° = 0,017 pagx.

IlepectaBuM B paBeHcTBe (1) IpaByIo U JIeBYIO Y&CTH M Da3feJuM
KaxAyo u3 HUX Ha . Ilomyuum:

180°,
1 pag = =
1 pag = 57°.

IIpumep 1. Bripasum B paguanax 135°.
T
Takx xkak 1° = 180 Pas, To

o 3
135 =%~135pa¢1=7n pan ~ 2,4 pax.
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IIlpumep 2. Boipasum B rpagycax 0,3 pan.

Tak kax 1 pax = -I;E, TO

O,3pan=$-0,3= 5:

= 17°,

OGosHayeHne pagMaHa NPH 3alIKUCH YIja IIOBOPOTA YACTO ONY-
3n

ckaor. Tak, Hanpumep, sMecto 135° = - ban = 2,4 pag MOXXHO
o_ 3m
oucate 135° = %= 2,4.

Bo MHOTHX ciyyasix, BbIpa)kas yroJ ImoBopoTa B paguaHax, CO-
XPaHAIOT MHOXHUTENb T, & He 3a8MEHAKT ero JecATHYHOH Apo6bIo.
Hanpuwmep,

o T . o T - I,
o_ I _ T o- K _ 3rm,
o= I . o T -

®opmyna o = 0, + 360°n npu N3MepeHHM YIJIOB B pajnaHaXx
NpUHUMAET B
o= o, + 2nn,

rae 0 < 0y < 21 ¥ n — 1eJ0oe YUCIIO.

1023. BripasuTe B paguaHax:

a) 10°; B) —115°%; n) 250°; %) 350°;
6) 85°; r) 200°; e) —216°; 3) 400°.
1024. 3anuninTe ¢ MOMOMIBIO T B pagXaHax yroJ:

a) 120°; B) —210°; x) —300°; x) 540°;
6) 150°; r) 240°%; e) 330°; 3) —720°,

1025. BripasuTe B rpaaycax yroJ IoBopoTa:
a) 0,4 pan; B) 2,6 pan; 1) —4,2 pan;
6) 1,3 pax; r) 3,5 paxn; e) 10 pan.

1026. 3anuninte B rpagycax yroJ:

2. . S, 13
a) 37'5, B) 6n1 11) 3“7 )K) 6 %

0) %n; T) %n; e) —16—11t; 3) 3m.
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1027. B tpeyronsauke ABC yroja A paBe” %n, a yron B B 3 pasa
6osbme yria C. Haiigure yroer B u C.

1028. OguH u3 yriioB paBroOoKo# Tpanenuu pasex 0,7n. Haiigure
OCTAJIbHBIE YTJIbI 3TOM TpaNeIlNH.

1029. YrioM KakKoil YeTBEPTH ABJAETCS YroJ O, €CJIM:

a) o= gn; B) O = gn; &) a=1,75m;
6) o= gn; r) o = 1,47w; e) o= gn?

1030. IIpeacraBbTe yrosa MOBOPOTa O B BUAE O + 27n, rae 0 < o, <
< 21 ¥ n — 1eJioe YNCJIO, eCJIM:

a) o = 3m; B) o = 4,87; I) o= l—gn;
11
6) o = -2,3n; r) o = —5,57; e)a= Y n?

1031. YrioM xKakKoit yeTBepTH ABJIAETCA YIroJ IIOBOPOTA O, €CIH:

a) o= 2,9m; B) o = 4,3m; I) o= 1—3‘,1 ;
7
6) o = -3,1m; r) o = —4,97; e) o= 3 n?

1032. HanumuTte GopMyJly AJIA BBIYHCJIEHMS yTJa O, €CJIH IpH
IIOBOPOTE HAYAJIBHOTO Paguyca Ha DTOT YroJl OH MEePEeXOAUT B Pajiuyc,

pacnoJIOKeHHBIH:
a) Ha Jgyue Oy; T') Ha Jiyye, IIPOTHBOIIOJIOXKHOM
6) Ha Jyue, 1IPOTHBOIIOJIOMHOM ayuy Ox;
ayay Oy; 1) HA OCH Y;
B) Ha Jay4e Ox; €) Ha ocH X.

1033. KoopanHaTHasA TIJIOCKOCTh
(puc. 113) noBopauuBaeTcs 0KOJO
TouKH O Ha yros o. B xakue ToUkH
nepe#ayT nmpu 3ToM TOukHu A(4; 0),
B(0; 3), C(—5; 0) u D(0; -2), ecnn:

a)a=%; B) L =T;

6) o= —%; r)o=-n?
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1034. B koopauHATHON NJIOCKOCTH OTMEeYeHEl Touku M(2; 4),
N(-2; 3), P(—2; —4) u K(5; —3). B xakue TOYKH OHM NepeiayT mpu
HOBOPOTE KOOPAWHATHOM IIJIOCKOCTH H& YroJl ¢ 0KoJIo TouKu O, eciu:

Da=%  oou=-%  po=m  Do=-w

\
RN ‘/ YnpaxHeHUa Ons NOBTOPEHWUs

1035. Haiigure obsacth onpeseneHnsa GyHKINA:

a)y= ¥Yx - Tx - 30; 6)y=w——_1—5;——_6-

1036. ®yukuuu u, v ¥ W onpexeseHbl Ha MHOXKecTBe R. Ilpuyem
u obpaTHa U u U oOpaTHa w. fBaserca nu GyHKUMS u o6paTHON PyHK-
oy w?

1037. IloxkaxuTe WITPUXOBKOH B KOODAWHATHOW IIJIOCKOCTH
(x - 3)% + y? <16,

pemieHA CUCTEMbI 2
xt -32y.

45, \’/ OnpepeneHue
TpuromeTpmyecknx GyHKUMA

IIpu moBopoTe okoJio Touku O Ha yroa o (puc. 114) HavyanbHEIA
paguyc OA nepeiizer B pagunyc OB, Ha3BIBAEMBIN KOHeUHbLM Paduycom.
IlyeTs KoOpAUHATH TOUKHM B paBHHI X ¥ Y, a AJIWHA paguyca paBHa R.

x
OTHoOmEeHuA % ¥ [ He 3aBUCAT OT JUIMHEI PALHyca. B camomM pene,

BO3LMEM JBa HauyaJbHBIX paguyca: OA; = R, u OA, = R,. IloBepaeMm
HX OK0JI0 TOuKM O Ha oguH ¥ TOT Ke yroja o (puc. 115). ITonyuum
papuyckl OB, u OB,. IlycTh KOODAMHATH TOUKHU B, DaBHHI X; U Y,
a KOOpDAWHATHI TOYKHW B, paBHHI X, U Y,. Kakoit 6b yeTBepTH HU
OPUHAJIEk A YyroJ O, MOXXHO HOCTPOHUTH NPAMOYroJbHEIE Tpe-
yroabauku OB,C, u OB,C, (B,C, L OA,, B,C, 1L OA,). U3 nopobus
3THX TPEYTOJILHHMKOB C Y4eTOM 3HAKOB KOOpAHMHAT ToueKk B, u B, cie-
AVIOT paBeHCTBa
Ho_ Y X _ X

R R "R R

OTH paBeHCTBa BEepDHHBI ¥ TOTAA, Korja Touku B, 1 B, momaaalor Ha
KaKkyo-1u00 U3 ocell KOODAWHAT.
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ya Ya
B(x; y)
a
a A A \A,
[4) X x
Puc. 114 Puc. 115

3HaYNT, KAXKAOMY YIJIy mOoBopoTa o, (cM. puc. 114) coorsercTByer

€IHHCTBCHHOE 3HAYCHHE OTHOILICHNUA %, a TaKXXe €JNHCTBEHHO€E 3Have-

x
HHe OTHOLUEHHA P IToaToMy 9TH OTHOIIEHUS ABJIAIOTCA DYHKIHAMH

yraa moBopoTa O. IlepBoe M3 HHUX Ha3BIBAIOT CUHYCOM, & BTOpOE —
Kocunycom. IlumyT
sina= %, cosa= %.
R R
ITycTe mpu noBopoTe HauyajJbHOro paamyca OA Touka A mepemiia
B TOUKy B(x; ¥y).

CuaycoM yr1iIa OBOPOTA HA3BIBAETCS OTHOIIEHHE OPXHMHATHI TOY-
k1 B x pauHe paguyca.

Kocurycom yriaa moBopoTa Ha3hIBAeTCA OTHOmIEHHE AGCIMCCH
ToukH B x gaume paguyca.

AprymMeHTOM CHHYCA M KOCHHYC& ABJISAETCA YroJ nosopora o. Ecau
3TOT yroJ BHID&)KaeTcd B paAU8HaxX, TO 3HAYeHNAMH O ABJIAIOTCA Jeid-
CTBHUTEJIbHBIe Yncja. B TAKKHX cilydYadaxXx CHHYC M KOCHHYC pac-

CMAaTDHBAIOT KaKk MGYHKIINN YKUCJIOBOTO aprymenTa. Hanpumep, sin 0,8

T
03Ha4YaeT CHHyc yrjia nosopora B 0,8 paguaHa, cos 3 ©€CTh KOCHHYC

%, paBHoro 1,57... paguana.

O6xacTpi0 OnpefesIeHNsT KaKk CHHYCa, TAK U KOCHHYCa ABJIAETCHA
NIPOMEXRYTOK (—00; +00), IIpH M3MEHeHHH yTIJa TMOBOPOTA KOODPAMHATHI

yrJia IoBOpOTa B
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y X
X ¥ iy u3aMeHsAOTCA B ipepeiax ot —R go R. Iloaromy oTHoIeHus ]

H3MEHAIOTCA B npejesax oT —1 xo 1. 3HaunuT, 06/1aCTHIO 3HAYEHUH CH-
Hyca M KOCHHYCAa ABJIAETCA IMpOMeXyTok [—1; 1].

PaccMoTpuM ellle AB& OTHOILIEHUA: % n % (cM. puc. 114). Onn

TaKKe 3aBHCAT JIMIIDb OT yIJia IIOBOPOTa M HEe 38BHUCAT OT AJIMHLI pDa-

T
mayca. KaxxaomMy 3Ha4YeHHUIO O, €CIIM O # 3 + mn, roe n — IeJjoe 4KCJo,

COOTBETCTBYET €IHHCTBEHHOE 3HaYeHHe OTHOIIeHHuA %, H KaXIOMYy

3Ha4YeHN1o O, ecJIn O ¥ 7n, rae n — ILejoe 4YHUCJO, COOTBETCTBYET
X
eINHCTBeHHOe 3HaAYeHHNe OTHOIIEeHNA ;- CrnenoBaTesIbHO, OTHOIIIEHUS

x
% i 7 ABJAIOTCA QYHKIUAMH yrjia moBOopoTa. FIX HA3bIBAIOT COOT-

BEeTCTBEHHO MAHZEHCOM N KOMAHZEHCOM. HHHIYT

-4 = x,
tga = ol ctg o "

TaHreHCOM yria IOBOPOTAa HA3BIBAETCA OTHONICHHE OPAMHATHI
ToukH B k ee aGcumcce.

KotaarencoM yria moBOpOoTa Ha3hIBaeTCA OTHOMIEHHE aGCIMCCHI
ToukH B K ee opamHare.

TaHreHc 1 KOTAHIeHC TAKYKe YaCTO PACCMATPHBAIOT KaK QYHKIUHN
Yuca0Boro aprymerra. O0JacThio onpenesleHUs TaHreHca ABISAETCA
MHOYKECTBO BCeX AeHCTBUTEJbHBIX YHCEeJ, U3 KOTOPOTO KCKJIOUAIOTCH

T
YHCJa BHAA E + mn, voe n — IeJo0e YHNCJIO. IIJIﬂ KOTaHIr'eHca U3 TOoro

e MHOX(eCTBa MCKJIIOUAlOTCA YNCJa BHAA 7n, TAe n — IeJoe YHCJO.

O6aacThi0 3HAUEHNH TAHTeHCAa ¥ KOTAHTEHCA SBJISETCA IIPOMEXY-
TOK (—00; +00),

Hua yraos 0° € o < 180° dpyHKOMM CHHYC, KOCHHYC X TaHTeHC
COBIAAIOT C PACCMOTPEHHBIMHU B Kypce reOMeTpHH QYyHKIMUAMH, KMe-
OIMIMH Te Ke Ha3BaHHA.

PaccMOoTpuM npuMephbl BHIYMCJIEHHS NPHOAMKEHHBIX 3HAUYEHUH
TPHTOHOMETDHUYECKHX (YHKIWA.

IIpumep 1. HaiigeM, Hcrnoab3ysa pucyHok 116, sHaueHHs TpH-
rOHOMeTpHUYeCKNX GyHKInH# yria 65°.

IloBepHeM HauasbHLIN paguyc OA Ha yroa 65°. Haligem koopau-
HATHI JIEXKAINEero Ha OKPYXHOCTH KOHIa KoHeuHoro paguyca OB. Ilo-
JYy9uM

x=13;y=2,7.
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Puc. 116

IIpuMeHHNB OmpeAeIeHUA TPUTOHOMETPUUYECKUX GyHKIUM, Oyaem
UMeTh:

: o_y~2’7_ . o_ Y _ ~

sin 65 =R =73 =0,9; tg 65 =~ 13 = 2,1;
o_£~L3~ . o_x _ L3 _

cos 65° = B~ 3 =~ 0,4, ctg 65° = ” ~ 27 = 0,5.

3HaueHn s TPUTOHOMETPHUYECKUX (byHKIIHI‘;I MOJXHO HaXOIHTh
C IIOMOIIIBI0 KAJBKYJIATOPA.

IIpumep 2. HaiigeMm ¢ TOMOIIBIO KAJBKYJATOPa TPUOIUIKEHHEIE
auavenus sin 137°29’, cos (-0,816), tg 5,38 u ctg % C TOYHOCTBIO JI0

THICAYHBIX.
Haiiga ¢ moMomb0 KaJbKyJATOPa NpUOIUIKEeHHBbIe 3HAYEHHUA
BHIPDQYKEHUN U OKPYIVIUB MUX A0 THICAYHBIX, MOJYUUM:

sin 137°29’ = 0,676; cos (-0,816) = 0,685;
tg 5,38 = —1,268; ctg % = —3,436.
Ja HEeKOTOPHIX YIJIOB MOBOPOT&, MCIOJB3YA MPOCTEMHIIUe reo-

MeTpHUYeCKUe CBEJEHUA, MOXKHO HEHTHU TOYHbIE 3HAYEHUS TPUT'OHO-
MeTpuYeCKUX (PYyHKITHHA.
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Ilpumep 3. Haiinem snaueHus 7Y
cHHyca, KOCHHYyca u TaureHca 180°.

ITpu noBopoTe Ha 180° HauaABHBIH
pagnyc OA = R (puc. 117) nepeiigeT B
paguyc OM. Tourka M oKaeTcA Ha f\

Jy4ye, MPOTUBOMNOJNOXKHOM ayuy Ox. Ee M A
KoopauHaTh: x = —Ruy =0. 0| x
IloaTomy
in 180° = 9 o
sin =5=0
cos 180° = %2 =-1;
Puc. 117
o9 _
tg 180° = R~ 0.

3ameTum, uto ctg 180° He uMeeT cMBICJIa, TAK KAK HE HMEET CMbIC-

-R
J1a OTHOLIEHHE —G

CocTraBuM TabauIly 3HaYEHHU TPUTOHOMETPHYECKHX QYHKIIUI 118
HEKOTOPBIX YIrJjoB. MHorue u3 3THX 3HaYeHWi OBLIM BBIUMCJIIEHBHI B

Kypce reomerpuu. IIpouepk B Tabimue caesaH Toraa, Korga BbIpa-
HeHHe He MMeeT CMBICJIA.

o 0° 30° 45° 60° 90°
sin o 0 % g @ 1
J3 V2 1
Cco3 1 —2— T 2 0
tg a 0 -‘/3—§ 1 J3 —
ctg o — J§ 1 —‘/35 0

3aMeTHUM CJeAyIOIlee: €CIN B3ATH IIOCIEeL0BaTEJbHOCTh Apobeit

01238 4
AR A A A

H M3 KaXJo¥ Apo6u M3BJeuYb KBAAPATHBIA KOpPeHb, TO MOJYYHUTCS

CTpoKA u3 Tabauupl AJs 3HadeHu# sin o: 0, %, g, @, 1.
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Mpumep 4. Halinem 3HaueHue BhIpaykeHHA cos 45°.
Bripaxkenue cos? 45° osHauaet (cos 45°)2. Ero uurarTt: «Kocunyc
kBaapat 45°». 3uauur,

cos? 45° = (-‘/2—5) = %

1038. Ha pucynke 118 usobpasxeHnnl yrynl noBopora 125°, 220° u
~20°. Haignre npubinixkeHHbIe 3HAYEHNS TPUTOHOMETPHYECKHX (QYHK-
IHi Ka)KAOro U3 3THX YIJIOB.

Tk
B
1
1 At
ok ::E:EFx‘
D
o
Fr e
Puc. 118

1039. Ucnoubays pucyHok 119, naiiaure nmpubimnixeHHble 3HaYe-
HHUSA TpHUroHoMeTpuuyecKux GyHkuui yriuos 1,4; 2,7; 5,2 u -2,5
paguaHa.

1040. Ilpu moBopoTe HayajabHOro paguyca OA Ha yroia o Touka A
¢ xoopguHaTamu R u 0 mepexofuT B TOUKy B ¢ KoopguHaATaMu X H Y.
Boruncsiure 3HaYeHUA TPUTOHOMETpHUYECKHX QYHKLUI yrja o, eciu:

a)x =0,3; y =0,4; NDx=3;y>0; R=4;
6) x=-12; y = -9; e)x<0;y=2; R=3;
B) x=1,8; y =-2,4; ®)x=-5y<0; R=6;
rx=0,3;y=2,7; 3)x>0;y=-1; R=2.
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1041. C noMoIIbI0 KaNbKYJATOpa HaiifuTe NpUOJIMIKeHHOE 3HA-
YeHHe C YEeThIPbMA 3HAKAMM ITOCJIe BAamATON caeayoomux GyHKIMIA:

a) sin 211°37’; ) sin 0,513; u) sin (—2,555);
6) cos 302°18’; e) cos (—1,618); K) cos 3,408;

B) tg 196°45’; x) tg (—4,009); a) tg 1,985;

r) ctg 256°10’; 3) ctg 1,313; M) ctg (—4,123).

1042. Acnoabays CBOMCTBA TPAMOYTOJBLHOIO TPEYroJIbHMUKA, BBIUUC-
JIATe 3HAYEHHEe KAXKIOH TpUroHOMeTpudecKoi GYHKIUM yrja o, ecau:
a) o = 135°; B) 0. = 240°; o) o = —30°%

6) a = 210° r) a = 300°; e) o = —45°.

1043. Haligure 3HaueHHe KaXJ0if 13 TPDUTOHOMETPUYECKUX QYHK-

oui yria o, ecju:

R, 3
a)a=g, B)a=—%; zx)a=§n;
6)a=—z-; r)a=—%; e)a=—1%n.

1044. HaiiguTe 3Ha4YeHUe BbIPAXKeHUS:
a) V3 cos30° + J2 sin 45°; I) 4 cos 30° sin 60°;

6) /3 (sin60° — tg 30°); e) 2 tg 60° tg 30°;
B) 2 cos 60° + 3 tg 45°; k) 4 ctg 30° sin 60°;
1) V3 cos0° - 2ctg 30° 3) 2 cos 30° ctg 60°.
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1045. Yemy paBHO 3Ha4YeHHWe BBIPAKEHUA:

a)%sin-z-cos%; o) sin— (tg——oosG)

1 r r, T T . m\,
6) 3 tg 3 ctg 6’ e) tgg(aﬁz + Slnz),
B)4tg%sin%; X) sin-g-cos%tgg;
I‘)8COS£Cth; :3)cosE—tgE +cth?

2 4 6 6 6

1046. Haitigute 3HauyeHHe BHIPAXKEHHS:

. T
a) sin 2o + cos 20, ecyu oL = I

6) tg o + ctg 20, ecam a0 =

AI?—I ola vhl?-l

B) sin 2o cos 30, ecau o

-

r) ctg 20 sin 3o, ecau o =

1047. Yemy paBHO 3HAUEeHHe BBIPAYKEHHUS:

) (sin (-30°) — cos 30°)2
) 3 cos (—45°) sin 45° — 6 tg 30° ctg 60°°

2
6) 2tg’ (—5) COS§ - 3ctg E?
inFecosFto Fetg2 T
sin 5 cos 3 tg 4 ctg 6
1048. Haligure 3HaueHWe BBIpAXKEHUA:
2
T T
Jlcos 60° —sin60°F (tgﬁ - tgﬁ)

8) ~5in30°( - tg 60°) ) \f o
e v}
6 3

1049. BepHo J1, YTO MOCJELOBATEILHOCTh
1 1 1

’

tg% sing ctg%

ABIsAeTCA apudMeTHYECKOl mporpeccuei?

1050. Haitiaure Tpu 3HaYEHHUA O, IPH KOTOPBIX:
a) sino = 0; rytga=1; *K) sino = —1;
6) cos o. = 0; x) cosa=-1; 3) tgoa=-1.
B) sina =1; e)ctgo =-1;
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1051. U3BecTHO, YTO COS X = % BepHo aH, uTo X = %?

1052. Haiigure sHaueHHe BBIpaXKEHUA:
a) 2 tg 30° ctg 30° cos 30° sin 30° + \/§ tg 60°;

T . T T n
) cosgsmg B 1;g3ctg6 .
T n 14 T
sm§ + cos 3 COS§ sm§

1053. Yemy paBHO 3HAUEHHE BbIPAKEHUA:

8) \/% + 2cos? 30° + \/% ~ 3tg? 30°;

6) \/tgzg— 2% - g\/%sinzg + 29

1054. MoxeT 1 npu KaKoM-HUOYAb 3HAYEHMH X OBITh BEPHBIM
PaBEHCTBO:

a) sinx=—%7t; B)sinx=1 - \/5;
6)cosx=3—~/§; r)cosx=J§—1?

1055. BoamoxkHO M1, uTOORI IpH KaKOM-HUOYAb 3HaUEeHUU @ OBLIO
BEpHBIM DaBEHCTBO:

. T 2 . n 1 2 1
a —=a*+1 — = =a® + =
) sm4 B) sin n 3 2
6n 4n 1
6 s— =a? -1, r) cos— = ————7?%
) co 5 ) 5 (@ -1@+1)

‘/ YnpaxHeHns ans NOBTOPEHUs

1056. IlocrpoiiTe rpadur GyHKIUHN Y = —l?/;l fABnserca sy ara
dbyuxnusa odparumoii? KakoBo MHOMeCTBO ee 3HAUEHMII?

1057. IIpu nmoBopoTe HauasbHOrO panuyca OA okoso Touku O Ha
yros o Touka A IepexoguT B TOUKY B ¢ koopAuHaTaMu x H y. YTjoM
KaKoil ueTBepTH ABJAETCA yroj O, ecIu:
ayx>0uy<0; Byx>0uy>0;
6)x<0ny>0; r)x<0uy<0?
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1058. Kak moctpouts rpaduk dyHKnuyu y = —~2f(x + 1) — 4, ecan
noctpoeH rpaduk pyaxnum y = f(x)?

1059. depmep U €ro ChIH BHIMOJHHUIN HEKOTOPYIO paGoTy 3a 6 u.
3a CKOJIBKO 4acOB KaXAblil M3 HUX MOr GBI BBHINOJHHTH 3Ty pabory,
ecyau Gbl CBIH 3aTpaTHJ Ha Hee Ha 5 4 GoJjiblile, uem oren?

\
FTrE T ‘/ KoHTponbHbie BONPOCHI U 3aQaHUN

1. Kak y3HaTbh, yIJIOM KaKoOil YeTBepTH SABJIAETCA YroJ moBopora’
IIpuBegure npumep. Kaxue yrinl He OTHOCATCS HM K KaKoil yerBept?

2. Chopmynupyiite ompejeinenue paguaHa. Kax BeIpasuTh B pa-
AuaHax yroJ IOBOpOTa, HpeAcTaBJieHHbIN B rpagycax? IlpmBegure
npumep. Kak BrIpasuTh B rpagiycax yroJ MOBOpPOTa, IIpeJCTaBJICHHHIH
B paguanax? IlpuBeaure nmpumep.

3. ChopmynnpyiiTe ompefejieHHe CHHyca ¥ KOCHHycCa yrJa I0Bo-
pora.

4. CoopmynupyiiTe onpenesieHHe TaHreHca M KOTaHreHca yria
IMOBOPOTA.

5. HasoBure obyacTh onpefeseHuss ¥ o6JacTh 3HAUEHUM KaKIOk
TPUTrOHOMETPUYECKOH GYyHKIMH.

CBOWUCTBA U NPADUKU
TPUTOHOMETPUYECKUX

§ 18. J’\ GYHKLUNA

46. \/ HekoTopblie TpUroHoMeTpuyeckue
TOXAEecCTBa

IToBOpPOTH! HAYAJIBHOTO pajuyca Ha yIJbL O ¥ O + 27n IIpH 1IeJIOM
3HAUEHUHM N MEepeBOAAT HAUAJBLHBIA pafilyc B OAMH M TOT K€ paguyc.
IToaTromy, kaKkuM ObI HM OBIJI YroJ O, IPH 1IeJIOM 3HAUEHWH 71 BEPHH
paBeHCTBa:

sin (o0 + 271tn) = sin o; tg (o + 2nn) = tg o )
cos (a0 + 2nn) = cos o} ctg (o0 + 2xn) = ctg o.

Tak KaK BCAKUI yToJ IIOBOPOTa MOXHO IPEACTaBUTb B BHUAE O +
+ 2xn, rae 0 < o < 27 ¥ n — wLeJoe 4yKucao0, To ToxaecTBa (1) gasor
BO3MOJHOCTh CBECTH BBIUYMCJeHHMe 3HaueHUs Ja1060il TPUTOHO-
MeTpPHUeCKON (YHKLHMM KaKoro yrofgHO yrja K BBIYKCJIEHHIO ee 3HA-
YeHUA AJNA HEKOTOPOro yrja u3 npomeskyrtka [0; 27w).
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Hanpumep,

sin 1485° = sin (45° + 360° - 4) = sin 45° =

e

tg (-690°) = tg (30° + 360° - (—-2)) = tg 30° =

cos (—5§1t) = cos (IE - 611:) =cost = ﬁ
6 6 6 2
IloBopoTH! HAYAILHOTO paguyca Ha YIJIBL 0L ¥ O, + 772 Ip¥ 9eTHOM N
HepeBOJAAT €ro B OAUH M TOT Ke paguyc. B aTom ciyuae
tg o =tg (o + ntn)
u ctg o = ctg (o + ©n).
Ecsu ke n HeyeTHO, TO MIOBOPOTHI A
Ha YyMIBI O M O + T IIepeBOASAT Ha-
YaTLHBIN pagUyC B paANyChl, CHMMeET- B
pHYHBIE OTHOCHUTEJbHO Hayajla Koop-
aunHat (puc. 120). Ecau npu arom a
KOODAWHATHE KOHIA, JIEXKALIEero Ha %
OKPYXHOCTH, OJHOTO U3 3THX pa- QQ x
AMYCOB — X M Y, TO KOOPAHHATHI x,}
APYroro KoHIla paguyca —X U —Y.
" B aTOM ciryuae C
tg o = tg (o + ©tn)
u ctg o = ctg (o0 + 7mn),
TaKKaR%=E% n§=5§.
3HauuT, npu JoboM IeJIOM 3HAYEHHH 71 AJIA YIJIOB IIOBOPOTa O M
o + 7n 13 06JIaCTH OIpeZie/IeHHUSI TAHNeHCA M KOTAHTeHCAa MMEIOT MeCcTO
paBeHCTBA

Puc. 120

tg (o + n) = tg a, ctg (o + ©n) = ctg o. (2)
Bceakuit yros moBopoTa MOMKHO IIPEACTABHTL B BHIE O + 7n, TAe
0 < o<7un — menoe YUCJIO. ITO AAeT BO3MOMKHOCTHL CBECTH BBI-
yyucJeHNe 3HAUEHUIl TAHreHCAa M KOTAHreHca KaKoro yrogHo yrJa K
BBIYMCJIEHUIO 3HAYEHUH TeX e QYHKIUI NI HEKOTOPOro yrja us
npomexkyTka (0; m). Hanpumep,
tg 585° = tg (45° + 180°- 3) = tg 45° =1;

cte(-2x) = ctg(Z - ) = ctg X = V3.

PaccMOTpHM CBA3b MEXAY TPUTOHOMETPHUYECKUMH QYHKIUAAMHA
[IPOTMBOIOJIOXKHBIX YrjoB. IIyCTh Npu MOBOpPOTE HAYAIBLHOIO Pafguyca
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Y\ OA = R na yroa a (puc. 121) okomo
B(x,; y) Toukn O paamyc OA mepeiger B
pazuyc OB, a npx HOBOPOTE Ha yroi
—-o. — B pagnyc OC.

IIpy cMMMETPHUH OTHOCHTEJIHHO
ocu x Touka C(x,; y,) nepefzer B Toy-
—a Ky B(x,; y,), Tak Kak

ZCOA = ZBOA u OC = OB.

Ocb y nepeiigeT B 0Cb, IPOTHBO-
noJsiokHyo ocH y. Iloaromy opauHara
Touku C OyAeT NPOTHBOIOJOXKHA
Puc. 121 opauHaTte Touku B. Ock x mepeipger
cama B ceba. IloaTomy abcuucca Tou-
ku C Oyaer paBHa abcuucce TOUKkH B.

QO
wY

C(x;; y,)

Orciona
Y2 = "Yrs Xy = Xy
& = —ﬂ ﬁ = .ﬁ'
R R R R
2 __ 4 X2 - X
X2 x’ Y h
3HauuT,

sin (—o) = —sin o; cos (—0) = cos o;

tg (—o) = -tg o; ctg (—a) = —ctg a. @)

ToxxpecTBa (3) MO3BOIAIOT YIPOCTUTH BHIUNCJIEHUE 3HAUEHUM TPH-
roHoMeTpu4yecKuXx GYHKIMUHA A OTPHUILATEJbHBIX YIJIOB.
Hanpuwmep,

e el gt
cos (-45°) = cos 45 =5 ctg 3= Ctg3— 3

1060. Haiigure snaueHusd sin o, cos o 1 ctg O, ecu:
8) o = 420°; B) o = —660°; n) o= Zin;

6) o= 2130° 1) o=-1035%  e)a= —3%1:.

1061. Yemy paBHO 3HAYEHUE:

a) tg 210°; B) tg 240°; ) tg 3%1:;

6) ctg 225°; r) ctg 150°; e) ctg 1%1:?
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1062. HaiiguTe 3HaueHUe BLIPAYKEHUA:

a) cos (—45°); r) ctg (—30°); %K) —sin (—45°);

6) sin (—90°); 1) sin (—60°); 3) —cos (60°);

B) tg (—60°); e) cos (—30°); u) —tg (-45°).
1063. HaiiguTe 3HaueHHe BHIpAXKeHUA:

8) sin (-30°) + cos (~60°); ) oos(_%) - sm(_%)

6) tg (-45°) — ctg (—45°); r) ctg(~%) + tg(—%).
1064. HajliguTe 3HaYeHNEe BLIPDAYKEHHA:

a) sin (—405°) + cos 750°; B) 8in 2,51 + ctg (—%n);

6) cos (—780°) — tg (—-225°); ) tg(—l%n) - ctg 3%n.

1065. YnpocTuTe BhIpa)keHHe:
a)sin(a — b) + cos(a — b) —sin (b — a) + cos (b — a);
6)tg(x—y)+ctg(x—y)+tg(y — x) +ctg(y — x);
B) sin (2 — x + y) — sin 2n + x - y);
r)tg(x—-y+ 3n) - tg(y — x - 3n).

\

]
[T ‘/ YnpaxHeHus ANS NOBTOPEHUS

N
T

1066. YnpocTuTte BhIpa)keHue:
a) Vx? - 4x + 4 +é/(x—4)4, rie x < 2;

6) 2% + 2x%y — xy® + 2x% - 2xy + 2%, ey < x < 2.

1067. B nByx apudmernueckux mporpeccusx — (a,) u (b,) —
nepsble WIEHHl paBHBI a. PasHocTh oaHOM paBHa —d, a gpyroit — d.
CyMMBbI n 1epBHIX YJIEHOB 3THX nporpeccuit S, u S,. Joxkaxure, uTo

S.+S, _ a,
S-S, din-1)

1068. KoopauHaTHas MJIOCKOCTh TOBOPAYMBAETCHA OKOJIO TOUuKU O
Ha yroJ o. B kakue Touku nepeiayt touku A(5; 1), B(—4; 2), C(-3; —4)
u D(1; -5), ecnu:
119

. _ 3. -
a) 0. = 53 B) 0= 5T, R) o= T;

6) o= —125; ryo= —%ﬂ; e)o=-n?
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47. \‘/ CBoiiCcTBa TPUIrOHOMETPUUYECKUX
byHKUMA

PaccMoTpuM BOIPOC O HYJIAX TPUTOHOMETPHUYECKHX (DYHKOWH H

MPOMEXKYTKAX, B KOTODhIX PYHKIHUS NPUHUMAET II0JIOKHUTEJbHEE
¥ OoTpHullaTeJbHble 3HAUEHUH.

Tak kak sina = % (cMm. puc. 114), To sin 0 paBeH HYJIIO, KOTAa

y = 0. B atux ciay4yasax KoHeuHHIl pajuyc oKkassiBaeTcs Ha ocH x. Ilpr
3TOM yroJ mosopota paseH 0, tn, £2x, 13m, ... (puc. 122),

7\
11
+ + +
om B 0 1'.; o %
_ N -
Puc. 122

3HauuT, HyJIeM CHHYCa SABJISEeTCA BCAKWI yroJ Buja nn, rae n —
nesoe yucyo. MHBIX HyJleil cCHHYC He UMeeT.

x
Tak kak cos o = R’ Tocosa = 0, ecim x = 0. 9TO TPOUCXOAHT

TOrga, Korga KOHEUHHIH paguyc momafaeT Ha oChb Y. UTO BO3IMOMKHO

JIMIIb OJIS1 YIJIOB %, g + T, % + 2n, g + 3xm, ... (puc. 123).
Ya
_5n _3n _m .11 = 3n sn
2 t 2 2 *+ 2 2 T 2
L L] L] O L L] LS E
_ 1. -
Puc. 123

. T
3HauUUT, HYJIeM KOCHHYyCa ABJIAETCSA BCAKHUH yroJ BHja 3 + 7n,

rge n — uejoe yucio. [Ipyrux Hyseil KOCHHYC He MMeeT.

W3 onpexpenenuit TaHreHca U KOTaHreHca CJIEAYET, YTO HYJIU TaH-
reica COBIANAIOT ¢ HyJAMM cHHyca (puc. 124), a HyJu KoTaHreHca
COBHIAJAIOT ¢ HYJAMH KocuHyca (puc. 125).
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! | YA ! |
| [ | |
+ 1 + 1 + 1 + 1
| ! | 1
| | | |
_8my _T 11 1T 3mi
21 - 21 12 T 21 2n
} 4 $ + -+ t . +—
| 1 o | | x
1 | | _ | |
| ] 1 1 |
[ [ [ T
[ 1 | 1
I 1 | 1
Puc. 124

Kaxpasa TpuroHomerpuyeckas GyHKIUS MMeeT OECKOHEYHO MHOT'O
Hyaeit. ua Kammoll M3 HUX pacCTOSIHHE MEXAY ABYMSA JIOOBIMH CO-
CeJHMMH HYJSAMH paBHO T.

Hyan cuHyca pasOHBAalOT OChb X Ha paBHbIe II0 JJHHEe Helepece-
KaloO[ecs OTKPHIThIE HIPOMEXYTKHU (cM. puc. 122). Beiscaum, Kakue
3HAYEHM, IOJIOMKUTEJbHBEIE HJIH OTPHIATENbHBIe, IPHHUMAET CHHYC
B K&XJIOM H3 3THX IIPOMEKYTKOB.

IIpu noBopoTe HauasbHOTO paguyca Ha yrox o (cM. puc. 114) npu
0 < o < ® Touka B OyaeT HaXOAUTHCA BBINIE OCH X, a IIO3TOMY ee
opauHaTa y Gyzer GoJbllle HyJiss. 3HAYUT, B IpoMexyTKe (0; ) byHK-
A Sin 0. IpUHAMAET MOJOXKHUTeJIbHbIe 3HaYeHusa (cM. puc. 122).

Ilpu © < oo < 21 Touka B 6yZeT HaXOAUTHCA HUIKE OCH X U ee
opauHaTa y Gymer MeHbIlle HyJA. 3HAYUT, B IpoMexyTKe (7T; 21) QyHK-
IuA sin o0 TpUEXMAaeT OTpHLATeJbHbIe 3HaYeHnsA. ToxaecTso sin (x +
+ 2nn) = sin x, rge n — LeJioe YKUCJO, IIO3BOJIAET 3aKJIOUUTh, UTO
OPOMEIKYTKH C IOJIOKHUTEJbHBIMH H OTPHIIATeJIbHBIMH 3HaUeHUAMH
cuHyca OyayT CTporo uepefoBaThCs HA Bcell ocH xX. ITO OTMEUYEHO Ha
pucynke 122 smakamu + 1 —.

AHaJIOTHYHBIE PACCYKAECHHUS IOKAa3bIBAIOT, YTO 3HAUEHHUS COS Ol

opu ——;- <o < % NIOJIOXKUTEJIbHBI, & IIPU —g <o < EZE — oTpHLa-
| ] vk | I
| I | |
| + I + + I+ |
1 I i 1
1 | 1 1
] _8n | . 14 jud I 3n 1
| 9 [ 2 2 [ 2 1
' : ] : : - - : L >
1-2n -l o nl 2nl *
| 1 -14 1 |
| | I !
1 - 1 - - 1 - 1
| I I |
1 i | |

Puc. 125
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reapHbl. Takoe uepegoBaHMe MOJOMXKHTEJNbHBIX X OTPUIIATEJbHHX
MMPOMEKYTKOB IIPOMCXOAHUT Ha Bcell ocu x (cm. puc. 123).

Takum e 00pa3oM MOMKHO BBIAEJHUTH IIDOMEKYTKHU, B KOTOPHIX
MOJIOYKUTENEH WU oTpulaTeleH TaHredc. IIpu aToM Kpome Hyneil
Ba)XHYIO pOJIb MIPAIOT Te 3HAUYEHHA YIJIOB, IIPM KOTOPBIX TAHTEHC He
umeeT cMmbica. Ha pucynke 124 aTH 3HaueHMs ITOKa3aHbl LITPAXO-
BBIMY JIMHUAMH. 3HaKaM#u + U — 0003HaUEeHHI IIPOMEXYTKH I0J0-
JKUTEJbHBIX WX OTPUIATEIbHBIX 3HAUYeHU TanreHca. Vx nyuHa B Apa
pasa MeHbIIle COOTBETCTBYIOIINX IPOMEKYTKOB JAJI CHHYCa U KOCH-
Hyca.

IIpoMeXYTKH MOJIOKUTENbHEIX U OTPHUIATEJbHBIX 3HAYEHH KO-
TaHreHca INOKa3aHbI HA pucyHke 125.

N3 onpegeneHna TPUrOHOMETPHYECKHUX (PYHKUWIT M 3HaKOB abc-
L¥CCHI M OPAWHATHI TOYKH B B pa3jiMYHBIX YETBEPTSX CIEAyeT, YT0
nia yrioB I yerBepry sin o > 0, cos o > 0, tgo > 0 u ctg o > 0; gan
yraoB II gyerBepti sino > 0, coso < 0, tgax < 0 u ctga < 0; gaa
yraoB III yversepra sina < 0, cosa < 0, tgo > 0 u ctga > 0; gan
yraoB IV uerBeptu sina < 0, cosa > 0, tga <0 uctga <O0.

3HaKM TPUrOHOMETpUUYECKMX (PYHKUUN B Pa3lMYHBIX YETBEPTAX
moKasaHbl HA pUCyHKe 126.

®opmyasl (3), pacCMOTpeHHbIe B NIYHKTe 46, BBIpa)XalOT M3BECT-
Hble BAM CBOMCTBA HEUETHOCTH U YETHOCTH TPDUIOHOMETPHYECKHUX (DYHK-
Ui,

B sakiloueHHe OTMETHM ellle OAHO BaYXHOE€ CBOMCTBO TPHUIOHO
merpuyeckux ¢yaknumii. B nyukre 46 6b110 J0Ka3aHO, YTO IIPHU JK-
6oM n € Z UMeOT MeCTO TOKAECTBA:

sin (o0 + 2nn) =sino, tg(a+ nn)=tga,
cos (o0 + 2nn) =cosa, ctg (o + mn) =ctga.
Ins cuHyca ¥ KOCHHYCA 3TH TOXKIECTBA 03HAYaloT, YTO 3HAYEHAA

CHHYCa M KOCHHYCa He H3MEHAIOTCA OT npubasiieHns K JI00oMy 3Haye-
HHUIO O, Ynces Buaa 2nn, rae n € Z. Takue ynuciaa Ha3BIBAIOT II€PHOLAMA

3HakKu cuHyca 3HaKu KOCHHYca 3HaKM TaHreHca
M KOTAHTeHca
YA YA YA
+ | + - |+ - | +
x x X

Puc. 126
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GYHKOUH CHHYCa M KocuHyca. [JIA TaHreHca ¥ KOTAHTeHCca IIepHOAAMHU
ABAAIOTCA YHCJa BUga 1n, rae n € Z.

Onpepgenenne. [lepuogom pyEKumu f HA3EIBACTCH TAKOE IHCIO0
l £ 0, ecin naa mo6oro x € D(f) epmomasIoTca paBencTea f(x) = f(x +
+)=f(x—1).

M3 aToro onpefeseHNsA U TOXAECTBA sin (o + 27tn) = sin o caexyer,
410 QYyHKIUA CHHYC MMeeT GeCKOHEUHO MHOro nepuofoB. HammeHs-
MM MOJOYKUTEIBHBIM U3 HUX ABJAETCA YMCIO 27,

HJorxasaTenabcTsBo. IlpeAnooKNM, YTO CYIIECTBYET IIOJIO-
EuTeJIbHOEe umncyao [ < 21n takoe, 4ro sin (x + I) = sin x ana moboro
sHaueHus x. Torga sinl = 0 nupu x = 0, Tak kak sin x = 0. 3uauwur,
upcsio [ aBnsierca HyJeMm ¢yHKIuu. MBI 3Ha€M, YTO B NMPOMEKYTKE
(0; 21) cy1iIecTBYeT TOJBKO OAMH HYJIb CUHYCa, paBHBIN 7. Ho mis umc-
Ja T He BBINOJHAETCSA TOMKAeCTBO Sin (x + m) = sin x, Tax Kak,
HAMpUMEP, IS

. .
x =g sinx=sin =1,

. n
=+
sin (2 TC)

[ME

.. 3
sin = = -1.
2

asin(x + m)

AHaJIOrNYHO MOJKHO AOKA3ATH, YTO HAMMEHbIIIMM II0JIOKUATEIbHBIM
IEePUOAOM [AJIi KOCUHYCA ABJSAETCA YUCJIO 27, a JJIA TAHIEHCA U KO-
TaHrenca — 4muciao N. HauMeHbIUMH NOJOKHUTENbHBIA NEPHOMA, €CJH
OH CYILIeCTBYET, HA3BIBAIOT OCHOGHbLIM TEPUOJAOM (PYHKIUH.

DyHKIUN, UMeolIre IepHoAbl, HA3BIBAIOTCH nepuoduyecKumu
Pynryusmu. 3HaYUT, U3BECTHBIE HAM TPUTOHOMETPpHUUYECKUe PYHKIUU
CHHYC, KOCHHYC, TAHT€HC M KOTAHTeHC SABJAIOTCA MepUOJUUYECKUMH
DYHKIMAMMU.

Ecau yron moBopoTa BHIpasKaeTcsi B I'Dajycax, TO OCHOBHOM Ime-
pHon cMHyca M KocuHyca paBeH 360°, a mepuoja TaHreHca M KOTaH-
reaca paBeH 180°.

3aMeTuM, YTO M3ydaBIIMECS HAMM paHee PYHKIIMH, HAIpUMeEp
AvHelHAA, KBAJAPATHYHAS U CTElleHHAN, He SABJAIOTCS epHUOLHYe-
ckumu. OgHAKO KPOMEe TPUIOHOMETPUYECKHMX eCThb M Apyrue Iepuo-
muueckue byuxnuu. IIpumMepoM MOXKeT CAYKHUTh QYHKIHUA y = {x}.
3anuch {x} ABAAeTcA o6o3HaueHmeM Opo6HOL wacmu uwucaa x, T. e.
PABHOCTH MeKAY YMCJIOM H €ro IeJIoH 4acTbio:

{x} =x - [x].

Ilepuogom dyuruuum y = {x} asiasgerca aio6oe Ieoe YUCIO N,
He paBHOEe HYJIIO, TAK KaK AJi#a JII060ro 3HaYeHUA X BepHO PAaBEHCTBO

{x + n} = {x}.
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B camom pene,
{x+n}=(x+n)—-[x+n]=
=x+n-[x]-n=x-[x]={x}

HauMeHbIUHUM IIOJIOKHUTEJILHRIM
TepHoaoM AJIA 3TOH (YHKUHH SB-
asercd uucJo 1.

T'padur ¢pysxknuu nsobparken
Ha pucyHkKe 127. OH cocTOHT H3
yacTeil JUHeHHBIX (QPYHKUMH BUAA
Yy =Xx + n, rae n — Iejioe YHUCJIO.

Puc. 127

I pumep. HaiigeM ocHOBHBIE TepHOAN GYHKIMK sin 2x u tg %x.
1
Ot npubasyieHNs K 2x unceJl BUAA 27N U K gx yuceJ BHAA TN,

rge n € Z, suayeHus GyHxuwmii sin 2x u tg -;:x He MEeHSAITCHA:
sin (2x + 2nn) = sin 2x,
1 ) 1
=X+ 0n| = —=X.
tg ( 3 tg 3

Tak xak
sin (2x + 2xnn) = sin (2(x + 7n))

u tg(%x + nn) = tg(%(x + 3nn)),
TO, CJIeAOBATEJbHO, NlepuogaMu GYHKIHNHY Sin 2x ABJIAIOTCA YMCJIA TN,

1
a nepuonaMy ¢pyHKUUM tg Ex — yucya 31tn. 3HAYUT, OCHOBHAIM Iie-

pyuoaoM (pyHKUMHM Sin 2x ABJIAETCA UUCJIO T, a tg %x — YHCJO 37.

1069. HajizuTe HYyJHM TPUrOHOMETPHUECKHMX (QYHKIHI B Mpo-
MeXyTKe:

a) (2,8n; 4,1n); r) (35°; 280°);
6) (-3,5m; —0,7n); R) (—390°% —25°);
B) (-1,2m; 2,6m); e) (—206°; 95°).

1070. Haitnure B npomexkyTke (—1,67; 2,71) KOpHH ypaBHeHM:
a) sin x = 0; B) tgx=0;
6) cos x = 0; r)yctgx=0.
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1071. Kaxkoii sHaK uMeloT sin o, cos 0, tg o u ctg o, ecau:

a) a = 0,87; r) o = —1,4m;
6) o = 1,3m; n) o= 189°;
B) o = —0,47; e) o = —200°?

1072. BrisicHuTre, KaKoil 3HaK MMEIOT CJeAyIolye GYHKIUM;
a) tg 175°% I) sin 1—7:); u) cos (—-100°);
6) sin 101°; e) cos 5—;; K) sin (-1,5%);
B) cos 355°; k) tg 0,9m; a) tg (—300°);
r) ctg 208°; 3) ctg 2—;; M) ctg (—1,9m).

1073. CpaBuure:
8) sin? — u sin —;

15 15

6) cos%t 4 cos? —56£;

B) tg 80° n tg 80° sin 140°;
r) ctg 200° cos 35° u ctg 200°.

1074. [JoxkaxuTe HepaBeHCTBO:
a) cos? o0 < cos o, ecam 270° < o < 360°;
6) tg o > sin a, ecan 0° < o < 90°;
B) sina + cosa > 1, ecau 0° < o < 90°;
r)tgo + ctga = 2, ecaim 180° < o < 270°,

1075. Yraom KaKoil yeTBepTH SABJAETCA YroJ O, ecJIu:

a)sino > 0 u coso > 0;
6) sina > 0 u cos o < 0;
B) sina < 0 u cos o > 0;
r)sinoa <0 ucosa < 0;
p)sinoe <0 wutgo <O0;

e)cosa >0 uctg o > 0;
k) tgo>0wucosa>0;
3)ctgo >0 u sino < 0?

1076. K xaxoii yeTBepTH MOKET OTHOCHTCH YToJ 0., eCJH:
a) |sin o] — sin o0 = 0; B) [tgo| — tga=0;
6) |cos at| + cos o = 0; r) ctg o + |ctg o = 0?

1077. Haiigure ocHOBHOH mepuof GpyHKIIUM:
a) sin 3x; B) tg 5x; ) sin ntx;

6) cos 0,5x; r) ctg %x; e) tg nx.
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1078. Hokaxure, uro pyHKuMa dupuxie

f(x) = {

ABJIAETCA nepnonnqecxoﬁ U 4YTO OHa He HMMeeT HaMMEeHBbIlero ImnoJo-
JHUTEJBbHOIO mnmepHoga.

1, eciu x — pallMOHAJIbLHOE YHCJIO,
0, eciu X — UpPpPAMOHATILHOE YMCIIO,

1079. fiBasiercs Ju nepHogUYeCKON GYHKIMA:
a) y = sin |x|; 6) y = |sin x; B) y = cos? x?

1080. Haiiaure Tpy 3HAYEHWA X, IIPU KOTODBIX BEPHO PaBeHCTBO:

a) sin(x + %) =0 B) tg(x + g) =0
6) oos(x—:';-)=0; r) ctg(x+%)=0.

[ \
P ‘/ YnpaxHeHus QNS NOBTOPEHUS

1081. BoinecuTe MHOMKHUTEJIb M3-110J 3HaKa KOPHA:
8,7
8) 322°°; 6) \as> Tae b >0, ¢ #0.

1082. Buecure MHOKHTEJb NIOJ 3HAK KOPHS:
2
a) a%¥-3b, rne b < 0; 6) %\3}7,1,%’%-
1083. Haitgure obaacts onpeAesieHUA GyHKIUHU:
a) y = {/sin (-x) cos x; 6) y = |/-sin x cos (~x).

1084. 13 cesa B ropoj, pacCTosgsHNe A0 KOTOPOro 72 KM, BhIexal
BeJiocumeguct. Yepes uac U3 ropoja B CeJIO BhI€XaJ APYroi Bejocu-
MeSUCT U nNpuOLLI B cesio uepe3d 2 u nocJie ux BcTpeun. Haiigure cko-
POCTB IIEPBOTO BEJIOCHIIEANCTa, €CJM OH NpHObLI B ropox 4deped 3 u
mocje BCTPEYH.

48. \’/ Npadmkn n OCHOBHbIE CBOMCTBA
CMHYCa M KOCUHYyCa

HocTpoum rpadpur pyHKUMH y = sin x, rge x paguad — yroi
IIOBOpPOTa HavyaJbHOro pagmuyca. O6iacTeio onpefesleHUA CHHyca fAB-
JfeTCA YMCJOBOM NMPOMEMXYTOK (—00; +00). ITO O3HAYAET, YTO KaxK-
JOMY YMCJIy COOTBETCTBYeT eAWHCTBeHHasl TOUKa rpaduxa.
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Tak KaKk CHHYC eCThb NepHogHYecKad QYHKIUA ¢ Tepuogom 21, TO
MOXXHO CHAyaJa INOCTPOMTH rpadMK IO ToUKaM B KakKoM-HuOyap
IIPOME)KYTKe C JJINHOH 27, HAllpUuMep, B IPOMEXYTKe [—7; 7], a 3aTeM
IepeMeCcTHTh ITOCTPOEHHYIO YacTh rpa¢Ka napajjieJIbHO OCH X Ha +27;
t4n; +6m, ... .

O6acTs 3HaueHUH cuHyca ecTb mpoMexxyToK [—1; 1]. Orcroza cie-
JyeT, YTO BeCh rpaduK (QYHKIHWH pacHojaraeTcsi BHYTPH IIOJIOCHI,

orpaHW4YeHHOH mpamMbiMu y = -1 m y = 1, ¥ QyHKIUA y = sinx
orpaHu4eHa.

IIpucrynum K noctpoeHuio rpadpuka. CHayasa Ha OCH X OTMETHUM
ypcaa 0; +m; +2n; +37; ..., apiasAOIMeca HYJIAMUA QYHKOMUHU Y = sin x

(puc. 128). I'paduk 3Toil GyHKIMK IPOXOAUT Yepe3 OTMEUEHHbIe TOY-
ku. B npomexyrke (—7; 0) cMHyC IpMHMMAET OTpHIIaTe/IbHbEIE 3HAYe-
HEA, a B npomexyTke (0; ) — mosoxxuTenbuble (cM. puc. 122). Io-
9TOMY B IIEPBOM M3 3THX IIPOMEKYTKOB rpadMK pacIoJIoKeH IOJ OChIO X,
a BO BTOPDOM — Haj OChIO X.

Teneps yrouHuM xoi rpadpmka B npomexxyTke [—7; 1t]. CocraBum

Tabanny npubJINKEeHHBIX 3HaUeHUH QYHKINH ¥ = Sin x ¢ 11arom %n:

x| nwm| -7 —gn —én -=T —§1t ——gn -=n 0
8 8 8 8

y!| 0 | -0,38 (| -0,71 | -0,92 -1 -0,92 | -0,71 | -0,38 [ O

11 2; 3, 4, 5, S T
|l 8 8 8 8 8 8 8 T
y| 038 ]| 0,71 0,92 1 0,92 0,71 0,38 | 0

OTMETHM TOUKH I‘pa(bmca II0 UX KOOpAMHaTaM, YKasaHHBIM B Tab-
JUune, M IIpoBeeM 4Yepe3 HUX IIJNIABHYIO KPDHBYIO JIMHHIO. Ecau Ty

KPHBYIO IepeMeCTUTh BIOpaBo M BjeBo Ha 27, 47, 67, ..., To moJy-
yuTCA rpadUK QYHKLUMH ¥y = sin X, HaswIBaeMbI# curycoudoil.
Uk i
1 y=1
: H 12821200 a2 1aY gersdarasirascns
iitiigash S HO % T 3n Praim
i 2T 2 B 2 HH
! :
= Yt
H e
Puc. 128



318 Fnasa 6. TpuroHometpuyeckne PyHKUMM U UX CBOWMCTBA

3amMeTHM, 4TO TabGJHMLYy HIpoOIIe BCEro COCTABUTH C IIOMOMBI
KaJbKYJATOpA.

MBEI yKe paccMOTpeJd HeKOTOpble CBOHCTBA TPUNOHOMeETpHYe-
ckux pyukuuii. Teneps chopMyaIpyeM OCHOBHBIE CBOMCTBaA HYHKIUHA
y = sin x, o6yacTh onpefeeHUA KOTOPOH — IPOMEXYTOK (—00; +00),
¥ IIOCMOTPHUM, KaK 9TH CBOMCTBa OTpa’KaloTCA Ha rpaduxe.

1) Hynamu dyHKOUHU Yy = sin x ABIAIOTCA 4uciaa 1n, rae n — e
Jioe YHUC0, ITH ynucjga — abcuucchl o0mux Tovyex rpadHKa U OCH X.

2) ®yHKNIUA Yy = 8in X NPUHUMAaEeT MOJOYKUTEJbHbBIe 3HAYEHUSA B
npomexyrtrax (nn; n(n + 1)), rge n — YeTHOe YUCJIO, U OTPHUIA-
TeJIbHbIE 3HAYEHUs — B IpoMexyTKax (mn; m(n + 1)), roe n — He
YyeTHOe YHCJIOo. B mepBoM ciiyyae B yKasaHHBIX IPOMEXKYTKaX rpadux
PAacIioJIoKeH BHIIIEe OCH X, & BO BTOPOM CJiydyae — HHYKe OCH X.

3) ®ynkuus y = sin x Bospacraer oT —1 10 1 B Ka)XkJ0M M3 mpo-

T

2

n

5 + 7n |, TAe n — 4YeTHoe YucJo, ¥ yOniBaer oT 1

MEXXYTKOB + nn,

2

3HauuT, 3Ta GYHKUUA ABJIAETCA OrpaHH4YeHHON. 13 ABYX JIFOGHIX To-
YeK IIPOMEKYTKA BO3PACTAHMSA BHIIE PACIIOJIOMKEHA Ta, KOTOpas Je-
KUT npaBee. EcJiM 3TH TOYKM HAXOAATCA B IPOMEXYTKe yObIBaHHUA,
TO HHMJKe PacIoJIo¥KeHa Ta, KOTopasa JIeXKUT npaBee. IHBIMH CJIOBaMy,
10 Mepe MPOABHIKEHUS [0 OCH X BNPaBO rpadMK HUAET B IPOMEXKYTKeE
BO3pacTaHUsA CHHU3Y BBEPX, & B IPOMEXKYTKe yOBIBAHUSA — CBEpXY
BHHU3.

4) ®yuxknua y = sin x HeyeTHadA, TaK KaK HpH JIOOOM 3HAaUEHUH X
BEepPHO PaBeHCTBO Sin (—x) = —sin x. CiaegoBarenbHO, rpaduK GHyHKIUA
CUMMeTpUYeH OTHOCHTEJbHO Havaja KOOPAHUHAT.

5) PyHKuuA y = sin x nepuoguyeckad. Ee ocHOBHOM mepuopn pa-
BeH 2n. Ilpu mapanienbHOM IepeHoce rpad¥Ka (PyHKIUM B HANDAB
Jeruu Jgyya Ox MWIM B IPOTHUBOIIOJIOKHOM €My HAaIlpaBJICHHMM HAa IIe-
Jloe YHUCJIO IepHoAoB rpaduK coBIagaeT caM ¢ coboil.

6) OGnacTpio 3HaYeHUH PYHKIUM Yy = Sin X ABISETCS IPOMEKY-
Tok [—1; 1]. 3Hauur, cuHycouza 3aKJHYeHa B I10JIOCE, OTPaHUYEHHOH
npaMeiMu y = -1 u y = 1. OHa KacaeTcs 3THX NPAMBIX B TOYKax
T
2

pife] -18B IIpOMEXyTKax [—% + nn; ki3 + ﬂn], roe n — HedYeTHOe YHCJO.

+ 7n, rIe n — IeJoe YHCJIO.

7) ®ysxknua y = sin x umeer Haubosblllee 3HaUeHUe, paBHOe 1,

r

2
T

paBHOe ~1, B TOYKax ~3 + mn, rae n — LeJjoe YUCIO.

B TOYKaxX 5 + 7n, rae n — IeJjioe YHCJO0, U HAMMeHblllee 3HAYEHHE,
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Puc. 129

8) dyuruua y = sin x HeobpaTuma. ITO 03HAUAET, YTO HAUAYTCHA
OpAMBIe Y = 2, KOTOPhIie IepecekaloT rpaduk pyHknum Gosee uem
B OOHOH TOYKe.

TakuMm e 06pa3soM MOMKHO MOCTPOUTH rpaduK HYHKIUH Y = COS X
(puc. 129). ITos:xe GyaeT JOKa3aHO, YTO ITUM rpadHKOM ABJIAETCA TaK-
e CHHycOouja, KOTopad mojy4aeTcs u3 rpaduxa byHxuuu y = sin x

1
napayuieJIbHbIM II€PEeHOCOM BJIEBO Ha E €IHUHHUII.

CdopmysnpyeM OCHOBHBIE CBOMCTBa GQYHKIHMHU Y
oIpefieJIeHUA KOTOPOH — IIPOMEXKYTOK (—00; +00),

cos x, obJsacTb

+ 1tn, rae n —

nla

1) Hynsamu dyHRIUM Yy = cOS X ABJIAIOTCA YHCIa

1eJIoe YHCJIO.
2) OyHKUUA Y = COS X NPUHUMAaET MOJIOKHUTEJIbHbiE 3HAUYeHUsA B

OpOMexXKyTKax (——12t- + nn, 12t- + nn), rme n — 4YeTHOoe YHCJIO, a OTpHIia-

TeJbHbI€¢ 3HAUEHHUA — B IIPOMEXKYTKax (—-—th- + 1n, % + nn), rge n —

HeueTHOE YHCJIO.

3) dyHKUIUA y = cos X Bo3pacraeT or —1 mo 1 B xaxjgoM u3 mpo-
MexXyTKOB [ntn; nt(n + 1)], rme n — HeueTHOe uMcJO0, U yObiBaeT oT 1
o —1 B KaKAOM M3 IPOMEXYTKOB [ntn; m(n + 1)], rome n — ueTHOE
yucyo. Jra GyHKIMA orpaHUYeHHadA,

4) dyHKIMA Yy = cOS X 9eTHadA, TaK Kak IpH Jio60M 3HAUEHUH X
BEPHO PaBeHCTBO €08 (—X) = cos X.

5) dyHKNUA Yy = cos X Nepuoauydeckas. Ee ocHOBHOI mepuoj pa-
BeH 27.

6) O6nacTpio 3HaUeHUH PYHKINK Y = COS X ABJIAETCHA IIPOMEKYTOK

[-1; 1].
7) ®ysknua uMmeeT HauboJiblllee 3HAUYeHUe, paBHoe 1, B Toukax
2nn, roe n — Lejloe YMCJIO, M HAWMEHbIllee 3HauUeHUe, paBHoe —1,

B TOUKax T + 27nn, rije n — IieJioe YHCJIO.
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8) dyuknusa y = cos X HeobpaTuma.
CaoiicTBa GyHKIUH Y = COS X TaK ¥Ke OTpaKaloTcA Ha ee rpaduxe,
Kak U cBoicTrBa GyHKIOUHU Y = sin x.

1085. Kak n3MeHAIOTCA GYHKIMHU y = Sin X ¥ y = cOs X B KayKAoM
U3 KOODAMHATHBIX YeTBepTeii?

1086. HaiignTe npoMeXyTKM MOHOTOHHOCTH PYHKIIHH:

a) y = sin x; 6) y = cos x;
1087. Haitgure o6aacTh 3HaYeHUN QYHKIMHU:
a)y=1+sinx; B)y =1 + [sin x;
6) y=1- cosx; r)y =1 —|cos x|.

1088. B xakux npomMeKyTKax GYHKUIHNSA Y = IIPUHUMAET:

sin x
a) NOJIO)KHUTENbHbIe 3HAUEHUA; O) OTpHIATeNbHble 3HAUEHUS?

1089. CpaBumure:

a) sin 718° u sin 719°; B) sin% ¥ sin %;

6) cos (—516°) i cos (-514°); ) cos %n u cos %n.
1090. IIpn kakux 3HauUeHUAX O U3 npomMexyTka [0°; 90°]

a) sin o < cos 30°; B) cos 0. > sin 60°;

6) sin o > cos 45°; r) cos o < sin 45°?

1091. JoxaxuTe HepaBeHCTBO:
a) sin 31° + cos 59° > 1; 6) sin 58° + cos 61° < J3.
1092. ITpu KaKKUX 3HAUEHUAX X U3 POMEIKYTKA |:0; %:| HMeEeT CMBICT

BEIpaYKeHwue:

a) ,/% - sinx; 0) ,% — CosX; B) 1’sinx - g; r) 1fcosx - -‘/2—5‘!

1093. ABasieTca 1 nepHOANYECKON GYHKIUA:
a)y=1+ sinx; B) y = cos x — 2m;
6) y=x + cos x; ryy =sinx — x?

1094. Kakue npeo6pa3soBaHHA HAAO BBINOJHHUTH, YTOOBI M3 rpa-
¢duKa GYHKIUA Y = COS X NOJYUYUTh rpaduk QPyHKIUU:

a) y = —Ccos X; B)Yy = %COS (x + 2);

6) y = cos (—x); r)y=—-2cos(x — 2)?
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1095. IlocrpoiiTe rpaduk GyHKIMU y = f(X) ¥ ONUILIUTE ee CBOIA-
CTBA, €CJIN:

a) f(x) = —sin x; 6) f(x) = cos(% - x).
1096. KakoBa obsacTh 3HaYEHUH QYHKIUM:

a)y = -1 - sin (-x); B) y = |sin (-x)| + 1;

6) y = —1 — cos (—x); r) y = |cos (—x) — 1|?

| | ’\
NEREE 7 Ynpaxuenus QNS NOBTOPEHUN

1097. IlpeacrasbTe B Buje ApoOH ¢ pallHOHAJILHLIM 3HaMeHaTeJeM

BhIpasKeHHe:
2xy

a) __5& 6)
¥ + Y2’ T+ 8y
1098. Pemrnre ypaBHeHUe

Vox +Jx+7+¥x-1=6.

49. \‘/ Mpadmxkm n OCHOBHbIE CBOMCTBA
TaHreHca u KOTaHreHca

IlocTpoum rpadux pyuxnuu y = tg x, rge x paguad — yroJj mo-
BOpoTa HauajJbHOro paguyca. Ilycts HauanbHbIl paguyc OA mosep-
HYJU Ha YroJ X pajauaH U IpH 3TOM TOuYKa A INepemnuia B TO4ky B.
TaHreHc yrja IOBODOTa €CTh OTHONIEHUE OPAUHATHI ToUKH B Kk ee abc-
nucce. Ecan aGcuucca Toukn B paBHa HyJIO, TO OTHOLIEHHE K Heit
OPAMHATHI He UMeeT CMbIc/a. ITO BO3MOXKHO JIMIIL TOT4a, KOrAa To4-
T
2
n — 1ejoe 4ucao. SHAYUT, 06JIACTBIO ONpeAeeHUs TAHreHCa SBJIA-

Ka B okasbiBaercs Ha OCH Yy, a CJIeJ0BaTeJIbHO, KOTAA X = + + Tn, rae

T
eTcA MHOXKecTBO R, 38 MCKJIIOUEHUEM YuceJ BHAA 3 + ntn, rae n —

nesoe 4yuciao. McKaooueHne 3THMX 4YUCeJ IIOKa3aHo Ha pucyHke 130
MYHKTUPHBIMU JUHUAMHA. Kaxaomy gucay U3 obsacTu onpeaesieHus
COOTBETCTBYET eANHCTBEHHAs TOYKa rpaduka.

Tax kak TaHreHCc — NepHoAnYecKas GYHKIHUSA ¢ IePHOAOM T, TO

L
cHadasa MOCTPOMM rpaduK B IPOMEKYTKeE (—E; 5), JJIMHA KOTOPOTO

paBHA N, a 3aTeM IOCTPOEHHYIO YaCTh IIepeHeceM NapajjIeJIbHO OCH
abcuucc Ha Im, +21, 1371, ... .

11 10. Makapuraes « Anre6pa. 9 xi.»
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2n
5n x
2
Puc. 130
CuHauaJyia Ha ocu abcuucc ormeruMm uuciaa 0; xn, +2xn, £3x, ..., 48-

asiomuecs Hyaamu Gyaxnun. 'padux sToll GyHKIMM npoiaer de-

pe3 OTMe4YEeHHBi€ TOYKH. B IIPOMEKYTKE (——;—; 0) TAHIeHC MIpUHNMAaeT

oTpullaTeJIbHbIe 3HAYEHHUS, 8 B NIPOMEKYTKE (0; %) — MOJOXH-
TesbHBIe (cM. puc. 124). ITosToMy B nmepBOM M3 3THX NPOMEKYTKOB
rpaduK pachoJIo¥KeH IOf OCblo abGCclucc, a BO BTOPOM — Haj OCbI0
abcuucc.

Teneps YyTOYHHAM X0J rpaduKa B pacCMATPHUBAEMOM IIPOMEKYTKE.
CocraBuM Tabiauny npubJIHIKEeHHBIX 3HaYeHUN GYHKUUH Yy = tgx

C LIarom %Tt.

_§n _g —lT[ 0 17[ -7 —n
x 8 8 8 8 8 8
y -2,41 -1 -0,41 0 0,41 1 2,41
PasgenuM nmpoMexyToK (—%; l?f-) Ha PUCYHKe Ha 8 paBHBEIX 4acTei.

Toukam jgeseHMs OyayT COOTBETCTBOBATH 3HAYEHUA apryMeHTa TaH-
reHca u3 BepxHeH cTpoku Tabaunbl. OTMeTHM TOYKH rpaduka u
IIpoBefieM 4Yepe3 HUX IIaBHYI0O KpuByio. Eciu a3ty KpuBylo mepemec-
THUTH BIOPABO ¥ BJIEBO Ha T, 27, 37, ..., TO HONYyYKUTCA rpaduk GyHK-
nuu y = tg x.
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Teneps chopMysupyeM OCHOBHEBIE CBOIicTBa QYHKLUM Yy = tg X,
obsacTh onpegesieHUsAs KOTOpoil — MHOXKecTBO R, M3 KOoTOporo mc-
T
2

1) Hynamu ¢pyHKINY y = tg X ABJAIOTCA YHUCJa Bn, TAe n — Ile-
Jioe YHCJ0. ItH yucya — abciucesl oOIUX TOYEK OCH X M rpaduka.

2) ®yuknua y = tg X TpUHUMAaeT IOJIOIKHUTEJIbHbIE 3HAYEHHUS B

KJIIO4eHBI YHCJa - + Mn, 'Ae n — Iejioe YUCJTO.

T
Ka’XKJJOM U3 IPOMEXKYTKOB (nn; 3 + nn), rge n — IeJioe YHucJO.
B atux npoMexyTKax ee rpaduK pacmojiokKeH Bhille ocu Xx. B nmpome-
T
JKYTKaX (—5 + mn; 1m) TAHMeHC NIPUHUMAET OTPHIATE/IbHBIE 3HAYe-

una. I'paduk dynxkuum y = tg X B 3TUX NPOMENKYTKAX PACIIOJIOKEH
HUMKE OCH X.

3) ®dyuknuda y = tg x B NPOMEMKYTKAX (—% + nn; % + nn) BO3-
pacraeT oT —0© go +00, 3HAYWUT, 3TA QYHKIUA ABJIAETCA HEOTpAHH-

yeHnHoii. B camoMm fejie, mpu BospacTaHUM yria nosopoTta ot 0 mo %,
Korza To4yka A HauaJibHoro pagmyca OA mepexoAuT B TOUKY B, Touxka B
npubnmxaercs K ocu y. Ee opauHara yBejumuuBaeTcs, a abcuucca
cTpeMuTCa K HyJo. TanreHc craHoBUTCA Gosbliue Jiro60Oro Hamepex 3a-
JaHHOrO IOJIOMHUTEJIbHOro yKucia. IIo Mepe IpOoABHXKEHHUA IIO OCH X
BIIPABO B KAXKJOM IIPOMEIKYTKe BO3paCTaHUsA rpadHK UAeT KPyTO BBEpX.

4) Oyuaxnua y = tg x HeueTHasd, TaKk KakK IpH JOOOM 3HAUEHUH X
u3 obJylacTu ompeesieHUA BepHO paBeHCTBO tg (—x) = —tg x. Cieno-
BATEJIBHO, ee rpaddMK CHMMETpHYEH OTHOCUTEJIbLHO Hauaja KOOpAUHAT.

5) ®yukuna y = tg x — nepuoaudecKas. Ee oCHOBHOH mepuox
paBeH 7. Ilpu nmapajuieJbHOM IlepeHoce rpaduKa GpyHKIUMM Kak B Ha-
npasjieHuH Jyda OXx, TaK ¥ B IPOTUBOMOJIOMKHOM €My HallpaBJIeHHH
Ha 1eJIoe YHUCJIO MEPHOAOB ee rpadMK coBmagaeT caM ¢ coboii.

6) O6sacThio 3HaYeHUH GyHKIMK Y = tg X ABIAETCA MPOMEMHKYTOK
(—00; +).

7) ®yuxknus y = tg x He uMeeT HM HauboJblIero, HI HaNMEHb-
11ero 3HaYeHMI.

8) dyuknua y = tg x HeobpaTuMa.

Takum ke 06pasoM MOKHO MOCTPOUTH Irpaduk GyHKUUM Y = ctg x
(puc. 131). Ee cBoiicTBa aHajOrM4yHbI CBOMCTBaM QYHKINH Y = tg X.
ObnacTh onpenesieHUs KOTAHrMeHCAa — MHOMKeCTBO R, M3 KOTOpOro Hc-
KJIIOYeHBI YucJja Nn, 'Ae n — leJjioe YHCJO.

1) Hynamu ¢pysxnuu y = ctg x ABAAIOTCA 4YHUCIa —% + mn, rae

n — uenoe yucygo. OHM cyTh abCIuCcChl OOIUX TOYEK rpadMKa U OCH X.
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Puc. 131

2) @yaKnuA y = ctg x IpNHUMAaET MOJIOMKHUTEJbHbEIE 3HAUEHUS B

MIPOMEXYTKAaX (n:n; % + nn), re n — 1mexoe 9uciao. B mpomMeKyTKax

(—% + mn, nn) OHA IPpHHHMAaeT OTpHLlaTeJIbHbIe 3HAUEeHNA. B IIepBbIX

IIPOMEXKYTKAX IrpadHK pAacIlOJOMKEH BBHIIE OCH X, & BO BTOPhIX —
HIDKe.

3) ®yuknua y = ctg x B npomexkyTkax (nn; n(n + 1)), rne n € Z,
HeorpaHWYeHHO yOnIBaeT oT +° o —o0, IIpu ABHIKEHUH 110 OCH X Clie-
Ba HampaBo rpaduK KOTAHreHCa MJAET CBepXy BHHM3 B KaXXJOM
IIPOMEXXYTKe YOhIBAHUSA.

4) dynxknua y = ctg x HedeTHas, TaK KaK OpH J000M 3HAYEHUH X
n3 obsacTy ompejel]leHNUA BepHO paBeHCTBO ctg (—x) = —ctg x. Ciaeno-
BaTeJILHO, ee rpad MK CHMMETpPHUEH OTHOCUTEJBHO Hauajia KOOpAHHAT.

5) dyHKIUA y = ctg x neprogrydeckasn. Ee OCHOBHOI IepHOA paBeH T.
IIpu napamienbHOM nepeHoce rpaduka GyHKIUM KaK B HallpaBJeHUH
ayya Ox, TaKk 1 B IPOTHBOMOJIOMKHOM €My HalpaBJeHHH Ha lieJioe
4ucJo N ee rpadHK coBIagaeT ¢ caMuM coboii.

6) O6nacThio 3HaueHUH GyHKIUM y = cig X ABIAETCA NPOMEXY-
TOK (—00; +00),

7) ®dyurnua y = ctg x He UMeeT HM HAUOOJbIIEro, HU HAUMEHb-
miero 3HauYeHUM,

8) dyukuusa y = ctg x Heobparuma.
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1099. Kak uamensoTcsa ¢pyHKOUY y = tg x 1 y = ctg x B Kaxkaoi
H3 KOOPAMHATHBIX ueTBepTeit?

1100. Haiigure o6sacTs 3HaUueHHH QYHKIAA:
a)y=1+|tgx|; B) y = -tgx;
6) y =1 — |ctg x|; r) y = Jctg (-x).

1101. B KakuXx MpoMeXyTKaX MPUHUMAET IIOJIOYKUTEIbHBIE U B Ka-
KHX — OTpHLaTeJIbHBble 3HAYEHUA PYyHKIUS:

Y=o 6 y= 3!
1102. CpaBuure:

a) ctg 25° u tg 50°; B) tgg u sin i’—g;

0) tg 25° u ctg 50°; r) cos% u tg 2—9”

T
1103. IIpn KaKHX 3HAYEHHAX X H3 IIPOMEMXKYTKa (0; 5) BEPHO
HEpPaBEeHCTBO:

a)tg x > ctg%; 6)tgx < ctg%; B) ctg x > tg%; r)ctg x > tgg?

1104. Joxaxute HEpaBeHCTRBO:
a) tg 46° + ctg 44° > 2;  6) 3ctg§n +3tg T < 2/3.

1105. IIpu KaKuUX 3HAUYEHHAX X M3 IPOMEMXKYTKa (0; %) numeer

CMBICJI BhIpa)xeHHne:

a) 1/%—tgx; B) ,/tgx—l;

6) VV3 - ctgx; r) ctgx—%?
1106. fABnaerca au nepuoguyecKor GpyHKUUA:

a)y=1-tgux; B)y =T + tg 2x;

6) y=ctgx + x; r)y =ctg x + sin x?
1107. Haiinute OCHOBHOM Ieproj QyHKIUU:

a) y =sin x + tg x; B)y = cos—;-xctg%x;

6)y= cos—g-x + sin %x; r) y = sin 4x tg 5x.
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1108. SsasieTca Ju mepHOLMYECKOM QYHKIUSA:
a) y = tg (sin x); 6) y = sin (ig x)?
Kakosa o6JacTb ee onpeaesieHus?

1109. Hoxaxure, 4T0 QYyHKIUMN
a) y = xsinx u y = sin x tg x ABNAIOTCA YETHHIMH;
6) y=xcosx u y = x + sin x ABIAIOTCA HEYETHHIMH.

1110. C noMompio Kakux npeobpasoBaHuil 13 rpaduka GQYHKIMK
y = tg x unm y = ctg X MOKHO HOJYYUTh rpaduK QYHKIAH:
a)y=-2tgx; B)y=5tg(x — 2);
6) y = 3 ctg (—x); r)y=-4ctg(x + 1)?

1111, HocrpoiiTte rpadur GyHKIuM Yy = f(X) X ONHUIUNUTE ee CBOH-
CTBa, €CJIH:

®) fx)= g tgx; 6 f(x) = —otg x.

\
! I ! I | | ‘/ YnpaxHeHns ANS NOBTOpPeHUs

1112, Toxaxkure, 4TO NpPH JIOOOM 3HAYEHHH O, BEDHO HEPABEHCTBO
cos’o + 9 > 6 cos oL

1113. YaopocTuTe BhIpa)keHue

(x_% + y_%)(xg + ygy%’)

1114, Pemnre ypaBHeHHE

e +x=2-Jx - 4.
cla

\
NEREEN ‘/ KontponbHbie BONpOCLI M 3apaHvus

1. CdoopmynupyiiTe onpegeseHusl YETHOM M HeUYETHOMH (QyHKIIUM.
Kakue u3 TpUroHOMeTpHUYECKUX DYHKIUI ABIAIOTCA YEeTHBIMH U Ka-
KHe — HeYeTHHIMU?

2. PaccmoTpuTe BOIIPOC O HYJIAX TPHUIOHOMETPHYECKUX QYHKIIWIA.

3. B KaKMX IPOMEXYTKaX TPUTOHOMeTpudYeckHe GYyHKIUU IIpU-
HUMAIOT [TOJIOXKUTEJbHBIE U B KAKUX — OTPHLATEJbHbIEe 3HAYEHUAT?

4. B KaKHX NPOMEXYTKAX TPUTOHOMETpHUYeCKHe (MDYHKIIUHM BO3-
PACTAIOT U B KAKUX — YOBIBAIOT?
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5. YUro HasbiBaeTcA nepuogom byHrnun? Hasosure 0CHOBHOM Ie-
PHOA KayKAOH TPUIOHOMETPHYeCKOoH GyHKIUH.

6. ChopmynupyiiTe oCHOBHBIE CcBO¥HcTBa dyHKUIMHU Y = sin x.

7. ChopmynupyiiTe OCHOBHEIE CBOICTBa DyHKIUM Y = tg x.

OCHOBHBbIE
TPUTOHOMETPUYECKUE

§19. \ DOPMY/bI

50. V ®dopmynbl NnpuBeaeHust

n
Tpuronomerpudeckre GyHKIHUHM YIJOB 3 to ntao, %n +ou

2% * oL MOKHO BBIpa3uTh deped ¢pyHKuuM yria o. Iomyuyaemrie mpu
3TOM (POPMYJILI HASBLIBAIOT GOPMYIAMU NpuBedeHUS.

n
HauneMm ¢ ¢opmMys1 NpUBeIeHUA AJIs CHHYCa M KOCHHYcCa yTIJla 3 o
IIycTs npu nmoBopoTe HadajabHOro paauyca OA = R okoJio Touku O Ha
o T
yroJ o. oH nepeiiger B paguyc OB, Torga mpu nMoBopoTe 3 * 0 Ha yron

oH nepeiiger B paguyc OC (puc. 132).
IloBepHEeM KOODAWHATHYIO ILIO-
CKOCTBH II0 YaCOBOIl CTpEJIKE OKOJIO

Touku O Ha % paauaHa. IIpu atom
rouka C(x,; y,) nepeiieT B TOYKY
B(x,; y,), Tax xax OB=0C u ZCOB =

= -725 Ocp y nepeiiger B ochb x. Ilo-

aTomy opauHaTta Touku C Gyzer paBHa
abcuucce Touku B. Ochb x nepeitger
B 0Cb, POTHBOIOJOXKHYIO OCH Y.
ITosromy abcumcca Touku C Oyaer Puc. 132
MPOTHBOIIOJIOMKHA OpAMHATE TOUKU B.

Orciloza

C(xy; y2)

Y=%,, X2 = "Yy5
_x X _ _ U
R R’ R R
Yo _

R T B i
Taxk kak R—sm( +a), R = cosq, R—cos2+a 174

s

= sin o, TO



328 Fnasa 6. TpuroHoMmeTpuyeckme QyHKUUM U UX CBOWCTBA

sm(% + (x) = cos ., cos(—;- + a) = —sin a. 1)

. n
Hepsyo ¢opmysy MOKHO mepenucaTh B BUJE COS X = sm(x + E).
Orciona ciexgyet, uTo rpadMK PYHKIHMHM Yy = COS X MOKHO MOJIYYHTH
u3 rpadpuka GyHKOUH Yy = Sin x ¢ DOMONIBIO epeHoca NapajlIelIbHO
T
OCH X BJIeBO Ha 5.
Hcnoansysa dopmyanl (1) 1 cBoiicTBa CHHyCa M KocHHyca, Gyzem
MMeTE:

sm(% - a) = sm(% + (—a)) = cos(-0) = cosa;

oos(% - a) = oos(% + (—a)) = -sin(-0) = sina.
3uauur,
sin(E—a)=cosa oos(E—a)=sina
2 ’ 2 )
Hepeitgem ¥ yray © + o
. . (T T T .
+ a) = LIS i = bl - .
sin (11 + o) s1n(2+(2+a)) cos(2+0c) sin o;
L T . (m
+ = = = = - —_ = — .
cos (T + o) cos(2+(2+(x)) sm(2+a) cos o
3HauurT,
sin(r + o) = —sin @, cos(n + a) = —cos C. 2)

Hpumensas dopmysasl (2) 1 4YeTHOCTh M HEYETHOCTb TPUIOHOMET-
puuecKnx GyHKIM, QA yrjaa T — O HOJYy4YHM:

sin (1 — o) = sin (1 + (—)) = —sin (—a) = sin o;
cos (T — a) = cos (T + (—at)) = —cos (—a) = —cos a.

Hpumenus k yray %n + o dopmyasl (1) u (2), 6yzeM uUMeThb:

sin (—g-n + a) = sin (n + (% + a)) = —sin (% + a) = —Ccos oy

cos (En + a) = cos (n + (E + a)) = —cos (E + a) = sina.
2 2 2
3HayuT,

sin (%n + a) = —cos ¢, COS (%n + a) = —sin a. 3)
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HOnsa yraa %n — 0. UMeeM:

sin (gn - a) sin (-gn + (—a)) = —cos (—o) = —cos a;

cos (%n - a) cos (—gn + (—a)) = sin (—a) = —sin a.

Ecam B dopmyiax sin (o + 2nn) = sina 1 cos (a0 + 2nn) = cos o
BMEeCTO n IIOACTaBUTH 1, TO INOJYYHTCHA

sin(2n + o) =sina, cos(2n + a) = cos 0. 4)
Orcroza
sin(2n - o) = —sina, cos(2x — a) =cos¢ /R
ctg (E + (x) = -tgo
Paccmorpum GopMyJisl IpUBEJEHUA AJIS TAHTeHCA U 2 ’

Ilo OIIpEeaeJIEHNIO TAHIeHCa U KOTaHreHca

tg(g+a) = 4,

X2
ctg (% +o) = 2,
€ 2 Y2
Tak Kak y, = X, 4 X, = ~Y,, TO
t (1‘-+a)=—ﬂ=—ct o
g\3 m g

ctg (% + cx) = —i;l = -tg o
1

3Hauur,

tg (g + a) = —ctgo, ctg (125 + oc) = —tgo. (6)

'
d>opthg (% + a) = —ctg 0,11 TAHTEHCA U KOTAHTeHCA YIJIOB 5 — L,
nta, %n 1 o, 21 £ 00 MOYKHO TIOJIYYHUTH AHAJIOTHYHO TOMY, Kak GhLIN

MOJIY4YeHBbI COOTBETCTBYIOIME (GOPMYJIBI JJIS CHHYCa M KOCHHYyca:
Hanpumep,

tg(% - a) - tg(% 4 (-a)) - _ctg(~a) = ctgo.
BhINOJHKUB aHAJIOTHYHBIE IIpeo0pasoBaHUdA, HalaeM

IS

tg(n+a)=tgoa,
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ctg(r + o) =ctga,
tg(n —a)=-tga,
ctg(mt — o) = —ctg o,

tg(gn + a) = —ctg a,

ctg(%n + a) =-tga,

tg(gn - a) = ctg o,
el ) - e

tg 2r + o) = tg a,
ctg (2r + o) =ctg o,
tg (2r - o) = -tga,

ctg 2r — o) = —ctgo.

HanwumewMm crozayio Tabauny scex ¢hopMyJs mpuUBeSeHH:

T
‘2-+(X
. T
sm(§+a)=cosa

oos(E + a) = —sina

T
P o

. (m _
sm(E a)—oosa

cos(%—a) = sina

2
tg(%+a)=—ctga tg(%—a)=ctga
lsed) e | sl e
T+ o -

sin (T + o) = —sin o,
cos (T + o) = —cos o
tg(r+a)=tga
ctg(n+ o) =ctg o

sin (T — o) = sin o
cos (T — o) = —cos O
tg(r-a)=-tga
ctg(mr — o) = —ctg o
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3

3
ETE'F(I ETE—(I

.(3 ) '(3 )
sin|gm + o) = —coso sin{3n - o) = —cosa

(3 )— i (3 )— '
cos|on + o) = sina cos|om ~ o) = —sino

3 3
tg(§n+a)=—ctga tg(En—a)=ctga

ctg(gn + a) = -tga

Q
ga.
——
noloo
a
|
\8/
I
Y
R

2n + a
sin (21 + o) = sin o
cos (2n + o) = cos o
tg@@r+o)=tga
ctg(@n + o) =ctga

2n - o
sin (2n — o) = —sin o
cos (2n — o) = cos &
tg2r—a)=—-tga
ctg(2n -~ a) = —ctg a

PaccmarpuBas TabiuIly, MOXKHO 3aMeTHUTD, UTO 014 Yy2a08 T+ o u
2n + o, 6 KOmopbLx nepsoe caazaemoe — yenoe YUCAO T, HA36AHUE

n 3
QYyHKYUU He meHAemcAa. A Ons Yyzno8 2 tou P t o, 8 xomopbix

nepeoe caazaemoe — OpobHOe YUCNO T, HA38AHUE PYHKUUL USMEHA-
emcsa: CUHYC HA KOCUHYC, KOCUHYC HA CUHYC, MAHZEHC HA KOMAH2ZEHC
U KOMaHzeHC HA MAHzeHC.

@opMyJibl IPUBEAEHUS BePHBI MPHU JIOOLIX AONMYCTHMBIX 3HAYe-

HHUAX O/, B TOM YHCJeEe U IIPH MOJIOMKUTEJbHBIX 3HAUEHUAX O, MEHb-
T
mux 3. OTcioga ciefyeT NMpPOCTOe NpPaBUJO AJA ONpefieleHUA 3HaKa
npaBoif yacTu J1060it GopMysIBl IpUBEeREHUA.
n

Ecau npu 0 < o < 3 ne6as wacmv Gopmyns. npusederus no-

aRoxcumenvra, mo npaeas Lacmbp 6epemcu CO BHAKOM «NAIC», ecru
ompuyamenbra, mo CoO 3HAKOM «MUHRYC».

IIpumep 1. Beipasum sin (T — 0) yepe3 TPUrOHOMETPHUUYECKYIO
GysKOUIO yria o.

IIpu 0 < o < -725 yron © — o saBiasierca yrjiom II yerBepru. Cunyc

yria II yerBepTu nosoKuteseH. 3HAYUT, IpaBasg 4acTb GHOPMYJIBI
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OyzeT co 3HaKOM «ILIoc». s yrja T — o B IIpaBoil yacTy OyzeT Ta
JKe QYHKIMA, 4TO U B JIeBOil:
sin(r - o) =sina.
3
IIpumep 2. Bripaszum cos En — 0.| Yepe3 TPUIrOHOMETPHUYECKYIO
$GyHKOUIO yria o.

% yroa %n ~ o aBasierca yrioMm III gersepru. Kocn-

Hyc yria III yeTBepTH oTpunaTesed. 3HAUNT, IIpaBas YacTb GOPMYJIH

ODpu0<a<

3
JoJIKHA OBITH CO 3HAKOM «MHHYC». 1A yria 3 — O KOCHHYC 3aMe-

HAEeTCA CHHYCOM:

oos(§1t - a) = —sin a.
2
IIpumep 3. YupoctuMm BeipaxkeHue tg (1 + o) ctg (%n - oc).

IIpu 0 < a < g YrIBI T+ O U -gn — o sBasorca yraamu III ger-

Be€pPTH, TAHI'eHC H KOTAHTE€HC KOTOPBIX IIOJIO¥UTEJIbHBI. Coxpamm TaH-
TeHC M 3aMeHAdA KOTAHTeHC TaAHI€éHCOM, IIOJYy4YHUM

tg(n + o) ctg(gn— cx) =tgatga =tg2o.

1115. BripasuTe uepe3 TPUTOHOMETPHUECKYIO (PYHKIMIO yria OT
0° mo 90° pyHKIUIO:
a) sin 95°; B) tg 195°; ) sin 350°; x) tg 108°;
6) cos 170°; r) ctg 260°; e) cos 169°; 3) ctg 272°.

1116. IIpuseauTe K TPUroHOMETPUUYECKON (PYyHKLuHM yrja or 0

0 % DYHKLIHIO:

a) sin 0,8m; B) tg 1,3m; ) sin 1,7m; *x) tg 1,97;
6) cos %n; r) ctg %n; €) cos %n; 3) ctg %n.
1117. Hailigure sHaueHMe BHIpAXKEHUA:
.2 5 5 .11
a) sin 3m B) tg 3 ) cos 3 %K) sin B
3 5 9 7
6) cos s r) ctg 1% e) tg . 3) ctg 3m

1118. Yemy paBHO 3HaUEHHNE BHIDAYKEHUSA:
a) tg 120°; B) cos 210°; ) sin 240°; *x) tg 315°;
6) sin 160°; r) ctg 225°; e) cos 300°; 3) ctg 420°?
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1119. Hajifure 3HaueHNEe BhIPAKEHHUS:

) sin(-gn); x) cos (~225%);
2_\. : °

6) oos(—§1t), e) —sin 225°;

») —tg3m %) tg (~330°);

r) ctg (—gn); 3) —ctg 300°.
1120. YupocTuTe BhIpaKeHUE:

a) cos (o — 1); r) ctg (o — 2m);

6) teo - Z}; 7) sin (@ - 90°%;

B) sin(—a - gn); e) cos (o — 270°).

1121, HaiiaguTe 3HaueHNe BhIpayKeHUA:

1 .0 7
2 1 — qpe 2
a) tg?1 6™ r) sin R
6) cos? Zgn; n) tg? 330°;
B) ctg? %n; e) sin? 315°.
1122, JJoxasxkure, aTo ecau o + f + y=m, To
a) cos 2+ B = sinl;
2 2

6) ctgg-%—ﬂ = tg 1.

1123. Ynpocrure BhIpa)keHUe:

a) cos (T — o) + Sm(% + a); B) sin (21 — @) + oos(gn + a);

0) tg(%—a) - ctg (® + o; r)ctg (m + o) — tg(3

1124. IlpeobpaayiiTe BhipakeHue:
cos (90° — a) cos (180° - a),
2) §in (90° + o) sin (180° — @)

tg(n — a)cos (2rn - (x)'
ctg(gn + a)sin%

6)
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1125. YupocTuTte BBIpaKeHHe:

a) cos(—;- - a) sin (x + o) + sin (21 — o) cos(gn + a);

6)tg(n+ o) ctg(—;- - a) - ctg( T~ a) tg (r — o).
1126. IIpeoGpasyiiTe BhIpaKeHue:

a)tg’(n — o) — ctgz( n—a)

6) cos® (gn - a) + sin? (n + o);

B) cos? (m + o) — sin(gn + a) sm(% - a);

r) tg( +a)ctg( a)+tg2( 1:+a)

1127. JoxakuTe TOXKAECTBO
sin(m+ o) cos’(-a) ctg(n+ o)
cos (2r - o) sin(:—;n - a) tg(gn - a)

1128. HoxakuTe paBeHCTBO:

= sin o

T _ sin(Tx 4 21)
a)sms—sm6+3,
3n 3r
6)oos—‘—1——oos(—‘—1—+2)

1129, Bripasure sin o, cos o, tg 0 ¥ ctg 0. yepe3 TPUTrOHOMETPU-
yeckHe (PyHKIMU yIja BTOPOI U TpeTheil yeTsepreil, ecau o0 — yrox
nepBoil YeTBEpTH.

1130. Haitgure Tpu 3HaUeHUA O, €CJIHU:
. 3 T
a)sma=i2—- My <oa<m

1
6)cosa=§n3—2n<a<21t;

. 3
B)s1na=—£n1t<a< 3™

2
r)tga=\/§ n%<a< 37“;
n)ctga-73n3<a< %n;
e)tgo = —\/zéu%<a<n.
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1131. HoxaxkuTe paBEeHCTBO:

N n n T
a) sin{— + o] = cos|= — al; 6 (——a)=c (—+oc).
ain(f+a)=osf-af 0 tw(f-o)=ctm(]
1132. HaiiguTe 3HaueHUe BBIpAKEHUA:
sin 12° cos 24° sin 36° cos 48°, 6 tg 20° ctg 40° tg 60° ctg 80°
a) sin 42° cos 54° sin 66° cos 78°’ ) tg 10° ctg 30° tg 50° ctg 70°°

\
RN ‘/ YnpaxHeHUs O NOBTOPEHUs

1133. PemuTe ypasHeHUe:
a)\/x+2+2\/x+1 = 4;
6) Vx% + 4x — 9 — Jx? + 4x - 20 = 1.
1134. HaiiguTe nejble KOPHY ypaBHEHUS
x® + x* — 13x3 + 13x%> + 36x — 36 = 0.

1135. IokaxuTe MITPUXOBKOH B KOOPAMHATHOM IJIOCKOCTH MHO-
¥ECTBO pellleHHil CUCTEeMEI

x? + y? < 25,

1
~xy = 6.
2:x:y 6

51. \’/ PeweHnue npocrenumx
TPUIrOHOMETPUYECKUX YpPaBHEHUIA

3HaHue CBOMCTB TPUrOHOMeTpHYeCKUX QYHKIMA noMoraeT pellaTh
OpocTeHlINe TPUrOHOMeTpHYeCKHe YpaBHeHHs, ypaBHeHHUdA, B
KOTOPHIX IIOJ 3HAKOM TPHrOHOMeTpHuYeCKHMX (GYHKIHI cogepixarcsa
nepeMeHHEIe.

PaccMoTpUM IIpHMeDHI.

: V2

Hpumep 1. Pemuum ypaBHeHHe sin x = -5

CuHyc — (yHKIUA nepHofMUYecKas, OCHOBHOM IIepHOJ KOTOpOi
paseH 21, IToaTomy cHauasa HalifleM BCe KOPHU ypaBHEHUS B J0GoM
IIPOMEXKYTKe, AIUHA KoToporo 21, YA06HO B3ATh MPOMEXYTOK [—1; 1t]
(puc. 133). CuHyc IpHHHMAaET NOJOYXKHUTEJbHbIe 3HAYEHUA Ha ero yac-

TAX (O; 125] u [1‘?:, n:l. B npomexcyTke [0; g] CHHyC Bo3pacTaeT oT 0
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Puc. 133

Io 1 1 mosToMy KakJoe M3 dTHX 3HAUYEHHH IPUHHMAaET JIMIIb OZMH

V2 o =n

T
paa. Tak kakK sin— = ?, TO Z ABJIAETCSA €AUHCTBEHHBIM KOPDHEM

ypaBHeHUA B 3TOM npoMexyrke. Ilo rpaduky BHIHO, YTO B HpO-
T

MeXyTKe [E’ 11:], B KOTOpOM CHHYC yObIBaer, eCThb ellle OAUH KOpPeHb

ypaBHeHusA. Ero MokHO HaliTH, UCIIOJIb3yaA GOPMYJIB IIpUBEAEHUA:

. T .
sm(n - —) = sin—= = —.
4
T . 2
3uauur, 1 — i KOpeHb YPABHEHHA Sin X = —5-» INPHHALIEXKa

Ui IPOMEKYTKY [g, n:|. Jpyrux KopHeil B mpoMexyTKe [—1; 1] Her.
Tak Kak CMHyC — mnepHogudecKas QyHKIHA, TO BCe KOPHU ypas-

. 2
HeHU4d sin x = iz_— JaloT gse GpopMyJibi:

T T
x—z+21m, X=7 Z+2nn,

TIe n — leJioe YuCJIo.
Bropyio ¢opMysry MOKHO 3alucaTh MHaUe:

x =-% + n(2n + 1).

OTrBerT: % + 2nn, —% + n(2n + 1), rme n — meJioe YUCJIO.
2
Ecnu Ha pucyHKe IpPOBECTH HPAMYIO Y = —5 TO OHa mepecedyer

CHHyCOMAY B TOYKax, a6cnnccm KOTOPBIX ABJAIOTCA KOPHAMHM ypaB-

: 2
HeHud sin x = —5--
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Puc. 134

IIpumep 2. Pemum ypaBHeHHe COS X = %

OcHoBHOII nmepuoj kocuHyca paseH 27 (puc. 134). Bosbmem mnpo-
MeXYTOK [—T; 1], aytnHa KoToporo 271, OH COCTOUT U3 ABYX IIPOMEIKYTKOB
[-m; 0] 1 [0; n]. B nepBoM u3 HMX KOCHHYC Bo3pacTaeT oT —1 1m0 1, a Bo
BropoM — y6uiBaer ot 1 g0 —1. Kak B ToM, Tak U B JpYyrOM IIpOMEKYTKe
KOCHHYC NMPUHUMAET KajkJoe CBOe 3HAaYeHWe TOJBKO OAWH pas.

n 1 n “
Tak Kak cos§ = 3’ TO 3 EeIWHCTBEHHBIH KOPeHb YPABHEHHS B

npomeskyTke [0; nt]. Bropoit KopeHb HaxoauTCA B mpoMexyTKe [—7; 0],

T
B KOTOPOM KOCHHYC BO3pacTaeT. OTOT KOPeHb paBeH —3» TaK Kak

r_1
3 2

Bce KopHUM ypaBHeHHMA HaXOAATCA MO dopMyaam

x=% + 2nn,

T
x=-3 + 2nn,

rme n — ILeJIoe YHCJIO.

T T
OrBerT: 3 + 27n, -3 + 27nn, rge n — ueJioe YUCJO.

IIpumep 3. Pemmm ypaBHeHUe tg x = V3.

Tauresc — ¢GpyHKIMA nepuofUYecKas ¢ OCHOBHBIM IIePHOAOM,

paBHBIM T (puc. 135). BoapMeM mpoMekyTOK ("%; %), B KOTOpOM
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—ermrcmccmc et e e eSS

Puc. 135
TaHreHc Bo3pacTaeT. B 5TOM NpoMeXXyTKe TaHreHC NPUHHMAET KaX-

o n
A0€ M3 CBOMX 3HaA4Y€HHU TOJIBKO OAHMH Dpaa3. Tak kax tg—3— = \/g, TO

T T, W
YMCIO 3, MPUHAJIEHALLEE TPOMEKYTKY (_E’ E)’ ABJIAETCA KODHEM

ypaBHeHUs. Bce KOpHHM ypaBHeHHMsI HaxXoAATcA mo ¢dopmyliie
b1
X = 3 + nn,

rge n — LieJIoe YUCJIO.

IIpumep 4. Pemnm ypaBHeHHe ctg x = 1.
OcHOBHOH NepHoa KOTaHreHca paBeH TN. Bo3bMeM IIpOMexyTOK
(0; n), B koTopoM pyHKNUA Yy = ctg x yObIBaeT ot +00 go —© (puc. 136).

HOBTOMy OHa NMPUHIMAaeT KaXJoe CBOe 3Ha4YeHH e JINIIb OAUH paa. Tax

Kak ctg % = 1, To 4HKcHIO NMpHHaAJIexallee npomexyTky (0; =),

n
Zy
ABJAETCA KOpHeM ypaBHeHUs. Bce KOpHM ypaBHeHUSA HaXOAATCA 10
dopmyse

T
x= Y + nn,
rae n — LieJloe YHCIIO.

I

OTrBerT: 7

+ 7n, TAe n — IeJioe YHUCJIIO.
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1136. Pemnre ypaBHeHHE:

g L. _\3. _ 1,
a)s1nx—2, B)tgx—3, I) cos x = 2
6) cos x = %; r)ctgx = J§; e)tgx =-1.

1137. HaiiauTe MHOXK€eCTBO KODHeil ypaBHEHMS:

a) cos x = 0; r) sinx = —1; xK) tg x = 0;

6) sin x = 0; I sinx =1; 3)ctgx =0.

B)cosx = 1; e) cos x = —1;

1138. Pemiure ypaBHeHue:
a) sin’ x — sin x = 0; r)tg’x —tgx=0;
6) cos x — cos? x = 0; ) ctg x — ctg?x = 0;
B) cos?x + cos x = 0; e)tg?x + tgx=0.

1139. Halinure MHOXECTBO KOpHeil ypaBHeHHs:

a) sin(x + %) = @; 1) —2sin(x - %) = J3;
6)oos(x—%)=%; e) 2cos(x+§)=~/§;
B) tg(x + %) =—/3;  ®) 3tg(§ - x) = —/3;

r) ctg(x - —g-) = /3; 3) actg(x + %) = 3.
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1140. Pemute ypaBHeHHe:
a) 2sin®x — 8sinx + 1 = 0; B) 2cos’x + sin(%—x)—1=0;
6) 2cos’x —cosx —1=0; r)tgix + 2ctg(%+x)+1=0.

1141, Kaxne 3HaYeHHUs X YJOBJETBOPSIOT YPABHEHHIO:
a)sinx=a, ecm |a| < 1,sinx,=au 0 < x, < %;
6)tgx=a,ecimtgx,=au —g < x9<0?

1142. B kaKkuX TouKax nepecekaeTr rpapur ¢byHKINU

a) y = cos (x — &) npaMasa y = 5;

6)y= tg(x + %) npsamada y = —1?

\
IR ‘/ YnpaxHeHus ANS NOBTOPEHUs

1143. ITocrpoiite rpadpur GyHKIUM:

a) y = cOS X B IIPOMEKYTKE g; > 3
6) y = tg x B npoMeKyTKe (——323; —%)
1144. HaiianTe Hanboabmni 9jieH MoCaeL0BATEILHOCTH, 38 1aHHOK
dopmyoii:
a) a, = -2n% + 10n - 11; 6) a, = 30n — nd.

1145. YupocTuTe BhIpa)keHue
( 11 11 )2 2 2 11

xéy'i + x‘iyﬁ . x§y§ _ szyE.

52. \‘/ Cea3b mexay
TPUrOHOMETPUYECKUMU
dyHKUNAMN OQHOTrO
M TOro Xe aprymeHTta

ITosepHeMm HauanbHKIE paguyc OA = R (puc. 137) okoso Touku O
Ha NpPOM3BOJBHAEIN yrox o. IIpu aTom moBopoTe Touka A mnepeijer
B Touky B(x; y). HanumeM ypaBHeHMe OKPYXHOCTH ¢ LeHTpoM O
u paguycom R:
x*+y* =R
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JIobble 3HAYEHHA X U Yy, AB- Ya
AAI0IIMecsT KOOPAMHATAMU TOYKH,
IpHHaJeXamel 3ToH OKpYX-
HOCTH, ofpalaloT ee ypaBHeHHe B
BepHOe paBeHCTBO. Pasmesum obe ﬁ \ A
vacTu pasencTea x° + y® = R?, rxe x 5
H y — KOOpAMHATH TouKku B, Ha RZ,

[OJIYYUM
e 2 2 B(x; y)
x y _
——2 + _2 - 1-
R R

3anuilleM HHa4e:
2 2

x Yl 21

(R) +(R) '

. X
Ilo OoInpeaeJjIieHHI0 CHHyCa 1 KOCHHYyCa % =slnoHu R = cos o.. 3Ha-

Puc. 137

YUT,

sin® o + cos?a = 1. 1)

PagenctBo (1) BepHO npu JIOGBIX 3HAYEHUAX O, 8 CIEAOBATENBbHO,

ABJIAETCA TOJKAECTBOM. OTO TOMKJECTBO BHIPAXKAET CBA3b MEXKIY CH-
HYCOM M KOCHMHYCOM OJHOTO M TOTO Ke apryMeHTa.

ITo ompepesieHHIO TaHreHca M KoTaHreHca tg o = % Hctga =

'
PasgesuM uMcIHTes s M 3HAMEHaTeNb KaKIod u3 apobeit Ha R. Ilo-
JIYy4YUM

LA x
- B - R
tga—i, ctga-l-
R R
Tax xKak % =sinau % = cos O, TO
sin
tga = cosa’ (2)
Ccos O
- ctg 0= Gna’ &)

PaBeHcTBO (2) BepHO IIpH BCeX 3HAYEHUAX O, KOTOpbIE He ABJIAIOTCA
HYJIAMHM KOCHHYCa, & paBeHCTBO (3) BepHO IIpM BCeX 3HAUEHUAX O, HE
ABJIAIOIIUXCA HyJAMHU cuHyca. CirefoBaTesbHO, paBeHCTBa (2) 1 (3) —
TOXKJECTBa B 00JIaCTAX OIpeJesICHHsA TaHreHca M KOTaHIeHca.

N3 ToxkaectB (2) u (3) moayuyaem:
sina  cosa
cosa sina

tgoctgo = =1.
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3HayurT,
tgactga=1. 4)
PaBeHcTBO (4) ABISAETCA TOMAECTBOM Ha MHOJKECTBE aeicTsE-
TeJIbHBIX YHCeJI, UCKJII0Yasa HYJH CHHyca M KOCHHYycCA.
N3 ToxpecrBa (1) MOXHO IOJNYYHUTH PABEHCTBA, BHIPAXKAKIIHe
38BHCHMOCTh MEJKJY TAHI€HCOM M KOCHHYCOM, a TaK)Xe MeXIYy Ko-

TAHTEHCOM M CHHYCOM.
Pasgenum o6e yactu Tomxaectsa (1) Ha cos? o

in2
sin‘e | 4 1

cos?o cos?o’

Orciona

s 2
(smoc) +1= 12 ,
COS o Ccos“a

1+tg2o= 5)

cosa’
Paszgenum o6e yactu Toxaectsa (1) Ha sin? o
2
14 o08°a _ 1

sinfo.  sin®o’

3dayur,

2
1+ (ZIOGI;Z) = sir}za’

1+ctgla= (6)

sina’
Pagencra (5) 1 (6) ABAAIOTCA TOXKIECTBAMU HA MHOMKECTBe Jeil-

CTBUTEJILHBIX YHCeN, Ads dopMmyast (5) — 3a MCKIIOUEHUEeM HyJeil

KOocHuHYyca, a naa ¢opmyinl (6) — 3a UckJIIOUeHUEeM HyJel CHHYyca.
Brimuniem Toxxaecrsa (1) — (6):

sin o
sina + cos?o =1, tgo= oo’
cos O
ctgo = G5 tgactga=1,
1+ tg2a= 1+ctg2a=—1—-
cos?a’ sin?o

OTH TOMAECTBA HASBIBAIOT OCHOBHbLIMU MPUZOHOMEMPULECKUMU
moxcdecmeamu. C NX IIOMOIIBI0 MOYKHO HalTH 3HAUEHWSA TPHUIOHO-
MeTpuYecKUx GQYHKIWI 10 3HAYEHUIO OJHOH M3 HUX IIPH HEKOTOPHIX
JIOTIOJIHUTEJNBHBIX YCIOBUAX.
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o

IIpumep 1. Haiigem sina, tga u ctg o, ecam cos o

n%n<a<2n.

Hcnonsaysa Toxzaectso (1), HalizeM sin o
sinfa=1 - cos?a,
. 16
sinfoa=1- 25
- 9
sino = 3g-
Tak Kak yroJ o sBjdgercd yryom IV ueTBepTH, TO ero CHHYC OTPH-

natejed. IToaromy
9 3

Sln(X.:—g— 5.

Tenepb MOJKHO HAMTH TAHNeHC M KOTAHTeHC yrja o

3 3
M i = - = - =—1
OTrBerT: sina 5 tg o 4 ctg 3

IIpumep 2. Haitgem sin o, coso u tg o, ecau ctg o = 3

T
= < < 7.
Mz [0 n

N3 Toxpecrra (4) monyuyum
=-2.

tgo= 1
ga= ctg o
Tax kak o asiaserca yriom II yersepTu, To ero cUHyC MOJOXKHUTE-
aeH. Ucoonbsya ToxgectBo (6), Hagem:

1
sinfa =1+ctg2a=%;
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C nomMowibio TOKAecTBa (3) HalgeM

cosa =ctgasina = —%-—2‘5/3 = ——‘/55.
OrBerT: sina = é, cos O = —%, tga=-2.
1146. Yopocrure BBIpa)keHue:
a) 1 — sin® o o) (1 - sin o)(1 + sin o);
6) 1 — cos? o e) (1 + cos a)(1 — cos a);
B) sino — 1; &) (sin o + 1)(sin o — 1);
r) cos?o — 1; 3) (cos o — 1)}(cos a + 1).
1147, IIpeobpasyiiTe BBIpakeHUe:
a) sino — cos?a + 1; 1) cos’a + 2sina — 1;
6) 1 + cos? o — sin? o e) 2cos?a + sin?a - 1;
B) 1 — sin? ot — cos? o #x) 1 - 2sin? o — cos? a;
r) sinfa - 1 + cos? o 3) 1 —sin®a — 2 cos?o.
1148. Ynpocrure BhIipa)keHHe:
a) sin?a — (1 - 2 cos? a); B) 2sin? o — (2 - 3 cos? o);
6) —cos? o — (2sin? o — 1); r) 3cos’a — (2 — 2sin? o).
1149. Ynpocrture BhIpaKeHHe:
a) 1 —sina cos a ctg o; ryctgasinacosa - 1;
6) 1 — sin o cos o tg o ) cos?o — tg o ctg o
B) tg o sin o cos o — 1; e) tg o ctg o — sin? ..
1150. IpeobpasyiiTe BEHIpa)keHHE:
) 1- cos?a, ) cosa - 1,
a cos’a ") sinfa -1’
sinfa - 1, tg o )
6) sinfo. ’ A) ctga
1 - sina, ctga
B) T~ e) 1+—tga'
1151, YnpocTture BhIpa)XeHue:
1 1
1y 2 2 2 ye — e e
a) sin® o + cos® o + tg° o B) costo  otg?a’
6) sin? o + cos? o + ctg? oy I‘)L_L-
g0 sinfa  tglo

1152, TIpeoGpasyiiTe BhIpaskeHUe:
sino ~ sina 6) coso _ coso
a) l1-cosaa 1+cosa’ l1-sina 1+sino’
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1153. A3BecTHO, uT0 0 < O < % Husino = g Hasigure cos o, tg o

u ctg o.

ol ~

1154. Haitgure sin o, tg o 1 ctg o, ecan % <o<TmTH COSO =

1155. UssectHO, uTO tg O = 1_85 HT <o < %n. Haidtaure sin o,

cos O u ctg o.

1156. Haitgure sin o, cos o 1 tg o, ecu ctg o = \/§ u %n <o<2m.

1157. UsBecTHO, uTO 360° < 00 < 450°. Haiizure:

a) sin o, ecau tg o = 1%; o) tg o, ecau sin o = ;—?;
0) cos o, ecam ctg o = —;—; e) ctg o, ecam cos o = g;
B) tg O, ecam cos oL = %; ¥K) cos a, ecau tg o = 2—5@;
. 2 . 5
r) ctg a, ecau sin o = §; 3) sin o, ecsm ctg o0 = 2
1158. Bripasure
a) cos 0, tg o u ctg o yepes sin o;
6) sin o, tg o 1 ctg o yepes cos o;
B) sin o, cos o u ctg o uyepes tg o;
r) sin o, cos 0. ¥ tg o yepes ctg .
1159. BripasuTe BhIpayKeHHe
ca g N sina — cosa b o
a) sin® o — cos® o yepes sin o B) Sino + cosq Jepes tg o
sina + cos o
6) tg? o — ctg? o yepes cos o r) Sina —coso Uepes ctg .

1160. JokaxuTe TOMXAECTBO:
a)l +sina—coso —ctgoa — (1 + sino)(1 - ctg a);
6) (sin o + cos o) + (sin o — cos o) = 2;
sina  _ 1+cosa,

B) 1-cosa sin a

(sin o + cos o)?
r) ctga - sina cosa

=2tg?o.
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1161. CymiecTByeT JM yroJ ¢, AJA KOTOPOIo:

a)sina=§ncosa=%; B)tga=l,6nctga=g;
6)sina=%ncosa=%; r)tga:%ncthL:(—«/é)?

1162. 3uasn, uto tg o + ctg oo = 5, HaliguTe 3HAYEHUE BRIPAMKEHUS

1 .
sina cosa

‘/ YnpaxHeHus Ans NOBTOPeHUsi

1163. Pemure ypasHeHHe:

tgZo + + ctg? o

a) sin(x—ﬁ)+sin(x—1t)=0; B) sin(x—E)zcos(x+E);
2 3 6
6)tgx + 3ctgx =4; ryctgx — 3tgx = 4.
1164. YnpocTuTe BhIpa)KkeHHe
1
2x - x?)*
=
2-x)x + x ;
22 - x)*

1165. IlaTbaecar TpeTHil YieH apudMeTHIECKONH IPOrpeccuu pa-
BeH 20. Haitgutre cymmy 105 mepBRIX 4IeHOB 3TO# IIPOrpecCHH.

53. \’/ MNpeo6pa3oBanune
TPUroHOMETPUYECKNX BbipaXeHn!

IIpeo6pasoBanye TPUrOHOMETPHUYECKHUX BhIPAXKEHUI OIIMPAETCA Ha
onpeaeieHHe TPUIOHOMETPHYECKUX GYHKIMIA, GOpPMYJIbI IPUBEACHHUS,
OCHOBHbIE€ TPHTOHOMETPHYECKHE TOMAEeCTBA U Ap. OHU NMPUMEHSAI0TCA
IpH HaXOMJAECHUM 3HAYEHHH BhIpa)K€HHH, YIpPOIIEHHM BhIpakKeHuit,
JOKAa3aTeJbCTBE TOMKIAECTB U B APYIHUX CJIyYasx.

IIpumep 1. HalifeM 3HaYeHUe BHIpaXXeHUA

i n .
Slng c0s~5— + Slng COSg B th
n n )
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HpHMeHﬂﬂ onpenejJeHNA TaAHrNeHca U KOTaHI'eHCa M HeKOTOphIe U3
OCHOBHBIX TPHI'OHOMETPHYECKHX TOXKAECTB, IIOJYYHM

sinTcos®  ginFeosk sinTcos® sinTcost
5 5 4 5 5—tg£= 5 5, 5 5—tg£=
th ctg T 4 sin T cos = 4
5 5 5 5
T T
COSE Smg
_ 2 I L T S
=cos® g +sin® 7 1=1-1=0.
OtrBerT: 0.
IIpumep 2. YOpocTUM BHIpa)keHHue
1-sina cos o
cos o 1-sina’

BeimosnuM ciokenue Apo6Geil ¥ NPpUMEHUM OCHOBHEIE TPUIOHO-
MEeTPHYECKHE TOMJAECTBA:

1-sina cos a. (1 - sin a)? + cos?a
cos o l-sina = cosa(l-sina)
1 - 2sin o + sin®a + cos?a 2 - 2sina
cosa (1 — sina) “ cosa(l-sina) ~
2(1 - sina) 2

- cos(x(l—sina) - cos o

OrserT: .
cos O

IIpumep 3. [JoxakeM TOMKIECTBO

(sin o + sin B)(sin @ — sin B) = (cos o + cos B)(cos B — cos o).

IIpeo6pasyeM JIeBYIO YACTH TOMKIAECTBA:

(sin o0 + sin B)(sin o — sin B) = sin®? & ~ sin? P =
=sin? o — (1 — cos?B) = sin*a + cos?P ~ 1.
IIpeo6pasyeM mpaBylo HacTh TOMKAECTBA:
(cos o + cos B)(cos B — cos @) =

=cos?P ~ cos?a =cos?P — (1 - sin* ) = cos®P + sin?a ~ 1.

Ofe yacTH TOMKAECTBA MBI IPEOOPA3OBAJIM B OZHO K TO e BhIpa-
XeHue. BHAUUT, TOMIECTBO JOKA3AHO.
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1166. Haitgure 3HaueHNe BBIpAYKeHUA:

a) sino coso ctgo — 1, ecarut sin o = 3

6) M, ecJu tga =

tgo - ctga 3
) sino —coso Lo 2,
B) Sino + cos @’ niga=1yp
p) SROOSE o tg = S
sino. — cos?a.’ go=73
1167. Yemy paBHO 3HaUE€HHE BBIpAXKEeHU:
- ] 2.
a) 11—“:%, ecau sina = 3
6) 11—__(;'2;—%, €CJIM COS O = —%?
1168. Vpocrture BBIpasKeHHe:
a) 1_sinozcosa_ B) 1 _ 1 .
tga  ’ 1-cosa 1+cosa’
sin o cos o . 1 _ 1
6) ctg o -5 r) l+cosoc 1-sina’
1169. IIpeo6GpasyiiTe BEIpaXkeHuUe:
1+tgo, tga -1,
a) l+ctga’ B) ctgo — 17
l1-ctga, tgo +1
6) 1-tga’ r) ctga +1°
1170. YopoctuTe BHIpaXkeHHe:
sin B sinf sin o .
a) 1-cosfp 1+cosP’ ) 1+cosa+Ctga’
cos B cosP | cosa
6) 1+sinf 1-sinp’ ) 1-sina tg o
1171, IIpeobGpasyiiTe BbIpayKeHUeE:
8) sinx + cos x, 5) sinx — cos x,
l+tgx 1-tgx °
6) l-ctgx | r) 1+ctgx

sin x — cos x”’ sin x + cos x°
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1172. IlpeoGpasyiiTe BhIpa)keHHe:

2 tgza - 1. ctg‘zy— _

a) cos a+—tg2a+1’ ctg‘zy+1 cos?y;
in2 M- tgex_  ain2

6) sin (p+ctg¢(p+1’ tg"x+1 sin® x.
1173. VupocTtute BHIpa)KeHUe:

2) tgo + tgP | B) cos’a — ctgla,
ctga + ctgp’ sin?a — tg2o ’
2sina -1 sin o

6) sina + cos o’ r)ctga + 1+cosa’

1174. NokaskuTe TOMXJECTBO:

a) sin® x — cos® x = sin* x — cos! x;

6)(1 +cosa)(1 +tga)=1+sina + cos o + tg o;

B) (tgx + ctg x)? — (tg x — ctg x)? =

r) (sin o0 + cos o)?2 + (sin o0 — cos a)? =

1) sin® x(1 + ctg x) + cos® x(1 + tg x) = sin x + cos x;
(sina + cos o) — 1

) ctg o — sin o cos o

=2tg?o.

1175. Jokaxxkure, YTO IpH BCeX AOMYCTHMBLIX 3HAYEHHUAX () BEPHO

paBeHCTBO:
a) 1 — 3 sim® o cos? o = sin® o + cos® o
sin’a gino + cos o .
6) = - =sin o + cos a.
sina - cos o tg?o -1

1176. JokaxkuTe, 4TO He 3ABHCHT OT X BhIpa’KeHUE:
2sinxcosx — 1, 1 1

) (sinx — cos x)? ° 6)1+tgzx+1+ctg2x

1177. NokraxxuTte, YTO NP BCeX AOINYCTUMBIX 3HAYEHHAX O IpH-
HUMAaeT ONHO ¥ TO Ke 3HaueHUe BhIpa’KeHHe:

sina - cos?a, 6 1 N 1
a) ginto — cosia’ ) 1-tg2a 1 - ctg?a’

1178. Haitpure:
a) tg2 o + ctg? o, ecan tg o + ctg oo = m;
6) sin? o + cos? o, ecau sin o + cos o = p.

1179. Vopoctute BhIpa)keHue:

0)

[1-sina | [1+sina
V1+sino  Y1-sina’

[L-cosa | [1+cosa,
Vl+cosa \1-cosa’

a)
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1180. HckiounTe nepeMeHHYIO OL M3 CHCTEMHEI:
){x:sinot+cosot, ) {tg‘a+ctg“a=x,
a

y = sin o cos o; tglo + ctgia =

[
®

1181. Yupocture:

. T
sinf{a - ~
a) ——(———:)ctg(a - %) -~ cos(% + a)sin(a - T);
sin(a + ‘—1)
6) tg (1,5 — x) — cos(n — x)sin(3r + x)
(cos(8,5n — x) + sin(L5n + x))2 -1°
1182. [Toxaxutre HepaBeHCTBO:
a) sin? o cos? a0 < %; 6) sin* o + cost o > %
1183. Pemiute ypaBHeHue:
a) sin(g—x)+oos"’x=0; B) sinzx——:-s—sinx+l=0;
2 2 2
6) cos?x — sin*x = 1; r) tgzx—(1+s/§)tgx+«/§=0.
el | ‘\
RN 7 YnpaxHeHUs AN NOBTOPEHWUS

1184, MoryT J1 ZJWHBI CTOPOH NIPSMOYTOJBHOTO TPEYroJbHHUKA
COCTaBJIATH T€OMETPHUUYECKYIO IIpOrpeccuio?

1185. C moMomnpio KaKuX IpeoOdpaszoBaHUII MOYKHO IIOJIYYUTH Ipa-
¢bux dyHKOUE Y = %sm(Zx - %) u3 rpadpuxa dyHkoun y = sin x?

1186. Pemure ypaBHEeHHNE

N +—20 __ _jo.
¥+ 3x+ 46 + o

\
IREREE ‘/ KOHTpONbHble BONPOCH! U 3afaHUN
1. Jokaxure popMyabl NpuBeAeHUA AJA CHHyca M KOCHHYycCa

yrJja % + o

2. Hanumure ¢opMyJbl NpUBeAeHUs AJA YIJIOB T — 0L U T + (.
Hokaxkure kaxkylo-HuOyAb U3 3TUX GopMyJI.
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3. BriBeaure GOpMYJIBI, BHIPAMKAKIIHE CBA3b MEXJY CHHYCOM H
KOCHHYCOM, MEXJy CMHYCOM, KOCUMHYCOM M TAHT€HCOM OJHOIO M TOTO
JKe apryMeHTa.

V3

4. PeminTe ypaBHeHHE COS X = 5

dOPMYJibl CJTIOXXEHUA

§ 20. /’\ n UX CREACTBUA

54. V CUHYC, KOCMHYC ¥ TaAHreHC CYMMbI
M Pa3’HOCTU ABYX YrnioB

JI:06y10 TPUrOHOMETPHUYECKYI0 QYHKIHIO CYMMBI MJHM Pa3HOCTH
IBYX YIJIOB MOKHO BBIPDA3HUTh Yepe3 TPUTOHOMETpHYECKHe (QYHKIMU
orux yrios. Haudem ¢ KocuHyca pasHocT: yrjos o # f. IloBepHem
HayaJbHBIH pagnyc OA (puc. 138),
paBHEI R, okos1o ToukH O Ha yToJ O
4 Ha yroa [, nmpuyeM IpenIioJio-
MM CcHavYaJa, YTO KaXJbId U3 yI-
JIOB O ¥ [} MOJIOKUTEJIEH ¥ MEHbIIe
2n, oo > PB. Ionyuum paguycet OB
u OC.

0603HaYM KOOPAUHATHI TOUYKH B
6ykBaMH X, U J;, & KOOPAHHATHI
touku C — OGykBaMu x, u Yy,. ITycts
R=1. Torga

x, =cosd, y, =sina, x, = cosf,
Y, = sin p. Puc. 138

HaiigeM KBagpar paccTogHUA MeXAy Toukamu B u C:

BC?=(x, — x,)* + (y, — y1)> = (cos B — cos a)? + (sin B — sin a)® =
= (cos?P + cos? o — 2 cos P cos 0) + (sin?P + sino. — 2sin B sina) =
= (cos® B + sin? B) + (cos? a + sin? o) — 2(cos o cos B + sin o sin B) =

=2 ~ 2(cos o cos B + sin o sin B).

TloBepHeM OCH KOOPAUHAT Ha yroJ . B HOBOM 0JIOKeHNU pafuyc
OC 6ynmer npuHagiexarth ocu Ox’, a paguyc OB cocraBuT ¢ ockio Ox’
yroa o — .

IIycts B cucreme KoopauHaT x'Oy’ kKoopauHaThi Touek B u C
COOTBETCTBEHHO DABHEI X, U Ui, X, M Y;, npuuem X = cos (o — P),
y{=5in(a—l3)9 -% =1, yé =0.
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HaitnemM xBagpaT paccTosHus MexAy Touxamu B u C B cucreme
koopauHaTt x'Oy’:
BC*=(x ~ )P+ (y - y)=
= (1 — cos (o — B))? + (sin (o = B) — 0)2 =
=(1 + cos? (ot —B) — 2 cos (o0 —B)) + sin® (o —B) =2 - 2 cos (a - P).
Tak KaKk pacCTOAHUE MEXKAY ABYMSA JaHHBIMM TOYKAMHU B CHCTe-
Max koopauuaT xOy u x’Oy’ ogHO U TO *xKe, TO

2 - 2(cosa cosP + sina sin ) =2 — 2 cos (o — B).
Orcona noayyaeM ¢opMysLy
cos (0. — B) = cos o cos B + sin a sin B. 1)

BriBox dopmystsl (1) MBI IIPOBEJIM B NPEATIOJOMKEHNH, UTO YIJIH O
¥ B mosokHUTeNbHBI, MeHblle 21 u o > . OgHaKo goKasaHHas dop-
MyJa 6yger BepHa M AJIA MPOM3BOJILHBEIX O ¥ B. JeiicTBUTeNBHO, ecln
K KaXXA0OMy M3 JaHHBIX YIVIOB MPUOaBUTH yroj, KpaTHEIA 27, TO 3T0
HHKaK He OTpasuTcA Ha BhIBoge dopmyusl (1). HecyiiecTBeHHBIM OKa-
JKeTca M TOT cjaydaif, korga o < . B arom ciayuae, yuuThIBasg yer-
HOCTb KocHHYca, uMeeM: cos (ot — B) = cos (B — o).

®opmyJay (1) HasmBaOT dopmynoil Kocuryca pasHocmu dsyx ye
a08.

Hepeitnem x BriBOAY popmynbl KOCURYCA CYyMMbL O8yx yznoe. Cyn-
My o + B npescraBum B Buae pasHocTH O — (—fB) ¥ Bocmosbayemcs
dopmy.oit (1):

cos (o0 + B) = cos (o0 — (—B)) = cos o cos (—B) + sin a sin (-B) =

= cos o cos B — sin a sin B.
3nauur,
cos (o0 + B) = cos o cos B — sin o sin P. 2)

st BRIBOZA POPMYAbL CUHYCA CYMMbL 08YX Y2108 HCIIONB3YyeM

¢dopmyany (1) u dopmysbl IpUBEJEHUA:

sin(a + B) = cos(g -(a+ B)) = cos((—g— - a) - ﬁ) =
= cos(%— a)cosB + sin(% - (x)sinB = sin o cos B + cos o sin f.

Honyuaem
sin (a0 + B) = sin a cos B + cos o sin P. 3)
C nomowmbo $Hopmyasl (3) MOMKHO HMOJYUUTH POPMYNRY CUHYCA
pasnocmu 08yx yznos:
sin (o — B) = sin (a0 + (—P)) = sin a cos (—PB) + cos a sin (—Pf) =
= sin o cos B — cos a sin B.
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3Ha4uT,
sin (o« — B) = sin o cos B — cos a sin P. 4)
BriBegeM (popMYAbl MAHZEHCA CYMMbL U MAH2EHCA pa3Hocmu 08yx
yzno08:
sin (a + B) sin o cos B + cos o sin
tg (o +P) = D B+ cososinp,
cos(@+P) cosacosP —sinasinp

Paspenum uucnuTesb ¥ 3HaMeHaTeIIb NOcIeaHel fpobu Ha cos o cos PB:

sina cosP = cosasinp
_cosocosPp  cosocosP _ tgo + tgh
tg(a+p)= cosacosp . sinasinp  1-tgoatgp’
cosacosﬂ+cosa008[3

3Hayur,

tg (o +B) = {ELEE ®)

C momourbio dopmyst (5) moaydaem

_ py - tga+tg(-P) _ tga-tgPp
tg(@-P) =tg(@a+(-P) = T tgatg(P) ~ 1+izotap’

3Hayur,

_ tgo -tgP
tg(@~-P) = T+tgotgh (6)

IIpumep 1. Beruucaum sin 75° u cos 75°.
IIpencraBum 75° B Buse cymmat 45° u 30° u mpumeRuUM (HopMyJIBHI
(2) n (3):

sin 75° = sin (45° + 30°) = sin 45° cos 30° + cos 45° sin 30° =

=722 22" " & —
IIpumep 2. Borumcanm tg 15°.

HpencraBum 15° B Buge pasHoctu 45° m 30° u Bocmosb3yemcs
dopmyroir (6):

1-338
tg 45° — tg 30° - 3 _
1 + tg 45° tg 30° J3 3+43

tg 15° = tg (45° — 30°) =

(3-43)" _12-643 _

“B+vB)3_v3) 9-3

5
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1187. UssectHO, uTo 00 ¥ B — yruabr I yerBepTHt M sina = g,

sinP = % Haitgure:
a) sin (a0 + B); B) cos (o0 + B);
6) sin (o — B); r) cos (o — B).

1188. Ucnoas3ysa GhoOpMyJIbI CJIOKEHUs, HaliJUTe 3HAUYEHHE BHI-
paKeHu:

a) sin 15°; 6) cos 15°% B) sin 105°.

1189. C nomoiupio GOpMyJ CI0KEHHS JOKAKUTE TOMKIECTBO:
a) sm(—g- - a) = COoSs O} B) cos(gn: - cx) = —sin oy
6) cos (T + o) = —cos o r) sin (& + o) = —sin a.

1190. Bripasure uepes TpuroHomMerpuueckue GbyHKIUM yria o

a) sm(% + a); B) sin(—;- - a); ) sm(% + a);

n . r . r_
6) oos(z—a), r) cos(3+a), e) cos(6 oc).
1191. YmopocTuTe BhIpaKeHue:
a) sin (a0 + B) — sin B cos o B) cos (o0 — B) — cos a cos B;
6) sin o sin B + cos (o + B); r) cos o cos B + sin (o — B).

1192, Haiiaure 3HauYeHUe BBIDAYKEHUA:
a) sin 20° cos 10° + cos 20° sin 10°;
6) cos 50° cos 5° + sin 50° sin 5°;
B) sin 71° cos 11° ~ cos 71° sin 11°;
r) cos 25° cos 65° — sin 25° sin 65°.

1193. Brruucaunre:
8 1 .. 8 1
—— —-— + — _n'
a) cos 151t cos 511: sin 151t sin =T

6) cos i1t cos gn + sin in sin E7t;
10 5 10 5

. T T . 4
B) sin— cos — + cos — sin —;
6 12 6 12

1 4 1 . 4
Sin —71 ¢ -7 — COS—T7 S1n —T1.
r) singm cos o 9 9
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1194. YopocTuTe BRIpa)KeHUeE:

a) 23in(%+a)—x/§sina; B) ~/§sina—2sin(0t—§);

1 T . _r\_ _\/_g
ﬁ)Ecosa—cos(§+a), r) cos(a 6) 5 COS &
1195. JokakuTe TOMIECTBO:
a) sin (a0 + B) + sin (—a) cos B = cos a sin B;
6) cos (0. — B) — sin (—a) sin (—B) = cos o sin B;
B) sin (o0 — B) + cos (o) sin (—B) = sin a cos B;
r) cos (o + B) — cos (—a) cos (—B) = —sin a sin B.
1196. Vopocrure BhIpaKeHUE:
a) cos 2¢ cos 3@ + sin 2¢ sin 3¢;
6) sin y cos 2y — cos vy sin 2y;

B) COS la cos Eoc - sin la sin g01;
3 3 3 3

r) sin%ycos%y + cos %’y sin%y.

1197. [JokaXuTe TOMKAECTBO:
a) cos (o0 + B) + cos (o — B) = 2 cos o cos B;
6) sin (a0 + B) + sin (o — B) = 2 sin o cos B;
B) sin (o + B) sin (o0 — B) = sin? o — sin? B;
r) cos (o + B) cos (o — B) = cos? o — sin? f.
1198. Ynpocrure BHIpa)keHHe:

sin (o + B) — sin (o — PB), sin (o + B) + sin (a0 - B),

2) sin (& + B) + sin (o - B)’ B) cos (o + B) + cos (o — B)’
cos (o + B) + cos (o — B), cos (o + B) — cos (o — B)
) cos (& + B) — cos (o — B)’ r) sin (o + B) — sin(a - B)°

1199. JToka)kure TOXIECTBO:
a) cos o cos (B + 7) — cos B cos (o + ) = sin y sin (o — B);
6) sin (o — B) siny + sin (B — y) sino. = sin (ot — ) sin B .

1200. Ookaskure, uTO €CJH O, B ¥ Y — yrabl TpeyroJbHUKA, TO:

a) sino = sin B cos Y + cos B siny;
6) cos o = sin P siny — cos B cos .
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(211N

1201. Cunycsl ABYX OCTPBIX YTJIOB TPEYTOJbHHUKA PaBHBI -g u

Haiiagure cuHyC TpeTbero yrJja TpeyroJbHHKA.

2 1
1202. KocuHYCHI IBYX YIJVIOB TPEyroJIbHUKa DaBHBI 347 Haii-
IUTEe KOCHHYC TPEThEero yrjia TpeyroJibHHUKa.

1203. Bripasure sin (o0 + B + ) u cos (o + B + ¥) yepes TpuroHo-
MeTpHUUeCcKHe PyHKOUHM yrios o, B u v.

1204. Pemute ypaBHeHHe:

. T . n
a)smxcosB + cos x sin ¢ =1;

n —gin E siny= L
6)cos7cosx sin 7 sinx = 33
B)sinxcos25°—cosxsin25°=%;

J3

r) cos x cos 10° + sin x sin 10° = -5

1205. U3BecTHO, 4TO tg O = % utgf= g Haiinure:

a) tg (o + B); B) ctg (o + B);
6) tg (o — B); r) ctg (& ~ P).

1206. Ucnonpsyss GopMyJIbI CIOKEHUA JJIST TAHI'EHCA, BBIYUCJIUTE:
a) tg 15°; 6) tg 75°; B) tg 105°.

1207. Boipasute yepe3 TpUroHOMeTpuyeckue GyHKOUM yria O

vlirck  meliok o)

6) ctg(% - (x); r) ctg(% + oz); e) ctg(% + a).

1208. YopocTure BhIpaxkeHue:

a) tg (o + B) ~ tg o tg P tg (o + P);

6) tg (o + ) tg (o0 ~ P)(1 - tg® o tg? P).
1209. Joxaxxure TOXKIAECTBO:
tg(a+P)-tga - tgp .

) ~ tgo - tg(@ + P) =tgp;

6) tg (o — B) + tg o tg B tg (o — B) = tg o — tg B.
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1210. Hailigure 3HaUYeHUE BRIPAYKEHUS:

n T
) tg 20° + tg 25° 5) tg24—tg§ .
1 - tg 20° tg 25°° 1+tgﬁtg ’
24 ° 8

T T

5 B0 - tg10° . "gm”gg
1+ tg 70° tg 10°° 1-tg -~ tg )
20 5

1211. YnpocTuTe BhIpaKeHHe:
a) tg225° - tg215° . 6) tgzLS - tgsz
1- tg225°tg?15°’ 1-tg21,8tg%1,2"

1212, TIpeoGpa3syiiTe BRIpayKeHUeE:
-tga

a) tg (45° + o) tg (45° — a); B) m — tg (45° - o);
-tga
6) tg (o — 60°) tg (0. — 60°); r) tg (45° + o) + 1 Ttgo

1213. Bripasute ctg (o + B) u ctg (o — B) uepes ctg o u ctg B.

1214. Jlokaxkute TOXAECTBO:
tga + tgB  sin(a + B) + sin (o + B)
tga—tgf sin(a—-P) sinasinf

a)

6) sin (a0 - B) sin(B—y)+sin(y—a) -0
smasmB sinfsiny sinysina ~ °

= ctg o + ctg B;

1215. Noxakure, uro ecau o u B — yrasl [ yuersepTH, TO:
a) sin (o + B) < sin o + sin B; B) cos (0 — B) < cos o + sin B;
6) sin (o + B) < cos o + cos B; r)tg(a+B)>tgo+ tgB.

1216. Yopocture BhIpakeHUE:
a) (tg o — 1) tg B + (tg o + tg B) ctg (o + B);
5) tga+P)-tgo —tgB
tgatg (o + B) :

1217. Haiigure HamnmboJblllee M HaWUMeHbIIee 3HAUYEHUSA
BBIpAKEHUS:

a) \/§cos B - sin B; B) sin o + cos o
6) sin o0 — cos o r)sinfp - V3 cos B.
1218. Pemnre ypaBHeHUe:
A)tgx+tgg =1-tgxtg s
V3 NS

6)tgx—T=1+ 3 tg x.
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1219. Cunychl ABYyX OCTPHIX YIJIOB Tpeyrojbauka paBubl 0,6 u 0,8.
Haijigute KOCHHYC TpeTbero yrJja.

\
NN ‘/ VnpaxHeHus O NOBTOPEHUs

1220. Peniure cucremy
3x -~ y? = Ty,
2x% + 3y? = 5xy.

1221. Kopusamu ypaBHenus x% + ax + 2 = 0 aBiasioTca 4ucia X; ¥
x,, a ypaBHeuusa x2 + bx + 32 = 0 — uncxna x; u x,. Haiigure a u b,
ecyu X,, X, X3, X, — reoMeTpUYecKas Iporpeccus.

1222, [Isa niunTounuKa oGauneBaiu cTeHy 3a 4 4. Ilepsomy miu-

1
TOYHUKY JJIA OOJUIOBKH 3 CTeHBI moHagxobuJocs 661 Ha 1 4 GoJblne,

1 .
4YeM BTOPOMY 4JA 06JIHI.IOBKH E CTeHhI. 3a CKOJIBKO YacOB KaXKAbIH

U3 HUX MOJKeT O0JIHIIeBaTh CTEHY?

55. \‘/ dopmMynbl ABOAHOro
M NONOBUHHOIO YINoB

Boipasum sin 20, cos 20 1 tg 200 yepe3 TpUroHOMeTpHYecKue GyHK-
nuu yria o. [IpyMeHHB K 3THM BBIDAXKEHHUAM (POPMYJIBI CJIOMKEHHS,
MOJTyYnM:

sin 2o = sin (o0 + o) = sin o cos o0 + cos o sin o0 = 2 sin o cos
cos 20 = cos (o0 + o) = cos o cos 0. — sin o sin o = cos? o — sin? o

tg 20.= tg (¢ + &) = ltg(:i;atggaa - I%ttgg?a'

3Hauur,
sin 20 = 2 sin o cos a,, (1)
cos 20 = cos? o — sin? q, 2)
2tga
tg 20 = T-tgffa 3)

@opmyJst (1) — (3) HaskIBaOT opmyramu 060ilH020 yzaa.
HDpumep 1. Beruucaum sHaueHHe sin 20, ecau U3BECTHO, YTO

n<a<§n si ot——i
3 Hu n = 5.
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Haiigem 3HaueHmne cos o
cos?a =1 - sinq,
16 9
2y =1 — — = —,
cosfa=1 95 ~ 95
Tak Kak 0. — yroJl TpeTbeil ueTBepTH, TO cos o < 0. 3HauwuT,
3
coso=——.
5
IMogcTaBuM 3HaueHHA sin o U cos o0 B Gopmyay (1), monyuum
sin20 =2 - (—é)(—§) =2
5/\ § 25
Bripasum 1 — cos o 1 1 + cos 0. uepes TpuroHomMerpuieckue GpyHkK-
LIUK yTJa %.

HIpumenns dopmyay (2), nosydum:

- -1 — 2 O s g O} _ inz O
1-cosa=1 (oosE—sma)—Zsm R
1+COS(1=1+(00822—SH12%)_ZCOSZ%.

3Hauur,

1 - cosa = 2sin? 5. (4)
1 + cos o = 2 cos? %. (5)
dopmyJisl (4) u (5) HaxoAAT MIMPOKOe NIPUMeHEHHe B Mpeobpaso-
BAHHUAX TPHUTOHOMETPHYECKHX BBIDAYKEHHMA.

1-
HDpumep 2. YupocTum BeipaKkeHue ﬁ-
Hcnonssya dopmyuist (4) u (5), noayuum

s 22
1-coso _ 28i0°%

—_ 2
1+cosa =tg

DR

2 &
2 cos 2

.o o o

Beipasum sin 3, cos 5 ¥ tg - uepe3 TPUTrOHOMeTpHYeCKHE GYHK-
p 3 3 5 '1€pe3 Tp p

oM yriaa o.

C nmomonibio dopmyu (4) u (5) Hatigem:

L g O T 1 1-cosa
231n2§= 1-cosa, sin?4 =

2 2 "’

g - 5= ®
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o . .
Ecau 5 ~ YroJ IepBoOil WIM BTOPO¥ 4eTBepTH, TO
s 1-cosa
sin; = ,[————.
2 2
o . .
Ecau 5 " YroX TpeTheid WK YeTBepTOl YeTBepTH, TO
.o 1-cosa
sin = — .
2 2
2 & _ p o _ 1+cosa
2 cos 2—1+cosa, cos® 5 = 5 ’
’ o ’ _ fl + cosa
2 2
o . .
Ecau 5~ YIOJ NepBOi WK IeTBEPTON YeTBEpTH, TO
s - ’1 + COS O
2 2
o . .
Ecau 5 ~ YTOJ BTOpO# HJIM TpeTbeil YeTBepTH, TO
o 1-cosa
sin = ~-
2 2

BosbMeM TOMAECTBO

)

YMHOMXKHUM UYHCJUTEJh U 3HAMEHaTeJb leOﬁH, COCT&BJIﬂIOHIeﬁ

npaByl0 4YacTb, Ha 2 cos %- 3arem npumeHuM ¢opmyint (1) u (5).

ITonyuum
L Q o o
tgg _ sin 5 _ 251n§cos§ _ _sina
2 sl 2 cos? % 1+cosa
2 2
3HayuT,
a _ sin o 8
tg 2 1l+cosa’ ®)

@Dopmyanl (6) — (8) HAa3KIBAIOT POpMYLAMU NOLOBUHHO20 Y2ld.

Bripasum sin o, cos o u tg o yepes tg %.
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Hcnonbays ¢dopMyJIbI ABOMHOTO yrja, MOJYIUM:

Lo« a
2sin - cos - 2tg -
sma—ZSm——cos%: (x2 2a = Za,
ine % 2% 2 U
sin® 3 + cos® 5 1+tg2
o 2 O
cos? 5 —sin?y 1 - tg?
coso = cos2%—31n2% = 2 2 2
sm2%+c052% 1+tg2 %

1223. Bripasure ctg 20
a) uepes tg o;  ©) uepes ctgo.

1224, Haiigure 3Ha4yenue sin 20, cos 20, u tg 20, ecuau —025 <a<mw

. 3
usino = .
1225. Beiuucanre sin 2o, cos 20 u tg 20, ecau tgo = 2,4 u
T<a<< gn.
=0,5.

1226. Hatigure 3HaueHud sin o, cos o, tg o u ctg o, ecau tg 5

1227, Yupocrure BhIpaXkeHHe:

sin 2x | 2 .
a) Yoos x’ B) cos® x — cos 2x;
2gin’a, a2
6) o %0, r) tg 201 - tg* o).

1228, IlpeobGpasyiiTe BhIpayKeHUe:

a) cos2x | r) (sin x — cos x)?,
sinx — cos x’ 1 - sin 2x
sin 2o — 2sina, cos 2o tg 2o,
0) —sa-1 ) Sena
cosa -1 2sin o
cos o — sin 2o, ) 2 cos x cos 2x
== ez bl il

B) 1- 2sina ctg 2x
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1229, Haiiaure 3HaueHHe BEIPAKEHHS:

. _2tgT5
) (=29 .
a) 2 sin 15° cos 15°; r) T-tg275°
6) coszg —~ sin? g; ) 4 sin 15° cos 15° cos 30°;
2tg I

B) ———12—; e) cos? 15° — cos? 75°.

1- tg? 1 2

1230. YnpocTure BhIpaKkeHHe:
a) 1 - 2sin?qy B) ctg o — tg o

1- tg%a
2 — 1.

6) 2cos’a — 1; )1+tg‘zoz

1231. IIpeoGpasyiiTe BEHIpaXkeHHe:

2 sin? g cos? 20,
a) sin o ; B) sin 4o’
6) cos p . r) (sino + cos a)?

B_nB’ 1 - sin? 20,

cos 2 sin ]

1232. [loxakuTe TOMXKIECTBO:
a) cos’ o0 — sin* o = cos 20y B) ctg @ — sin 2¢ = ctg ¢ cos 2¢;

1 1

6) sin 2B — tg B = cos 2B tg B; P)l—tga—1+tga=tg2a'

1233. YnpocrtuTte BhIpakeHue:
a) (sin o — sin B)? + (cos o0 — cos B)?;
6) cos a (cos o + cos B) + sin o (sin o + sin B);
5) 1 — cos 2x + sin2x

1 + cos 2x + sin 2x’

cosa  sina

r) sina _ coso 2 t820.

1234. IIpeoGpasyiiTe BHIpakeHHe:
a) 4 sin? 1° cos? 1° ~ cos? 2°;
6) 16 sin? 3° cos? 3° cos? 6°;
B) (sin 10° + sin 80°)(cos 80° — cos 10°);
r) (cos 5° + cos 95°)(sin 85° + sin 175°).



§ 20. DOpPMYNbLI CNOXEHUA U UX CNEACTBUA 363

1235. Bripasure ctg % yepes sin oL 1 cos O

1236. Haitgure sin 2, cos %

o 1 T
D) nth,ecnncosoc—3n0<a<—.

2

. . 14
1237. BuruucyanTe 3HaYEHUS sin %, cos % utg %, ecu sin o = &5

n%<a<1t.

1238. Ucnoubaysa GopMyJsl IOJOBUHHOTO yIJja, HAWAWUTEe 3Hade-
HHA CUHYyCA, KOCHHYCa M TaHreHca yriaa 22°30°.

o 1 - cosa
1239. Hoxaxwure, uTo tg 3 = sna
1240. Joxaxure TOMKIECTBO:
i = 2 (K _ &), - si =92gin2 (- &
a) 1 +sino = 2 cos (4 2), 6) 1 - sino = 2sin (4 2).

1241. CymecTByeT Jiu 3HaYeHHe O, IPH KOTOPOM:

a) sin o cos o = sin 40°; 6) %(cos2 o — sin? o) = cos 50°?

1242, Jlokaxkure, 4TO:

a) sin 10° sin 50° sin 70° = %; 6) oosgoos%ﬁcos% =

| -

1243. [Moxakure HEpaBEeHCTBO:
a) sin2x < 2sinx, ecim 0 < x < W;

. T T
6) sin 2x < 2 cos x, ecamn -3 <x< 3

1244, Haiigure HanbGosblllee ¥ HaUMEHbllIee 3HAYEHUS BbIpaXKe-
HUA:
a) cos 2x + 3 sin? x; 6) sin* x + cos* x.

1245, PemuTe ypaBHeHUE:

. X .
a)l—cosx=sm§; B) 1 — sin x = cos x;

X . N
6) 1 + cos x = cos 3 r) cos? x — cos x = sin x — sin? x.
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| \
RN R ‘/ YnpaXHeHus AN NOBTOPEHUs

1246. Pemure ypaBHeHUe

sin(x + Z) + cos(x - Z) = 0.

1247. Ynpocturte BeIpaXkeHue:
a)s/écos(%—a)—sina; 6)~/§sin(§+a)—oosa.
1248. Pemute cucreMy
X -y = —gxy,
x* + xy = -3y.

56. \‘f ®dopmMynbl CYMMbl ¥ Ppa3HOCTH
TPUroHoMeTpnu4eckmx GyHKUnA

TpeacraBum cymmy sin oo + sin B B BHAe mpousBefleHUsI TPHUTOHO-
MeTpuueckux dynxuuit. Iaa mo6rix sHaueHHH O ¥ [ MOXKHO HallTH
TaKue yIJIbl X ¥ Y, 4TO OyAyT BBIIOJHATHCSA paBeHCTBA O = X + y H
B = x — y. llogcTaBuM BHIpaXKeHHs X + Yy U X — ¥ B CyMMy sina +
+ sin B BmecTo 0 u B ¥ npuMeHUM GOPMYJIBI CIOKEHU:

sina +sinP=sin(x +y) +sin(x —y) =
=sinxcosy + cosxsiny + sinx cosy — cos x siny = 2 sin x cos y.
CJIOKHM U BBIUTEM IIOWJIEHHO PaBeHCTBA =X + y U P =x — y:
o+p,
o+pB=2x, x= 2'3,

a_
a—B=2y’ y: ZB.

3uauur,

sina+sinB=2sina§Bcosaéb- 1)
®opmyny (1) HASBIBAIOT POPMYNOL CYMMbL CUHYCO8 08YX Y2N08.
AHaAJIOTMYHO MOJKHO BBIBECTH (OPMYJLb. PA3ZHOCMU CUHYCO8

U POPMYNbL CYMMbL UL PA3ZHOCMU KOCUHYCO8 08YX Y2]08:
B o+f @)

. . .o -
sin o — sin f = 2 sin 5 C0S —5

o+ P o-B @)

cos o + cos f = 2 cos 5 COS —5

o+

cos 0. — cos B = -2 sin — sinaéb. )
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IIpumep 1. Yupocrum Beipaxkenue sin 70° + sin 20°.
IIpumensis ¢opMyJIy CHHYyCa CYMMEI JBYX YIJIOB, IOJY49UM
70° + 20° 70° — 20°

sin 70° + sin 20° = 2 sin 2 cos 3 =

V2

= 2sin 45°cos 25° = 2 - 7cos 25° = J§ cos 25°.

IIpumep 2. IlpeacraBum B Bujae npousBegenus 1 — sin o.

N
Tak kak 1 = sin 3> TO, IPUMeHsAs tdopmysy pasHOCTH CHHYCOB,

MOJIYYUM

s . T . .
1—s1na=s1n§ - sino = 2sin 3

=3
[}
®

I

w8

=2sin(§-§) eos(§ + 3) =20in(§ - 5) sim (5~ (54 5) -

—9sin(®-) gin(®-2) - -z(l‘__E)
—231n(4 2)sm(4 2)—28111 1 2/
IIpumep 3. IlpeacraBuM B BHAe IpPOU3BEJeHUS BhIpasKeHHUE
J3 - 2cosa.
J3

BrineceM 3a CKOOKH MHOMKHTEJNb 2, 3aMEHHM UHCJIO 5 PaBHBIM

emy yucyom cos 30° u mpuMeHNM (HoOpMYJly Pa3HOCTH KOCHMHYCOB:

V3 - 2cosa = 2(% - cosa) = 2(cos 30° - cos o) =

= -2.2gin30 regn3F o —4sin(15° +%)sin(15°—%).

2 2

Hcnonssys ¢popMysbl CHHYca ¥ KOCHHYCa CYMMEI M PA38HOCTH ABYX
YIJIOB, MOYXHO BBIBECTH (HPOPMYJIBI:

coso-cosf = cos(a—B);oos(a+|3), )
sina - sinp = oos(a—B)—?-‘oos(a+I3)’ (6)
sino-cosP = sin(a+|3);sin(a—[5). "
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®opmyaty (5) MOKHO IOJYYHUTD, €CJIH CJIOKHUTH [IOYJIEHHO JIEBEIE
M [paBble YaCTH TOXKIECTB
cos (o — B) = cos o cos B + sin a sin B,
cos(a + B) =cosccos B — sinasinf
M BBIPAsHUTH COS O cos [ yepes cos (ot — B) u cos (a + PB).
ARasiornyHo BhIBoAATcA Gopmyist (6) u (7).

1249. [oraxkure TOXKIAECTBO:
a) sin (o — 30°) ~ sin (a0 + 30°) = —cos o3
6) cos (o + 60°) + cos (o0 — 60°) = cos a.

1250. IlpeacraBbTe B BHAE NPON3BEAEHUA:

a) sin 25° + sin 35°; ) sin 3 + sin 1;
6) sin 130° — sin 10°; e) sin 2 — sin 5;
B) cos 80° + cos 20°; k) cos4 + cos T;
r) cos 18° — cos 78° 3) cos 3 — cos 2.

1251. ITpeobpasyiiTe B Ipou3BeaeHHE:

LT . 3m . (T . [m
a) sin— + sin—; sin|= + x| + sin|= - x|;
) sin g 5 %) (6 ) (6 )
2n T . (m . (n
6 =+ = sm(-+a)—sm(——a);
)} cos 2 cos 5 e) 3 3
. 3n W, T T .
B) sin 0 SmlO’ K) oos(3 y)+cos(3+y),
T 3n n (n )
r = - - 3) cos|= — B) - cos|= + B|.
) cos 7 S5 ) (6 B) 6 B
1252, IIpeacraBbTe B BUAE NPOU3BEAEHUA:
a) cos x + sin y; r) cos o — sinq; 3K) sin 200 — cos o
6) sin x — cos y; n) cos 3o — sin o; 3) cos o0 + sin 2.
B) sin o0 + cos oy e) sin o + cos 3a;

1253. IIpeo6pasyiiTe B nMpousBefeHNe:

a) sina + l; ) ﬁ - sino;
2 2
6) L - sinoy &) sino + X2,
2 2
B) £+cosa; XK) cosa+l;
2 2
r) cosO — é; 3) % — Ccos Ol
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1254. IIpencrasbTe B BHAEe NPOU3BEAeHUA:

a) 1 + 2cos x; T) 200sx—J§;
6) V3 - 2sinx; m) V3 + 2cos x;
B) 2sinx + V2; e) 2sinx — 2.
1255. IIpeobpasyiiTe B npousBeieHHe:
ing 12 R 3 In2 400
a) sin® o — sin® B; B) 7 — sin®x;
6) cos? o — cos? B; r) cos? x — %

1256. IIpencrasbTe B BHAEe CYMMBI HJIH Pa3HOCTH:

a) 2 sin 27° cos 9°%; ) cos (x + 1) cos (x — 1);
6) —2 sin 25° sin 15°; e) 2sin(a + b)cos (a — b);
B) 2 sin o cos 30, %) sin (m + n) sin (m — n);
r) 2 cos 20 cos 3) sin (2x + 3) sin (x — 3).
1257. YopocTuTe BbhIpaykeHue:
sin 37° + sin 23°, cos o — cos P,
8) §in37° - sin 23°° ) cosa + cos B’
cos 20° — cos 140°, sino + sin P,
6) Gos 20° + cos 140°° €) Sino —sin B’
sin 55° — sin 357, sin (45° + a) + sin (45° — o),
B) cos 55° + cos 28°° ) sin (45° + o) — sin (45° — a)’
cos 25° — cos 85°, cos (45° — a) + cos (45° + o)
I) 5in25° + sin85°° 3) Sin(45° — ) + sin (45° + 0) "

1258. Ilpeo6pasyiiTe BhIpa)keHUe:
sin 2x + sin 6x , cos 2x + cos 3x,
8) Gos 2x — cos b6x B) 'sin 2x - sin 3x’

6 cos 5x — cos x, sin 2x - sinx
) Sinbx + sinx’ T) Cos2x + cosx "

1259. JlokaxkuTe TOMXAECTBO:

o-p

a) (sin o + sin B)? + (cos o + cos B)? = 4 cos? 5

6) sin? (x + y) — sin? (x — y) = sin 2x sin 2y;
B) cos? (o + B) — cos? (o — B) = —sin 20 sin 2[3;
r) (sin x — sin y)? — (cos x — cos y)* = 4 sin? i;—y;
sin a + sin 3o + sin 5o
A) cos & + cos 3o + cos Sa

= tg 30

¢e) sin x + sin 3x + sin 5x + sin 7x = 4 cos x cos 2x sin 4x.
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1260. Pemure ypaBHEHHE:
a) sin 2x + sin x = 0;
6) sin 3x — sin 2x = 0;
B) cos 3x + cos x = 0;
r) cos x — cos 2x = 0.

1261. Hdokaxkure, 4TO:

o) b o+ tg B = S (s

sin (a0 — B)
6)tga —tgP= cosExcosBB'

1262. IIpeobpasyiiTe BhIpakeHuUe:
a) tg 75° - tg 15°; r) ctg 11° + ctg 34°%;
6) tg 25° + tg 65°% n) tg 85° + ctg 85°;
B) ctg 50° — ctg 20°; e) tg 25° — ctg 75°.

1263. Hoxaxure, uro:

a) cos 756°-cos 15° = %;

6) sin 105° - sin 75° = —i.

1264. Haiigure ocHOBHOM Iepuoj GyHKIMHU:

a)y =sinx + tg x; B)y=cosx—ctg%;
6)y = ?:;; r) y = sin® x.

\\
RN ‘/ YnpaXHeHus Ans NOBTOpeHus

1265. YnpocTuTe BhIpaXkeHue:
a) sin (n + x)sin (4n + x) — cos 2x;
6) sin (2o — 1) + 4 sin o cos a.

1266. IToxaknTe MTPHUXOBKOH B KOOPAMHATHOMN INIOCKOCTH MHO-
JKEeCTBO pellleHHil CHCTEeMbI:

- cosx 2 0, > 2sinx,
2) Yy - co 6) y sm'
y+x2<3; y < ~-2sinx.

1267. Pemure HepaBeHCTBO

J7x - 3 <8 - 4x.
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\
FTT T ‘F KOHTpOnbHble BOMPOCHbI U 3anaHus
1. BuiseguTe opMysly KOCHHYCAa PA3HOCTH ABYX YIJIOB.

2. CaeuaiiTe BBIBOA GOPMYJ KOCHHYCA CYMMBI U CHHYCA CYMMBI
M PasHOCTH ABYX YIJIOB.

3. BriBeguTe GOpMyJIBI TAHTeHCA CYMMBI U PasHOCTH ABYX YIJIOB.

4. BeiBesuTe GOpMyJaBl CHHYCa, KOCUHYCA M TaHreHCA ABOMHOI'O
yria.

5. Bripasute 1 — cosa u 1 + cos o0 4yepe3 TpUroHOMeTpHYeCKHUE
o
GyHKUIUU yria 3
6. Brisegure ¢opMyJsbI CHHYCa, KOCHHYCa M TAHIreHCa IIOJIOBHMH-
HOTO yrJIa.

7. BeiBeguTre GopMyJIBI CYMMBI M Pa3HOCTH CHHYCOB, CYMMBI
¥ pa3HOCTH KOCHHYCOB M CYMMBI M PasHOCTH TAHT€HCOB ABYX VIJIOB.

\
RN ‘f DononHutenbHbie ynpaXxHeHUs
K rnase 6

K nmaparpagy 17
1268. Hajignre 3HaueHne BHIpaYKEHHS:

a) cos % sin 3—; tg %; B) sin 60° cos 30° + tg 30°;
6) tg % CoS T sin %; r) tg 60° — 4 cos 45° sin 45°.

1269. Yemy paBHO 3HaUeHHNEe BhIPAXKEHUA:
a) sin 20t + cos 3o — sin o + cos o npu o = 30°%;
6) cos o — 2sin a + ctg 2o + tg o mpu o = 45°;
B) ctg (90° — o) + tg (3ot — 60°) — 2 cos (120° — 2a) mpu o = 30°%;
r) cos (150° - o) + 2 sin (180° — 2a) — 3 cos (90° — o) npu o = 60°?

1270. HaiiguTte 3HaYeHue BBHIPAXKEHHUA:
a) sin? (100° — o) + cos? (100° — o) npu o = 55°;
6) tg2 ausin (o0 + 15°) tg? (o0 + 15°) — cos (o0 — 15°) npu o = 45°%;

B) ctg? (65° — o) — tg? (o + 25°) + % tg? (o + 10°) + cos? (o + 10°) mput
o= 20°
r) cos (0. — 10°) — sin? (o, + 20°) + % ctg? (o + 10°) mpu o = 70°.
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1271. BepHo M paBeHCTBO WJIHM HEPABEHCTBO:

a) sin—’st + cos—:st =1 B) Sin—g + tg—g > tg—z;
1—~/§ n T n
) g4 co 5 2 r) 2c1:g6 sm4 < cos4?

1272. B xaxux YeTBepTAX MOJIOKUTEJBHO ¥ B KAKUX — OTpHIA-
TeJIbHO 3HAYEHUE BHIPAYKEHHS:

a) sin o cos o B) sin a ctg o; I) cos actg o
6) tg asin o r) cosatg o; e) tg actg .
1273. IIpy KaKuUX 3HAYEHUSAX O BEPHO PaBEHCTBO:
a) |sin o = sin a; r) |ctg 0| = —ctg o
6) |cos o] = —cos o3 1) |sin o cos o] = sin a cos a;
B) |tg oo = tg o e) |sin o cos | = —sin o cos a?

1274. Yupocture BhIpakeHHE:
mn

a) m?cos 0 + + n?tg? -};

sin
6

6) x? sing + 2xycosm — yitg 3%
1275. Noxkaxkure, 4TO:

a)sino+coso>1,ecan 0 <a < -12£;
6)tga+ ctgo 2> 2 npu tg o > 0.
K naparpagy 18

1276. Yupocrure BHIpaKeHHE:

a) tg 5563°; r) ctg (—525°);
6) cos 745°; %) tg 23%;
B) sin 442°; e) cos(—4—;")
1277. Yemy paBHO 3Hau€HHE BBIPAYKEHH:
o sin(-Fewl-Fp w () - an(5)

ocel3)remlih v els) el
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1278. Hailiagure HYyJH TPUrOHOMETPHYECKHUX (DYHKUHI B Ipome-
KYTKe:

a) [-360°; 180°]; B) [—%; 31t); o) (—-350°; 350°);
Tn, Tn

6) (—180°; 370°); r) (0; 4x]; e) [—?; ?]

1279. Haiigute B npomexxyTtke [—180°; 270°] kopau ypaBHeHHA:
a) sin x = 0; B) tg x = 0;
6) cos x = 0; r)yctgx =0.

1280. CpaBHHUTE ¢ HyJIeM 3HaY€HWE BBIDAYKEHUS:
a) sin 300°; o) sin 155°; n) cos 2,3n tg 0,8x;
6) cos 320°; e) cos 260°; K) ctg 2,1nt sin 3,47;
B) tg 201°; x) tg 130°; a) sin 1,2n tg 3,4n;
r) ctg 105°; 3) ctg 190°; M) tg 1,7nsin 1,7x.

1281. YriioMm Kakoii 4eTBePTH SBJIAETCA YIroJ O, eCJIM:
a) sin ot cos a0 > 0; r) tgasino < 0;
6) sino cos a < 0; n) ctg c.cos a > 0;
B) cos atg o > 0; e) sinactga < 0?

1282, Haitgure no rpadpuky (cMm. puc. 128 ua c. 317) 3HaueHUs x
B IIPOMEXKYTKE [—g; g], IpHA KOTOPBIX:

a) sin x = 0,6; B) sin x = —1;
6) sin x = -0,4; r)sinx = 1.

1283. IlocTpoiiTe B npomexyTke [-2n; 2n] rpaduk dyHKIUM:
a) y = cos x; 6) y = ctg x.

K nmaparpady 19
1284. BripasuTe uepe3 TPUTrOHOMETPHUYECKYIO GHYHKIMIO yrja o

a) sin (a - g) x) sin (5—; - Ot);
6) cos (a + %n); e) cos (OL - 5—;),
B) tg (o0 — m); x) tg (—72E + cx);

r) ctg (o + m); 3) ctg (77": - a).
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1285. Ilpn KaxoM 3HAYEHHH X B IIPOMEKYTKE

. 3
a) g, n) BEPHO PaBeHCTBO sinx = —~;

(=,

RER
3’

L

) ( %, ) BEDHO PaBEHCTBO tg X =
) (W, %n) BEPHO PABEHCTBO COS X = —%;

r) (%n; 21t) BEPHO PaBEHCTBO ctg X = 32

1286. Haitaure Takoe 3HaUeHNE X B IIPOMEXKYTKE

a)

; ), pu KoTopoM sin x = —sin 23°;
0)

(%, n), IIPH KOTOPOM COS X = —cos 85°;

) |-m; £), npu kKotopoMm tg x = tg 40°;

w

r) (%n; 215), pu KotopoM ctg x = —ctg 10°.

1287. YupocruTte BhIpaKeHHe:
a) cos 13° — sin 77° + tg 50° + ctg 130°;
6) sin (—69°) + sin (—52°) + cos 21° + cos (—38°);
B) sin (90° + o) + tg (270° + o) + cos (o0 — 180°) + ctg (360° — o);
r) 3 cos o — sin (o — 30°) — 3 cos (360° — o) + sin (o + 90°);

m) tg(m — o) — cos(a — ) + sin(-’zE - a) - ctg(3_2" + oz);
e) sin (g + a) sin (3—2“ -~ oc) + cos (a - g-) sin (o — 7).

1288. CymiecTByeT Jii yroJ o, IJig KOTOPOro:
n

. m .
a)81na—mncosa—m,

1 m
6)tgo=m + m nctga=m7
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1289. YnpocTure BhHIpakeHue:

ctg?o — cos?al,

a) tg?a ~ sina ’

1
2 2 — .
6) cos? a. + ctg? o prmcpot

D
B) 1+ —5 —tg°o;

2sin?a -1
sino + cos o’

1290. Joxakure TOMKIECTBO:

l-cosa _ sina
8) Tsina 1+cosa’
6 1-2sin’a . .
)—ctga—tga = sin o cos o;

(sino + cos a)® - 1
B) ctg o — sin o cos o

=2tg?oy

tga +tgp
r) ctg o + ctgP =tgatgp.

1291. NUsBecTHO, uTO Sin o — cos o0 = m. Haiiaure:
a) sinocoso;  6) sin® o — cos® a.

1292, Hagigure tg? o + ctg? o u tgd o — ctg® o, ecan
tg? o - ctg?o = n.

sina - tg a

1293. Nokaxure, 4T0 APOGh _———— ctg o

He MOYKeT NIPUHUMATh
OTpUlIATEJbHBIX 3HAYEHUM.

in3 3
1294. 3uauenue gpobu sinfa (1 + c‘fg @) + cosTa (1 + tg o) He 3aBHU-
sSin & + cos o

cut or o. Hokraxure.

1295. TaureHc yrJyia OIpH OZHOM M3 OCHOBaHHWI paBHOGOKOH Tpa-
menuu paseH 0,8. Haligure Tanrenc, kotaHreHc, CHHyC M KOCHHYC yTJa
[pU JPYyroM OCHOBAHUM TpAIlelVH.

1296. KoraHreHc ofHOTO M3 CMEXHKIX yrioB paBeH —3. Haiigute
CHHYC, KOCHHYC, TAHTeHC M KOTAHTEHC APYroro yria.
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1297. HaiiaguTe 3HauYeHUe BBIDAXKEHUA:
a) tg 10° tg 20° tg 30° tg 40° tg 50° tg 60° tg 70° tg 80°;
6) ctg 30° ctg 35° ctg 40° ctg 45° ctg 50° ctg 55° ctg 60°;
B) sin? 20° + sin? 30° + sin? 40° + sin? 50° + sin? 60° + sin? 70°;
r) cos? 21° + cos? 33° + cos? 45° + cos? 57° + cos? 69°.
1298. loraxure, 4TO NIpPOU3BeZiIeHNEe BCEX BhIpayKeHUil Buja tg n°,
rae n — HaTypajbHOe YKCJIo, MeHblIee 90, pasuo 1.

1299. YupoctuTte BHIpa)XeHUe:
a) sin (—220°) cos 50° + cos 220° sin (—-50°) + tg (—40°) tg 50°;
6) ctg 245° ctg 205° (sin 265° cos 175° + sin 5° cos 95°).

1800. Ookaxure, uro Sin? (% + cx) + sin? (4—; - oc) = 1.

K maparpagy 20
1301. Hajigure:

a) sin (30° + o), ecam sin o = —% n 180° < o < 270°%
6) cos (o0 — 45°), ecam cos O = % u 0° < a < 90°%

B) sin (60° — o), ecsm cos o = —\/% u 90° < o < 180°%

r) tg (o0 + 45°), ecam sin o = g u 90° < o < 180°.

1302. HU3BecTHO, uTO Sin o = 2l5, cosP = —-g—, 0° < o < 90°,
90° < B < 180°. Haiigure:
a) sin (o + B); B) cos (o0 — B);
6) cos (o0 + B); r) tg (o - B);

1303. Haiigure:

a) tg o, ecan tg(g- - a) =m;

6) ctg o, ecan ctg(-g- + a) =n.
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1304. Brruuciaure:

n . 12 3n
— = - —— < < =3
a) tg(a 4), ecs sin o 3 AT <a<

6) ctg(oz + %), ecau sin o = -0,5 u 3?” < o< 2m.

1305. Yupocrure:
a) cos o sin (30° + o) — sin a cos (30° + a);
6) cos (45° — a) sin o + sin (45° — a);
B) sin (o + P) cos o — cos (o + B) sin
r) cos (o0 — B) sin B + sin (o — B) cos P.

1306. dokaxure TOXKIECTBO:
tg(o +P)—tga — tgP

2) tgatg (o + B) = tg B;
6) TS oy = ta (@ + B)tg (o - B

B)tg(a-P)-tga+tgB=tg(B - a)tgatgP;
tgo ~tgB | tgo+tgB
D tg@-p)  te@rp 2

1307. Bripasute
a) ctg (o + B) u ctg (o0 — B) uepes ctg o u ctg B;

) tga + tgP

T yepes sin (o + B) u sin (o — B);

p) SEO Y ED yopes cos (o + B) 1 cos (0 — B);

ctga —ctgp
r)tg (o + B + y) uepes tg o, tgPutgy.

1308. Ookaxwure, uro o + B = 45°, ecau o u [} — ocTpeie yribl U

72,

a) sino = g. cos = 30
1 1
6)tgoa = 3 tgP= 3
L4

1309. Jokaxure, uro o0 — B = 3 ecm o u B — ocrprie yram u

tga=2% ntgo= é
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1310. Haiigure sin 20, cos 200 1 tg 20, ecan:

a)sina=@ n0<oa<;
6) cos o= —@Hg<a<n;

B)tga=24un<a< gn;

r)ctgo= —1% " %n <o < 2m.

1 . . T
1311. Hoxaxure, 4TO 3 sin 200 < sino, ecain 0 < o < 7

1312, Bripasure sin 29, cos 2¢ u tg 2¢ uepes sin %, cos % u tg %
1313. Haiigure suauenue cos 40, ecyau sin o = 1——2£
1314. Bripaswure:
a) sin 40 yepe3 sin o 1 cos o;;
6) cos 40 yepes sin o 1 cos o
B) tg 40 yepes tg o
r) ctg 40 yepes ctg o.
1315. [JoxaKuTe TOMXKAECTBO:
. . . 3tga - tgla
— —_ 3 rye — B B .
a) sin 2o = 3 sina — 4 sin® o B) tg 3o = i-3tga °
4 cos? o — : _ cog’a - 3ctga
6) cos 3o =4 cos®a — 3cos o r) ctg 3o = 3cigfa—1 '

1316. Bripasure sin 20 yepes tg o.

1317. Haiigure sin%, cos% " tg%, ecJIu:

6)sino=0,28u =~ <o <.

a)cosa=ln0<a<5 2

2 2°

1318. Briuucaure sin%, cos% u tg%, ecau tgo = % "

3
T<a< Eﬂ.
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1319. IloxamﬁTe TOMIECTBO:

B

a) cos o (cos o — cos ) + sin a (sin o - sin ) = 2 sin? aé ;

6) (sin o — sin B)? + (cos o — cos B)? = 4 sin? a—éﬁ.
1320. IIpeacTasbTe B BHAe IPOM3BEAEeHUN:

a) 1 — cos®x — cos? y; B) 1 + sin o + cos o

6) 1 — sin? x — cos? y; r) 1 - sina — cos a.

1321. IIpeo6pasyiiTe B mpousBegeHue:
a) sin (30° — o) + sin (30° + o) + cos 30
6) cos (45° + o) + cos (45° - o) + \/E cos 3a.

1322, Vopocture BrIpaykeHue:
sin (o + B) sin (o — B),

cos (o + B) cos (o — B)
) sin o + sinp ’ 6) )

cos o — cosf

1323. Joxasxure, YTo npu JIOGBIX 3HaYeHUAX O U [} BepHO

PAaBeHCTBO:
a) cos? o — sin? o = cos (o + B) cos (o — B);
6) sin? (a0 + PB) — sin? (o — B) = sin 20 sin 2.

1324. IIpeacraBbTe B BHAE IIPON3BEAEHUA:
a) sin o + sin 2o + sin 3oy B) cos 0. + cos 2a. + cos 3a;
6) sin o0 — sin 2o + sin 3o r') cos o + cos 20, + cos 30L.

1325. JlokaKuTe TOMKAECTBO:
) sin o + sin 3a + sin 5a
8) Cos o + cos 0. + cos 5ot

= tg 3

cos o0 — cos 200 — cos 40 + cos 5o
sin o — sin 200 — sin 40 + sin S5a

6) = ctg 3a.

1326. Haitaure sin (o + B) u cos (o + B), ecnm sina + sinPf =m

mcoso + cosP =gq.

sino + sinP —siny _ o, B

1327. Ecm o + B+ y=m, TO sino + sinB + siny — 835
KaXXure.
1328. HaiinuTe 3HaueHue BHIPpAKEHUA
8 cos 20° cos 40° cos 80°.

1329. VopocTture BhipaskeHue

1,141,101 1 <cgg< X
Ji*ix/ra\/;*;‘mza oSSy

tg —tg—.

Ho-
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1330. okakuTe TOMKAECTBO:
sin na cos (n + 1)
sin o

a) cos 20. + cos 400 + ... + cos 2no. = » Tle n — HaTy-

pajIbHOE 4HCJIO;
sinno sin (n + 1)a

6) sin 2a + sin 4o + ... + sin 2no. = » TOe n — HaTy-

sina
paJIbHOE YHCJIO.
1331. Jokakure, 4TO eCJu tg% = 4tg %, TO
tg B-a _ 3sina _
2 5 - 3cosa

1332. Joxax«uTe, YTO €CJIM B TPEYrOJLHHMKE C yIJIaMH O, P U Y
yroJ Y TyIoii, To Npou3BeJeHre TAHTEHCOB O ¥ [ MeHsbIue 1.

1333. Hoxaxkure, uTo HamboJblilee 3Ha4YeHHe sin x + \/E Ccos X
paBHO J§

% sin 2o
1334. Jokaxkure, 4TO COS O COS 20t coS 40, ... cos* a = Signo’ TAe

k— HaTypaJbHO€ YHCJIO.

1335. Horaxkure, uTo ypaBHeHHe sin®x — sin®x + sinx -3 =10
He UMeeT KOpHeH.

1336. Hokaxure, uTO:

a) cosz—7t + cosﬂ = —l;
7 7 2

n 2n 1
S — — § — = —,
6) co! 5 Cco! = 3
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OCHOBHbIE NOHATUA
n ®OPMYVYJibl

§ 21. /’\ KOMBUWHATOPUKHU

57. V TMNepectraHOBKMU

Ha npakTHKe 4acTo IPHUXOAUTCA pelllaTh 3aJa4H, B KOTOPHIX Ha-
IO COCTABHUTH TY HJIH MHYI0 KOMOMHAIIMIO 3JIEMEHTOB COTJIACHO IIO-
CTaBJIEHHOMY B YCJIOBHM 3aja4yM TpeOoBaHMIO, a TaK)Xe IIPOM3BOJUTH
MOACYEeT YMCJIa COCTABJEeHHBIX KoMOuHanuii. Takue 3ajayd moJy4yu-
JIM HasBaHHWEe KOMOUHAMOpDHble, a pasfes MaTeMaTHKH, B KOTOPOM
n3y4aloTcA KOMOMHATOpHBIE 3ajauyd, — KOMOUHAMOPUKA.

Uper 1 mMeroAbl KOMOMHATOPMKYN KCIOJB3YIOTCS B TEOPUM BEpO-
ATHOCTEI, MAaTeMaTHU4eCKOM CTATHCTHKe, a TaK)Ke B JPYruX pasmgeiax
HAYKH ¥ TeXHUKH.

IIpocreiieit komGuHaAIIMEH, KOTOPYI0O MOKHO COCTABUTH U3 3Je-
MEHTOB KOHE€YHOI'0 MHOJKeCTBa, YCTAHOBHB B 3TOM MHOYKECTBe IOpPA-
JOK €ro 3JIeMEHTOB, ABJIAETCA NepecmaHo8Ka.

PaccmoTpum 3agady.

Ha noake croar Tpu KHUrH. CKOJBKHMH CIOCO0aMHM MOXKHO pac-
CTABUTDL 3TH KHHUTH Ha IOJKe?

Obo3HaunM kHUTH OyKBaMM a, b, u c.

Ecnu nepBoif mocTaBUTh KHUTY @, TO BOSMOYKHBI BAPHUAHTHI

abc, ach.

Ecau nepBoii mocTaBUThL KHUTY b, TO MMeeM TaKHe BapHaHTHI:

bac, bca.

H, HakoHen, ecau nepBoit OygeT KHHUra ¢, TO MOJYYUM TaKHe Ba-
PHMAHTHL:

cab, cbha.
3Ha‘«1KT, TP KHHUI'M Ha IIOJIKe MOXXHO paCCTaBHThH ILUECTBIO pa3-
JMYHBIMH CIIOCO0aMH, HJIH, KAK rOBOPAT B KOMOHHATOPHKE, MOYKHO
NOJAYYUTH 6 pasJUYHBIX nepecmaHosox.

Onpenenenue. KoHeuHOE MHOXKECTBO, B KOTOPOM YCTAHOBJIEH
NMOPANOK €ro 3JI€MEeHTOB, Ha3LIBAIOT IEPEeCTaHOBKOIA.

BpiACHUM, CKOJBKO IIepecTaHOBOK MOXXHO IIOJIYYMTHb U3 MHOXe-
CTBa, COAep Kallero n 3JIeMeHTOB.
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O603Ha4UM UMCJIO [EPECTAHOBOK K3 7l 3JIEMEHTOB CHMBOJIOM P,
(4YUTAIOT: «II3 U3 3H»).

Ecau n =1, To P, = 1. 9T0 0UeBUIHO.

Ecnu n = 2, to P, = 2, Tak KaKk BO3MOYKHBI JIMIIb JIBE IIepecra-
HOBKH: ab u ba.

Ecau n = 3, Tto P; = 6. JroT cayuaif pacCMOTpPeH BBIllIE.

Hycts n = 4. JobaBUM K TpeM KHHraM a, b u ¢ eie ofHY — KHH-
ry d.

W3 xaxpoil mepecTaHOBKH, HAmpuMep abc, MOKHO IIOJYYHUTh
4 pa3JIMYHBIX TIEPECTAHOBKH, €CJIX KHUT'Y d IIOCTABUTH 1epeq a, mepex b,
nepejg c, mocJje C:

dabc, adbc, abdc, abed.

Bcero nepecraHoBok u3 3 asemeHToB Oyaer 6. 3HauurT,
P,=4P,=4-6 = 24,
W3 paccMOTpeHHBIX NPUMEPOB BHAHO, YTO
P,=1P,=1-2,P;,=1-2-3,P,=1-2-3-4.

Mo HO NPeANoJIOKUTE, YTO YUCJIO IePECTAHOBOK U3 71 3JIEMEHTOB

MOXKHO Ha¥lTu 1o ¢opmyJie
P,=1.-2-3-...-(n— 1)n.

IIpousBeseHUe NEPBBIX 71 HATYPAJIBHBIX YHCeJ NPUHATO 0003Ha-
uaTh Tak: n! (YUTAOT: «3H (pakTopuUa»), T. e. nl=1-2-3-...-(n-
1)n. Ilo onpegeseHUI0 TaK¥Ke CYHUTAIOT, 4To 1! = 1.

HoxaxeM, uto piada jgoboro n € N BepHa dopmyia

P,=n! (1)

Joka3aTeJbCTBO MPOBEJEM METOAOM MaTeMaTH4eCKON MHAYKIHH.

HIpu n =1 popmyna (1) Bepua: P, =1, . e. P, = 1!

Homycrum, uro dopmyaa (1) Bepra ginss n = k, rge B > 1, 1. e.
P, = k! Jokaxem, uro ¢dopmya (1) Takke Bepra gna n =k + 1, 1.e.
Py, =(k+ 1)

Hycts a,a,a,...a, — TPOU3BOJIbHAA EPECTAHOBKA, KOTOPYIO MOX-
HO COCTaBUTb U3 Kk 3jeMeHTOB. Eciu K 3TOil mepecTaHOBKe IIpH-
COEIVHUTD @, ,, dJIEMEHT, TO er0 MOYXHO IIOCTABUTH Ha MEPBOE MECTO,
Ha BTOpOe MeCTO M T. A., Ha k-e MeCcTo U, HaKOHell, Ha mocjekHee Mec-
To (mocJie a, dNeMeHTa).

B pesysnbraTe U3 OgHON IepeCTAHOBKM MOXKHO IOJYYHUTH kB + 1
IepecTaHoBKY, a u3 P, mepecranoBok — (k& + 1)P, nepecTaHoBOK. 3Ha-
yut, P,,.,=(k+ 1)P,=(k + D)kl = (k + 1)!

Mut nokasanu, 4ro ¢opmyia (1) Bepra maa n = 1, u, gomycTus,
YTO OHA BepHa AJA N = k, AOKa3aJIy, YTO OHA BepHa ajua n =k + 1.
CanepgoBaTesibHO, HA OCHOBAHUY IIPHHLUAIIA MATEMATHYECKOM HHAYKIHH
dopmyaa (1) BepHa gua Jroboro n > 1.



§ 21. OcHoBHble MNOHATUA 1 GopMynbl KOMBUHATOPUKK 381

IIpumep 1. HaitgeM, CKOJBKO DPa3jIMYHBIX YeTHIPEX3HAYHBIX
YUCeJ MOXXHO COCTABUTh, McHoJb3ys nudps 0, 1, 2, 3, npuuem B
KaXJI0oM uncje HUPPH JOJKHBI ObITh pasHBIE.

KonuyecTBO YeThIpeX3HAYHKIX YHCEJ, KOTOPhIE MOYKHO COCTaBUTh
U3 YeThIpeX PasJHYHBIX Iudp, uckaouas 0, 6e3 MOBTOpeHHs UMD,
PaBHO YHUCJy TlepeCTaHOBOK M3 YeThIpEX 3JeMeHTOB, T.e. P,. OgHako
B 9TOM cJiy4dae cpeau nudp ecth nudpa 0, ¢ KOTOPoil He MOKeT HauH-
HaTbCA 4YeThipex3HayHoe yucjo. Ilo3ToMy H3 mepecTaHOBOK,
cofiepKalllMX YeThIpe 3JIeMEHTa, HAJ0 HCKJIOUHTH Te IIePeCTAHOBKH,
KoTopble HaunHaloTca nudpoii 0. Takux nepecranosok Oyzer P;. Cie-
JOBATEJNbHO, BCEro YeThIpeX3HAUYHBIX UYHCeJ, KOTOphie MOXKHO CO-
CTaBUTDb M3 JaHHBIX LHPpP, Gyaer

P,-P,=4-31=3l1(4-1)=6-3=18.

OrBerT: 18.

IIpumep 2. Ameerca 10 pa3snuuHbIX KHUT, CpeU KOTOPBIX €CTh
TPeXTOMHHMK OJHOro aBTopa. CKOJNBKHMH crnocof6aMH MOMKHO
PACCTABHUTH 3TH KHUTHM Ha IIOJIKe, €CJIM KHUTH TPEXTOMHMKA JOJIKHBI
HaXOAUTHLCA BMeCTe, HO B JIIOOOM mopsaake?

ByaeMm cunTaTh TPeXTOMHHUK OfHOI KHuUro#. Torga y Hac mmeercsa
He 10 xHur, a 8. PaccraBuTh UX MOXKHO Py pa3juYHBIMHM CIIOCO0aMHU.
B To ke BpeMA KHUT'M B TPEXTOMHHKE MOKHO paccTaBUTh P; crmocoba-
MM, KaXOoil mepecTaHOBKe u3 8 3JIeMEHTOB COOTBETCTBYET
ompeaeJieHHasA IepecTaHOBKa U3 3 3jeMeHToB. IloaTomMy Bcero mepe-
CTAaHOBOK B COOTBETCTBHH C YCJOBMEM 3azaum Oymer

Py- P, =8l 3! =241 920.

OrBeT: 241 920.

1337. CrosbKUMHU pa3IUYHBIMU CIIOCOBAMHM MOrYT CeCcThb Ha CKa-
MelKy
a) 5 ueyioBeK; 6) 7 gyesmoBek?

1338. CrkoJBKO pasJIMYHBIX TPEXIBETHBIX (hJIaroB ¢ TpeMsa ropu-
30HTAJBHBIMY II0JIOCAMH MOXKHO IIOJYYUTH, UCIOJb3YsA KPACHBIH, cH-
HUH U Oesbit 1BeTa?

1339. CxoabkuMH crniocofaMy MOXKHO PacCTaBUThH IIO 3TAlaM due-
ThIpeX ydacTHHI] acTadeTrhl B Oere 4 X 100 m?

1340. CocTraBbTe BC€BO3MOXKHbIE TPeX3HAYHbIE UHMCJIA, B KOTOPBIX
BCce (P pasHbie, UCIOJbL3YS JUIIb HUPPHI:
a)7,5,1; 6) 2,0, 9.

1341. CKONBKO YEeTHRIX TPEX3HAYHBIX YHMCEJ MOXKXHO COCTABHUTH

n3 uuopp 1, 2, 5, 7, eciu xakaas nudpa MoxeT OLITH HCIOJIH30BaHA
TOJILKO OAMH pa3?
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1342, Yyamueca IOJKHBEI IIOCETHTh BO BTOPHHK IIO PaACIIMCAHHUIO
5 YPOKOB IO CJIeAYIOIMM IIpeIMeTaM: JIUTepaTypa, aareGpa, reorpa-
dusa, puskyasrypa u 6uosorusi. CKOJILKHMHU cHocoBGaMU MOIKHO CO-
CTaBHTh pacIucaHHe Ha 3TOT JeHb TaK, 4TOOhI (HU3KYyJIbTypa Oblia
NATHIM YPOKOM?

1343. U3 uudp 2, 3, 4, 7 cocraBjieHbBI BCEBO3MOYKHEIE YeTH-
pexsHauHkle uyucja (6e3 mosropeHus Hudp). CKOJIbKO CpPeAM 3THX
YuceJ TAKHX, KOTOPHIE:

a) HauYWHAaIOTCA ¢ UuGpHI 7; 6) He HauuHAaOTCA C HUGpPHI 47

1344. U3 uuopp 1, 2, 0, 5, 6 cocrasjieHbI BCEBO3MOYKHEIe IIATH-
anayHsle yucia (6e3 nosropenusa uudp). CKOJBKO CpeAX 3THX UYHCeN
TAaKUX, KOTOphIE:

a) KpaTHHI 4; 6) KpaTHBI 57

1345. B asromaniuue 5 mect. CKOJBKUMHU criocobaMu B 3TOif aB-
TOMAaIlIMHEe MOTYT Pa3MECTHUTBLCA D YeJIOBEK, €CJIH MECTO BOAUTENS MO-
IYT 3aHATH TOJBKO JABOe M3 HUX (T. €. TOJBKO JBOe MOTYT YIIPaBJATh
aBToMobuyem)?

1346. YTo6nt OTKpPHITH ceii, Hy:KHO HabpaTh mudp, comepraui
ollpefieJIEHHYIO II0CJIeJ0BaTeIbHOCTh U3 nudp 1, 2, 3, 4, 5, 6, u apyroi
mwudp, comepxkamuil nmocaegoBaTtenbHocTh u3 OykB a, b, ¢, d,
B KOTOpHIX OYKBHI M Lu(phl He MOBTOPAIOTCA. CKOJIBKO CYIIECTBYET
KoMOHMHanuit, npu KOTOpHIX ceiip He OoTKphIBaeTcA?

1347. CroabKHMH cIToco6aMM MOYKHO PacCTaBUTh Ha ITOJIKE YEThIpe
KHUTH 0 asrebpe U TpH [0 reOMETpPHH, IPUYEM TaK, YTOOBI BCe KHHU-
ru no ajrebpe (B m060M nopAAKe) CTOANH pAgoM?

1348. HaiiguTe cymMMy BceX TpPeX3HAUHBIX YHCEJI, KOTOPbIE MOXK-
HO COCTaBUTh U3 nudp 2, 4, 6, He moBTOpPAA UUDP?

1349. Yucao a = nl + 1, rge n € N, ABageTcd KBaApaToM HATy-
pasgbHoOro uucia. Haiigure HauMeHblllee 3HaueHUe @, €CJIN:

a) a — ABy3HA4YHOEe YHCJIO; 6) a — Tpexs3HauyHOEe YHCJO.

1350. Pemure ypasHeHUE:
a) x! = 5040; 6) x! + (x — 1)l = 5760.

\
FTrp T ‘/ YnpaxHeHus ANa NOBTOPEHUN

1351. HocrpoiiTe rpadux GyHKIHH
y=2x% - 3|x| - 2.
1352. IIpn kakux 3HaUYeHUAX IMapaMeTpa @ ypaBHeHHe
x*+ax*+a-1=0
MMeeT TOJILKO JBa KOpHA?



§ 21. OcHoBHble NOHATUA U HOPMYNbl KOMBUHATOPUKKN 383

1353. Peuiure HepaBeHCTBO

3x -1

- < 1.

1354. Joxka)kure, 4TO 3HaUeHHUE BHIPpAYKEHUA

J11 + 642 + V11 - 642

€CTh HaTypaJbHO€e YHCJIO.

58. \’/ Pa3melwieHnsa

CocraBUM M3 3JIEMEHTOB MHOYKeCTBa {a, b, ¢, d} BceBO3MOKHEIE
mmapsl, YTOOBI B KaKAOM mape 3JIEMEHTHI He IOBTOPAJIUCH.

B nepBoii cTpoke 3amuiiieM Bce Iaphl C MEPBBIM 3JIEMEHTOM &, BO
BTOPOi1 — Bce naphl C IepBbIM 3eMeHTOM b u T. A. [Toxyuum Tabaumny:
(a, b), (a, ¢), (a,d),

(b, a), (b,¢c), (b, a),
(c, a), (¢, b), (c, d),
(d, a), (d,d), (d, c).

Kaxxnyio napy B aroii Tabauie, cCOCTaBJIEHHYIO U3 3JIEMEHTOB MHO-
»kectea {a, b, ¢, d}, B KOMOMHATOpHUKe HASLIBAIOT DA3MeUjeHueM W3
4 anemenToB 110 2. YHCIO BceX TAKUX pasMelleHuil o6o3HaualoT TaK: A2
(YHTAIOT: «a M3 YeThIpex Io ABa»). Mbl BUAUM, uTo AZ =4-3 =12.

Onpegenenune. PaamemeHneM H3 N 3J€eMEHTOB KOHEIHOIO
MHOKeCTBa IO k, rne B < n, Ha3LIBAIOT YIIOPAXOYEHHOE MHOXECTBO,
cogep:;xamee k 3JeMeHTOB.

TakuM o0pas3oM, pasMelleHUs — 3TO Iapbl, TPOMKH, UEeTBEPKU
U T.J. 3JIEMEHTOB MHOKecTBa. /3 onpejaesieHusa CJELYyeT, UYTO JBa
pasMelleHNs ABJIAIOTCA PAa3JMUYHBIMU, €CJIH OHM OTJIHYAIOTCA APYT OT
Jpyra 3JieMeHTaMH WX IOPAAKOM 3JIeMeHTOB. JIerko BuaeTh, YTO pas-
MeIleHre U3 N 3JIEMEHTOB IO 1 — 3TO II€PEeCTAHOBKA U3 71 3JIEMEHTOB.

Cumsosiom A o6o3HauaeTca YMCI0 BCEBO3IMOYKHBIX Pas3MeLeHuHH,
KOTOpble MOYXHO COCTaBHTh U3 1 3JIEMEHTOB IO K.

Teopema. Jucno pazmeuyenuil, cOCmaenennbx u3 n ane-
Menmoe no k, évinucasemca no ¢popmyne
ko
A =nn-1Dn-2)-...-(n — (k — 1)),
m. e. paéno npouseedenuro k nocnedosamensHbx HAMYPANLLHLLY YU~
cen, 6onbUWUM U3 KOMODPLLX AGNAEMCR N.

ODokasaTenbcTso. IIycTs UMeeTCS MHOMKECTBO, COCTOALIEE U3
n 3JIeMeHTOB:
{a, b, c, ..., &k, I}.
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Mgbi He 3HaeM, CKOJIbBKO BCEro MOYXHO COCTABHTH pa3memeﬂm‘i H3
9THX N IJIEMEHTOB IIO k, HO 3HaeM, 4YTO CpeAH BCeX paaMemeHnifl €CThb
TaKHe, KOTOpble HAYMHAIOTCHA 3JIEMEHTOM 4. ITocTaBuM ceGe 3aa4y
COCUHMTAaTh, CKOJIBKO paamemeHm'«’I U3 7 10 B HauMHAIOTCA IJIEMEHTOM d.

Iycte
(a,..) —

N —
k a1eMeHTOB

OJHO M3 TaKMX pasmelleHuii. B rakom pasmelnenun k — 1 ajieMeHTOB,
cAeAyIOIINX IIOCJIe @, HPeACTaBJAIT co0oii HEKOTopoe pa3MelleHHe
n3 n — 1 samementoB mo k£ — 1. JleiicTBUTENbHO, B 3TO pa3MellcHAe
MOTYT BXOZWUThH JIIoOble M3 HaHHBLIX 1 3JIEMEHTOB, KpoMe 3JIeMeHTA4 4.
IToaToMy pasMeleHHI U3 71 3JIEMEHTOB 110 £, HAUMHAIOI[UXCSA dJIeMeR-
TOM @, CTOJIbKO, CKOJIbKO MOYKHO COCTABHTH pas3MelleHHil us n — 1
ajleMeHToB o kB — 1.

Kaxxpnoe u3s pasmeleHuii u3 n no £ HaunHaeTcs JMOO 2JIEMEHTOM 4,
Jaubo 3J1eMeHTOM b u T. 1.

Yuco pasMellleHMii, HAUMHAIOLUMXCA dJIeMEeHTOM @, paBHO A'l,
TouHO TAK Ke YHMCJO pasMellleHHii, HAaUMHAIOIIUXCA IIEeMeHTOM b,
paBuo A'} u 1. 5. Uncio Bcex pasmernenuit us n mo k, 7. e. A¥, passo

CyMMe 4YHcCeJl pasMellleHHWii, HaUMHAIOIMIUXCA Ha a, b, ¢, ..., L.
Bcero ajieMeHTOB B JaHHOM MHOJKecTBe n. CJiefoBaTeNbLHO,

k k-1

A" =n -1°

Jra ¢popmyia BepHa AJs jgoboro n > 1 u k < n. 3Hauwur,
Fl=(n-1)A%E, r.e. A =n(n-1)AS.

AFE = (n-2)AS.

A* =n(n - 1)(n - 2) A2,
IIpomosxad aTH paccy:KJeHUs gajiee, MOJIYIUM (opMmysry
AA=z=nn-1D(n-2) ... - (n - (k- 1)). )
HoacraBassa B 3Ty dopmyay (1) BMecTo & uucio n, moJydum
Al=nn-1)(n-2)...2-1=nl

97O ellje pa3 NOATBEPIKAAET, UTO pasMellleHle U3 I 3JIEMEHTOB 1o
AIBJIAETCS IIepeCTAHOBKOM U3 n 3JIeMEHTOB.

TIo onpefeJieHUI0 IPUHATO CUUTATh, uTo 0! = 1. IToaTomy dopmy.e
(1) MOXXHO IpUAATh APYTrofl BUA, €CJIM €e IPaBylo YACTh YMHOXHUTH Ha

Hanee

Orclona

- k)
Apobb ﬁ, paBHYIO 1:
N (n - k) nl
A, =n(n-1)n-2) ....(n—-(k—-1)) Rl - G- T e.

v _ o _nl
A =GR
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IIpumep 1. V3 12 yuyamuxcss HYy>KHO oToOpaTh IO OKHOMY Ue-
JIOBEKY IJIf y4acTHs B FOPOACKHUX OJIMMIIMAZaX O MaTeMaTuke, pusu-
Ke, McTopuM U reorpadun. Kasxablil U3 y4allliXcAd y4acTBYET TOJIBKO
B onHoM onuMmnuage. CKOJIbKUMH clioco6aMH 3TO MOJKHO CAesaTh?

Kaxaas rpynna ydyamuxcs, HanpasiseMas Ha OJMMIIMaAy B CO-
craBe 4 4eJIOBEK, OTJNYAEeTCA OT Ji00o# Apyroi rpynnel gubo yua-
IMUMUCA, 1160 MMOPALKOM, KOTOPHIH onpeaesnseT, 10 KAKOMY IIpeIMeTy
OyzaeT copeBHOBaThcA ydyeHUK., IloaTromy umcio crmoco6oB or6opa yua-
OIMXCA paBHO YMCIy pasMemenu#t us 12 mo 4:

A =12.11-10-9 = 11 880.
OrsBeT: 11 880.

IIpumep 2. CKOABKO CYIIECTBYeT CeMU3HAUHBIX TesedOHHBIX
HOMEPOB, B KOTOPHIX BCe IU(PHI PasjiUYHEl ¥ [IepBasa LHUPpa OTINYHA
or Hyaa?

KoanuecTBo BCcex ceMuU3HAuHBIX HOMepoB u3 10 mudp (Ges mo-
BTopennuit) 6ymer Al M3 HUX HY’XHO MCKJIIOYMTH T€ HOMEpa, KOTO-
phble HaunHAOTCA mudpok 0. Taxux HomepoB AS. 3HauuT, BCero Ho-
MepoB, COIVIaCHO YCJIOBHIO, GyaeTr

10! 9! 100 9! _ 9

T AS= - 100 9 _9io-1)=
A~ A= Go—mi- @8 = 3 ~31 = 5(10 - 1) =544 320.

OTrserT: 544 320.

IIpamep 3. CKOABKO CylLIeCTBYeT TPEeX3HAYHBIX YHcCeJ, CO-
cTaBJEeHHBIX U3 uudp 1, 2, 3, 4, 5, 6 (6es moBTOpPEeHNIt), KOTODhIEe HE
KpaTHEI 3?

Yucua, kpaTHble 3, — 3TO 4YKCJA, KOTOPhIe COCTaBJIEHH u3 Uudp
1,2,3;1,2,6;1,3,5;1,5,6; 2,3,4;2,4,6; 3,4, 5;4,5,6,un
TONBKO M3 3TuX nudp. M3 kamgoil Tpolku mupp MOKHO COCTABUTH
P; uncen, kpaTHRIXx 3 (cymMma uudp umcia, 3aIMCAHHOrO B JIO6OM
nopaake, kpatHa 3). Bcero Tpoek 8. 3HauuT, Bcero Tpex3HaYHBIX
YyuceJl, KPaTHLIX 3, Oyaer

8- P;=8-6=48.

Bcex TpexsHauyHBIX YMCeJ, KOTOphle MOXKHO COCTABUTH U3 JaHHBIX
6 uudp, 6yzer A3, T.e. 120. 3HaUNT, KOJINUECTBO TPEX3HAYHBIX UH-
ces, He KpaTHhIX 3, paBHO

Al - 8P, =120 - 48 = T2.

OrseT: T2.

1355. CroabkuMu cnocobamMu MoOryT GbITH IIpHMCYXKAEHBI IlepBas,
BTOpafA M TpeThs NpeMuu TpeM JjunaMm u3 10 copeBHyomUIXCA?

13 10. Maxapnrges «Anrefpa. 9§ K1.s
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1356. Ha cranumu nmeercs 8 sanmacHBIX myTeil. CKOJBKMMH CIIO-
cobaMM MOXKHO DacCTaBUTh HA HUX 4YeThIpe noesjga?

1357. CroapkuMu crnocofaMU MOYKHO H3TOTOBHTH TPEXIBETHBIH
¢J1ar ¢ ropM3OHTAJNBLHBIMY [I0JIOCAMU U3 MaTepHaJja, HMeIoIIero 5 pas-
JIMYHBIX IBETOB?

1358. U3 nudp 1, 2, 3, 4, 5, 6 cocTaBbTe UeThIpeX3HAUYHEIE UMC-
Jia, B KOTOPhIX BCe IUMPHI pasjIMdYHBI, a epBoii nudpoii asasercd 1,
BTOpOoii — 3. CKOJIBKO TaKUX 4ucea?

1359. B Barome umeerca 10 cBo6GoaubIX MecT. B Baron somuiu
6 naccaxupos. CKOABKMMHK croco0aMH OHHM MOTYT pa3MeCTHUThCH
B 3TOM BaroHe Ha CBOGOAHBIX MecTax?

1360. Yuamuecs MIKOJB HM3y4aloT 12 pasiuyHBIX IpPeAMEeTOB.
CKOJIBKMMU cITOcOGaMHU MOYKHO COCTABUTD PaclMCAHUEe YPOKOB Ha ORUH
JeHb, 4TOOhI B HeM ObLJIO 5 pasJUYHBIX NpPegMeTOB?

1361. Breruuciaure:
3 2 4 3 A‘liO — A?O
a) Az — As; 6) A7 - As; B) A Al

1362. s undp 1, 2, 3, 4, 5 cocraBieHB BCEBO3MOYKHBIE TpEX-
3HauHbIe yHucyaa (6e3 moBTopenus nudp). CKOJBKO CpeAu HUX TaKHUX,
KOTOpEIE:

a) KpaTHHI 2; 6) kpaTHHI 3; B) KpDaTHHI 4; T) KpaTHHI 5?
1363. CroapKO pa3sIMYHBIX HAaTYpaJbHBIX umces, MeHbIIux 1000,

MOXKHO cocTaBUTh u3 uudp 1, 2, 3, 4, 5, 6, 7 6e3 noBTopeHns HUdp
B uucJjae?

1364. Peniute ypaBHeHUe:

a) A3, = 20A%; 6) A% = 1242,
1365. Haiiaure 3HaueHNe BhRIpaXeHUA
A;lnzll ) Pm—n
Pm—l ’

rnemeN,neNuns<m.
1366. CronbkuMM cIroco0aMH MOXKHO pacKJEeHTh 12 pasjMuHbIX
MapoK Ha Tpex Jucrax?

bl I\
FTTT T 7 YnpaxHeHus ONS NOBTOPEHUs

1367. Pemute ypaBHeHUe:

a) V3x — V2x = 1; 6) x +Jx +1 = 11.
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1368. Pemnte HepaBEeHCTBO:
3x2+4x -4 3x2+2x -1

2+x+1 <L 6) 2-x+1 > 0.

a)

1369. Ilocrpoiite rpadpuk QyHKIUN

y=2-v3-=x.

59. \‘/ Couetanuna

PaccmoTpuM MHOKecCTBO {a, b, ¢, d} ¥ cocTaBMM Bce IOAMHOMKe-
CTBa 3TOTO0 MHOYKECTBa, COAEep’Kalllie ABa 3jeMeHTa. Iosyuum

{a, b}, {a,c}, {a,d},
{b, c},  {b,d},
{c, d}.
Onpepnenenne. IloxtMHOMKECTBA, COCTaABJICHHBIE U3 NI 3JIEMECHTOB

JaHHOTO MHO>KeCTBa U coaepXxamue k 3,1eMeHTOB B KaXka0M IIOAMHO-
’ecTBe, Ha3bIBAXOT COYETAHHAMM H3 N 3JIEeMEeHTOB Io k.

B ornuune oT pasmerneHuil, coueTaHUA Pa3IUYalOTCA TOJIBKO 3Je-
mentamu. Tak {a, b} u {b, a} — oaHo U TO Ke coueTaHUe.

YucJsio coueTaHuil U3 n 3jIeMeHTOB 1o k oboaHauaercss Tak: Cr.
B paccMoTpenHOM BEIe npumepe C2 = 6.

HdokaskeM, YTO UMCJIO COUETAHUI, COCTaBJIEeHHRIX U3 N 3JIEMEHTOB
no k, BeipakaeTrcs dopmyJioit
o o A

n Pk .

IycTs uMeeTCA HEKOTOPOE MHOXKECTBO, COZepIKaIllee 71 3JIEMEHTOB,
¥ JOIIYCTHM, YTO MBI COCTABHMJIM U3 3JIEMEHTOB 3TOr0O MHOYKECTBa BCe-
BO3MOMKHBIE COYeTaHUA U3 n 1o k. Yucsio Takux couetanuit passo Ch.
B xaXgZoM coueTaHUM NPOMU3BEAEM II€PECTAHOBKY 3JIEMEHTOB BCEMU
BO3MOXKHBIMU crniocobamu. Kaxkaoe coueranue gact P, mepecTaHOBOK.
B pesysbTare MBI OJYYUM BC€ pasMellleHUA, KOTOpble MOXKHO COCTa-
BUTb U3 n 3JeMeHToB no k. Takum obpasom,

Ar = Ct . B,
Orciona
k
Cct = %, T. €.
ko __nl
Cn = kl(n - k)"

Ilo onpenesyieHUI0O CoOueTaHue — 3TO IMOAMHOMECTBO JAHHOI'O MHO-
JKecTBa.
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BHIACHUM, CKOJBKO IIOAMHOKECTB HMEET AaHHOe MHOXKECTBO, CO-
JepiKalliee n dJIEMEHTOB.

0603HAUYUM YHCJO MOAMHOMECTB MHOMecTBa A, comepiKallero
n 3jneMeHTOB, Tak: M,(4).

Eciu A = &, TO OHO, OUEBHIHO, COAEPIKHUT JHUIUb OZHO TOAMHO-
secTBo — 3ro . 3uaunt, My(A4) = 1.

IIycrs A = {a,}, T. e. MHOMECTBO COAEPKHUT oAUH 3aemeHT. Toraa
4YKCJI0 NOAMHOMecTB pasHo 2: & u {a,}. B atrom ciayuyae M,(4) = 2.

Tlyers A = {a,, a,}. Torna 4uKCJIO IOAMHOMKECTB MHOIKECTBA A PaABHO 4:
@, {a,}, {a5}, {a, az}, T. e. My(4) = 4 = 22,

AHAJIOTMYHO MOXHO TOCUMTATh, uTo M,(A4) = 28, M (4) = 2.

TMogcunTaem YHCIO IMOAMHOKECTB MHOMKECTBA A, COAEPIHKAMIEro

5 amemenToB. s aToro Bocnoabayemcs dopmysoi C¥ = kl(+ik)l

Beruscaum no oraenbuocrd uucaa Cy, Ci, Ci, CE, C§, Ci:
Cl=1; Ci =5, C¢= o = 5137 = —— = 10,

51 8
C3 = grg1 =10, Ci = gy =5, C3 = gpp7 = 1.
Orcioga
Ci+Ci+CE+Cl+Cs+Cs=1+5+10+10+5+1=32=2%
HUrak, MBI BUAMM, YTO
Co=1=2°, CY+Ci=1+1=2",
Co+Ci+Ci=1+2+1=2% ...,
Co+ Ch+ CE+ C3+ Cs + Cy =28,
MOKHO TIPEAIOJIOKNTD, YTO UHUCJO IOAMHOXKECTB MHOMKeCTBa A,
COJlepsKAIIero n 3JeMeHTOB, paBHo 2, T.e. M, (A) = 2".
JokakeM 3TO METOAOM MATEMATHUECKOH MHIAYKIHH.
Eciu n = 1, To M,(A) = 2!, 1. e. bopmyna BepHa.
IIyers n 2 1. PaccMOTPMM MHOIKECTBO
A={a,, a, ..., a,_,, a,}.
Hckaiounm u3 3TOro MHOXKECTBa 3JeMeHT a,. Ilonyuyum MHOXkKe-
CTBO, cogepakaniee n — 1 agemenT. Ilo nNpeanoNoKeHNI0O MHAYKIINH

M, ,(4)=2""".
HJobaBuM K MHOXECTBY MCKJIIOUYeHHLIH asemMeHT a,. Toraa us Kax-
Jloro nogMHoxecTBa A, = {a,, d,, ... , @,_,} 00pasyeTcs HOBOEe ITOAMHO-

JEeCTBO, B KOTOPO€ BXOLUT JJIEMEHT Q,, T. €. YHCJIO IIOAMHOMKECTB IO
CPaBHEHMIO C YHCJIOM ITOAMHOKECTB MHOXeCTBa A; YBEJINUUTCA BABOE,
U MHOMecTBO Gyger coaep:xarts 2- 2" ' mogMHOMKecTB, T.e. 2". 3Ha-
yur, ¢dopmyaa M, (A) = 2" BepHa.
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Orcioga caegyer, 4To
0 1 2 -
Co+CL+C2+...+Ct+Cr=2"
B nponecce paccy:xXIeHHH MBI 3aMeTHJIH, YTO CA=cCr Cl=C''u

Boobme C! =C ™
HokaxeM 3TO.

C* = nl _ n! — on-*
" Rm -k (1 - kA n o
CoctraBum Tabiuily, B KOTOpOH B epPBOi CTPOKEe 3alMIlleM 3Haue-
rue C), Bo BTOpOIi cTpoke — sHauenus C] u Cl, B TpeTbeil cTpoKke —
sHaueHns Cs, Ci, C: u 1. n. Homyuum

1

11

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1
1 6 156 20 15 6 1

Ira Tabiuna HasbiBaeTca TpeyrojJbHuKoMm B. ITackana (1623—
1662), Brigamomierocsa GppaHIy3CKOIO0 YU4eHOro-MaTeMaTHKa, pusuKa,
¢unocoda, KOTOpHIH, B YACTHOCTH, 3aHUMAJICA HMCCIeJOBAaHUAMHU B
obsacT KOMOMHATOPHKH.

B aT0i1 TAGnNIEe Ha mepecedeHNH n-i CTPOKHU U k-ro croydua (n = 0,
k > 0) sanucano gucyo, paBHoe CF.

Xopo11o BHAHA 3aKOHOMEPHOCTh CTPOK: YHCJA, OGUHAKOBO yAa-
JIeHHBIE OT HavaJjla M KOHIla CTPOKH, PaBHBI. JTO CJeAyeT U3 TOro, UTO
BepHO paBeHcTBO C! = C**. Kpome Toro, ckaaxbiBas uucaa 5 u 10
(B 6-i1 cTpoke), MBI noJsydaeM yucjao 15, koTopoe cTouT B 7-if CTpPOKe
nop yucjiom 10. 3To BEITEKAET U3 paBEeHCTBa

C: = C,k,+1 - +1

n+1°
3aMeTHUM TaKyKe, UTO YMCJIA KAaKXAOH CTPOKM TpeyrojbHuKa Ila-
CKaJIA paBHBI KO3(@HUIHMEHTAM MHOrOUYJIeHa, IOJYYEeHHOro OT BO3Be-
JeHud B n-10 cTelleHb ABy4JeHa a + b. Haupumep,
(a + b)? =a?® + 2ab + b?,
(a + b)® =a® + 3a% + 3ab? + bd,
(a + b)* = a* + 4a% + 6a?b? + 4ab® + b,
PaccMoTpuM IpUMephl 3aJad, B KOTOPBIX HCIOJb3yeTcs GopMyia
YKCJIa COUeTaHMI U3 n 3JIeMEHTOB 1o K.
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IIpumep 1. CkoabKuMH crocobGaMy MOXKHO BHIOpDATh Tpex ne-
JKYPHEIX M3 KJjacca, B KotropoMm 20 yejioBex?

OueBHUAHO, YTO 37eCh pedb HAET O COUETAHUAX, TAK KAK Kaxkaas
rpylna yyallluXcs B 3 yeJIOBeKa AOJYKHA OTJIMYATHCA XOTHA ObI OMHUM

u3 yyamuxcs. CleJoBaTeIbHO, TAKMX IPYNI JOMKHO 6T Co.

Buaunr, C = 3?{)},, -2 1(?' 18 _ 1140.

OrBerT: 1140,

Hpumep 2. U3 Baswl ¢ iBeTaMH, B KOTOPOil cToAT 10 KpacHBIX
rBO3AUK ¥ 5 OesbIX, BHIOMpPAIOT 2 KpacHbie I'BO3AUKHU U OLHY Oenyio.
CKOJIBKMMH criocoGaMM MOYKHO CZeJiaTh TaKoM BBIGOp GykeTa?

Kaxabiit BeIGOp comep’kHUT 3 ILBeTKA, B KOTOPOM 2 I'BO3JUKH
KpacHbie u 1 Gesrasa. BeiGpars 2 KpacHble rBo3guKM U3 10 KpacHBIX
MoxHO C3y cnocob6amu. Iocie aToro 6esyio rBO3AUKY MOMKHO BEIGPATh
Ci crocobGaMu.

Kaxxgomy BbIOOpPY KpacHBIX TBO3JAUK COOTBETCTBYET OINIpeesIeHHbIN
BbI6OD Gesoii rBo3auku. [loaTomy BeIGOp OykeTa M3 ABYX KpPACHBIX H
oHOI Gesoii rBO3AUK MOKHO cheaats Ci - Ci crocobamu.

Umeem Cip- Cs = 45 - 5 = 225,

3uauur, BeIOOp GyKeTa, 0 KOTOPOM IOBOPHUTCHA B 3ajayde, MOXKHO
ocyurecTBuTh 225 crocobamu.

IIpumep 3. CeMb OrypnoB U TP HOMHAOPA HAAO IOJIOIKUTH B
IBa IaKeTa TaK, YTOOBI B Ka)KJOM IIaKeTe OhLJI XOTA OBl OLUH IIOMH-
Jop u 4ToOBI OBOlLUEil B makerax ObIJIO NOPOBHY. CKOJBKHMMH CIIOCO-
6aMu 3TO MOXKHO CHeaTh?

Y10o6sI B maxeTax oBolieil GbIJIO IOPOBHY, B KAXKAOM MaKeTe J0JIK-
HO HAXOAHUTHCA 5 oBoleil. EcaM mojoXHUTh B ONMH IaKeT OLUH
IIOMHJOP, TO OCTAJbHBLIE OBOIIM — 4 Orypla — MOMXHO IIOJIOXKHTH
B ator maker C7 crmocobamu.

Ecnu B apyroii maker nojioxuTh 2 HIOMHAOPa, TO OCTAJIbHEIE OBO-
mu — 3 orypla — MOKHO IIOJIOKHTh B 3TOT naker C; cmocoGaMu.

CaemoBaTesIbHO, B IIEPBBIH IAKET OBOLIM MOXKHO PasjIOXHUTh Ci-Ch
cnocobamu, T.e. 3 - % = 3765 766' 5 = 105 cmocobamu. Bo BTOpOI#

71
TaKeT OBOLIYM MOYKHO pa3JIoyKHUTh C:. C?, T.e. 3 314l = 105 criocobammu.
CorsyiacHo ycioBMIO 3amayu B O60OMX makerax OBolueil OygeT mo-
POBHY.
OTBeT: oBOLIM B ABa IIaKeTa MOXKHO pasdjaokuTbh 105 cmocobamu.

1370. U3 cuoprcmenoB A, B, B, I', Il u E BeiOupaercs napa mis

Y4acTHs B COPEBHOBaHUSAX Iap Mo TeHHUCY. CKOJBLKO CYIEeCTBYeT CIIo-
coboB BBIOOpA 3TOM Maphi?
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1371. Ha nnockoctu ormeuenbsl 10 Touek, mpuyeM HHKaKHe TPH
M3 HMX He JieXXaT Ha ofHoi mpsamoil. Yepes KaJblie Be M3 HUX
nposegeHa npamaa. CKOJIBKO MPOBEAEHO NPSAMBIX?

1372. CroabKko AuaroHajyeii ¥MeeT BRINYKJLIH ABeHAAIATHYTOJb-
HUK?

1373. Cronpkumu crnocobamMu MOXKHO ynakoBaTh 17 pasjguyHBIX
KHHUT B JiBe TTAYKH, MO 8 U 9 KHUT B KaXXA0M?

1374. CKkoJbKO HedeTHHIX aeanTesiell uMeeT uucio 3570? CKojb-
KO YeTHBIX AeJNTeJiel MMeeT 3TO YHCJIO?

1375. Hauo muosxkectBo X = {a, b, ¢, d}. CocraBbTe BCe IIOA-
MHOKEeCTBa MHO)KecTBa X, KOTOpbie
a) He coepyKaT IJIeMeHTa a; 6) He copepyxaT aJeMeHTOB b u d.

1376. CKoJBKO MOAMHOYKECTB HUMEEeT MHOMKECTBO, coAepixaliee:
a) 8 2;1IeMeHTOB; 6) 10 anemenToB?

1377. 13 10 pasHBIX LIBETKOB HYXXHO COCTaBUTb OGYKeT, coiepiKa-
muif 3 uBeTKa, 5 IBETKOB, ( 1 BeTKOB, 9 11BeTKOB. CKOJBKHUMH CIIO-
cofaMy 3TO MOKHO CcAeJaThb?

1378. CxoJBKO MOYXHO COCTAaBHTBL H3 AesauTeieii ywmcaa 210 co-
CTABHBIX 4YMCEJI, KOTOpPhIE COAEPIKAT:
a) TOJILKO JABa NPOCTHIX AEJIHUTENS;
6) TOJBKO TPH HPOCTBIX AEJIUTENA?
1379. CKoJIbKO 4JIEHOB COAEP:KHUT MHOrOYJIEH
abc + abd + ... + klm,

coCTaBJIeHHBIH u3 12 nepeMeHHBIX, B KOTOPOM KaX/IbIil UJeH ABJAETCS
[IPOMU3BEJEeHNEM TPEX MHOYKHTEJeH U HeT MOJOGHBIX UJEHOB?

1380. Pemrure ypaBHeHUE:
a) C3_, + Ci = 30; B) 14C;™% = 1542 5;
6) Ci + 2C;_, + C%_, = 80; r) 6CI7% = 1142,
1381. CKOJIBKO YeJIoBEeK YUYaCTBOBAJIH B IIIAXMATHOM TYpPHHUpe, €CJIH

HM3BECTHO, UTO KaXXJblif YYACTHUK ChHII'DAJ ¢ KaXXAbIM K3 OCTANbHBIX
10 OAHOM mapTHu U Bcero 6bLIO chirpaHo 136 nmapruii?

\
HEEEE ‘/ YnpaXxHeHus AN NOBTOPeHUs

1382. VkaxkuTe HOMepa IIOJIOXKHUTEJBbHBIX YJIEHOB IIOCJeJoBa-

6n — n?
TesbHOCTH (a,), ecn @, = — -
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1383. Hoxaxure, uto MHOrouwjeH x* — 4x® — 6x% — 3x + 9 He uMe-
€T OTPHIIATEJbHBIX KOpPHEi.

1384. Ilocrpoiite TpeyroasHuk ¢ BepmuHamu A(0; 3), B(3; 0),
C(5; 6) u aapaiiTe ero cucTeMo¥l HEpaBEHCTB C ABYMSA MepeMEeHHBIMH.

| | ’\
RN /  KOHTpOnbHbie BONPOCHI M 3aAaHUs

1. Yro HaspIBaeTCs IepecTaHOBKOH M3 n 3jeMeHTOB? BriBeaure
¢dopMyJIy YHMCJIa IEPECTAHOBOK M3 N 3JIEMEHTOB.

2. laiiTe onpenesieHNe pasMellleHHUsA U3 71 3JIEMEHTOB IO K U BH-
BEJHTE COOTBETCTBYIONIYIO hopMyJTy.

3. HlaiiTe onpexesieHNe coueTaHUA U3 N 3JIeMeHTOB no k. BeiBeaure
COOTBETCTBYIOLIYIO (POpMYJIy.

SJIEMEHTbHI

§ 22. /’\ TEOPUN BEPOSITHOCTEWN

60. \/ YacTtota U BeposiTHOCTb

MsI JXMBEM B MHpe, Tfe HapAAy ¢ COOBITHAMH, HempEMEeHHO Ha-
CTYyIAaoIUMy (HalpuMep, CMEeHa BPEMEHHU roja), IIPOMCXOAAT COGHI-
THA, 3aBUcAImYe OT caydyasa. CiydaiiHo Ieperopeiia JIaMIO4YKa, CIy-
yaifHO MPOMSOILIO 3aMbIKAHWE M HAYAJCHA IOXKap, KYIJIEHHBIN JoTe-
peifHbIil 6uieT caydailHO OKasaJicA BHIMIPHIIUHBEIM. Bee aTo cobpiTHA,
KOTOpbIe 3apaHee MpeACKa3aTh HEBO3MOMKHO.

CobriTHE, KOTOpPOE B Ipolecce HAGMIONeHUA MJIN UCTIBITaHUA (3KC-
nepUMEHTa) MOKeT IPOM30HUTH MJIN He IPOM30MTH, HA3hIBAIOT CAyYaill-
HbiM cOBBITHEM.

HpuBenem eme npuMepsn! caydailHbIX COOBITHII: mopakeHHe
MUIIEHHM HJIH NpOMax B pe3yJbTaTe NPOM3IBEAEHHOrO BBICTPEJA,
BBIMTDBII WJIM IPOUTrpHIN (yT6oJIbHOM KOMaHALI B MaTde, BhINaje-
HHMe OpJla MJIM pPellKY NpH nof0pachiBAHUKM MOHETHI — Bce 3TO CIy-
YyaifHbie COOBITHA.

IIyctb ompenesieHHOE HCHIBITAHME IIOBTOPAETCA MHOTrO pasd YU IIpH
3TOM KaXKAbiil pa3 GUKCHpPYyeTCs, MPOMBONLIO UJIM HET HHTEpecyoIee
Hac coboiTe A. O6o3HaunM OyKBOil n oflgee YHCJIO MCIBITAHUM,
a OykBOif m — YHCJIO ITOABJIEHUIl COOBITMA A B pesayJbTaTe IIpoOBe-

o m .
A€HHBIX N HCIIBITAHHUH. TOI‘JIB OTHOIIIeHHe 'E Ha3bIBaAIT Yacmomou

CaYUailHozo cobvimus A.
CraTHCTHKA [MOKA3bIBAET, UTO IIPHM IIOBTOPEHMH OJHOTO M TOTO XKe
ombiTa (MK HAOMIOAEHHA), AONYCKAIOIIEro MHOTOKPaATHOE ero IOBTO-
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peHUe B OJHUX M TeX e YCJOBUAX, YACTOTA MOSBJIECHUA OXKULAEMOT0
CJIy4aitHOro cOOBITHA OCTAETCS MPUMEPHO OAMHAKOBOM, HE3HAYUTEb-
HO OTJIMYAfACh OT HEKOTOPOTO IOCTOSHHOrO 4HCJIA.

Paccmorpum rakoii npumep. BpocaroT MoHeTy. OHa MOXXeT yHacThb
KBepxXy OpJIoM MJjH pemikoit., Kak 4yacTo MoHera majaeT KBepXy op-
aom?

MHorue y4eHble MPOBOAMJM 3KcHepuMeHT. IIpu MHOrOKpaTHOM
6pocaHUM MOHETHI MOJCYUTBIBAJIOCH YMCJO BHINAAZEeHWH opJa. Pe-
3yJbTAThI 3THX ONBITOB NOKAa3aHbI B Tabjuie.

Kon-Bo Kou-Bo Jacrora
Davoumn 6 B BHIAXCHMI Davuma 6 B BEIIANEHMIL
E opia POCIO] opia
Broddor 4040 0,507 PomanoBckumit| 80 640 0,4923
Je Mopragr 4092 0,5005 ITupcon K. 24 000 0,5005
H:xeBoOHC 20 480 0,5068 desnep 10 000 0,4979
W3 Tabiunbl BUAHO, YTO BBINAaJeHHE OpJia BO BCEX CAy4Yasax Ojus-
KO K %

PaccmoTpuM apyroit nmpumep.

IIpuBeneM gaHHBIE O POIKAAEMOCTH JeBOYeK B TeueHue rofa. Ilo aau-
HBIM IIIBEJICKOH CTATHCTHMKH YaCTOTa POXKAEHUA AeBodeK 3a 1935 ropx,
T. €. OTHOLIEHHE YHCJa POAUBIIMXCA AE€BOYEK K YMCJIY POAUBIINXCS
IeTeil, XapaKTepHU3yeTCH CJAECAYIOINMH JHCIaAMU:

ausaps — 0,486, uoap — 0,462,
tdespass — 0,489, aBryct — 0,484,
mapr — 0,490, ceHTsA6psr — 0,495,
ampens — 0,471, okTabpp — 0,491,
mait — 0,478, Hoa0pp — 0,482,
uionp — 0,482, nexkabps — 0,473.

HecMmoTps Ha TO uTO 00Iiee YMCJIO POXKAEHUIT MEHAETCA B TedeHue
rofia, 4acToTa pOXKAEeHHA HEeBOYKH HOBOJIBHO YCTOMYHBO KoJieGiercs
OKoJIO cpeaHero sHavenusa 0,482, Takue crarucTMyecKue 3a-
KOHOMepHOCTH OTKphITH eule B XVIII Bexe. 3To ObLIO MOATBEPIKAEHO
peMorpadMUecCKHMH MaTepuajaM# NpPH H3YyYEeHUH CTATHCTHKH
POXAaeMOCTH, CMEPTHOCTH, HECUYACTHBIX CJIydyaeB M T. II.

Iogo6HBle 3aKOHOMEPHOCTH IIO3BOJISAIOT IMOJOMTH K CTATHCTHYE-
CKOMY OIIpeJieJIeHHIO BepoATHOCTH. EciH B AJIMHHOK cepHM 3KCIIepH-
MEHTOB CO CJOy4YaiHBIMM HMCXOJaMH, KOTOpble MOryT OBITH MHOTOKpAT-
HO HpOBepeHh B OJMHAKOBBIX YCJIOBHUAX, 3HAYEHHA YaCTOT GIM3KHU
K HEKOTOpPOMY IIOCTOSHHOMY YHCJIY, TO 3TO YMCJIO IPUHUMAIOT 38 BEpo-
ATHOCThL AaHHOro coObiTusa. Takoe ompenesieHHe BEePOATHOCTH HAa3bI-
BAIOT cmamucmuyecKum.
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0 Jnas Toro uroObl HAMTH YaCTOTY NPH NPOBEAEHHUH TOr0

HJIM MHOTO UCHBITAHHUA, MBI JOJIKHBI IIPOBECTH JOCTATOY-

HO 60JIbIII0€ YHCJIO SIKCIIEPUMEHTOB U JIUIIH [I0CJIEe ITOTO MO-

Puc. 139 'KEM ONpefeauThb MPUGINKEHHO BEPOATHOCTh HACTYIIEHUSA
MHTEPEeCYIOILIero HacC CJIYYailHOro coObITHS.

B T0 e BpeMs eciM MIAHCHI HACTYILJIEHUS CJHYYaiHOro coGBITHA
PaBHOBO3MOJKHEI, TO BEPOATHOCTb HACTYILJIEHHS HAHHOrO COOHITHSA
MOKHO ONpEeJeJIUTh IIyTeM NpPaBRONOAOGHBIX pACCYKAEHUH, OCHO-
BaHHBIX Ha IIPAKTUYECKOM OIBITE M 3APABOM CMBICJIE.

BepHuemca k nmpumepy ¢ GpocaHMeM MOHeTHl. Eciam MoHeTa Ipa-
BHJIbHAA, TO HEeT HUKAKHMX OCHOBAHUI IoJaraTb, YTO ILIIAHCHI BHIINA-
JeHUA opJia 6oJbllle, YeM IHIAHCHI BRINAAEHUS pPEeIIKH (3TUM OGBIYHO
NoJb3YyIOTCA, Koraa OpocaloT »xpe0uil, Hanpumep, B Havaje GyT-
6oJIbHOrO MaT4a, KaKad KOMaHja AOJIYKHA IIepBOil BBECTH MAY B HIpy).
HNuHaue roBops, BepOATHOCTH BBHINMAJEHHA OpJla TaKas JKe, KakK H
BEPOATHOCTD BHINAJEHUSA PEIIKH.

PaccmoTpuM npumMep ¢ HMrpajJbHBIM KYOMKOM, KOTOPBIA
TIpeACTaBJAET co00il MaJIeHbKMIT Ky0, Ha 'paHAX KOTOPOTO BHIOMTHI OYKH
1, 2, 3, 4, 5, 6 (puc. 139). Ecau aToT KyOUK caejlaH U3 OJHOPOLHOIO
MaTepHayia, TO IpH ero GpocaHMM LIAHCHI BBHIMAJAHHA HA BepXHeH
rpaHu Jo6oro yucia o4xkoB oT 1 o 6 paBHOBO3MOMKHEBI. I'0BOpAT, UTO
U=1{1, 2, 3, 4, 5, 6} — 3T0 MHOKeCTBO PABHOBO3MOXHBKIX HMCXOZOB
ollbiTa IPU OpoCaHUM UIPAJILHOTO KyOHKa.

Hycrs cobriTie A o3HauaeTr, 4TO npu OpocaHMM KyOWKa BhINAAET
YyeTHOE 4ucJIo 0uKOB. CoGbITHE A MpPOM30iAeT NPH TpeX MCXOAaX: BbI-
majo 2 o4ka, 4 ouka mam 6 oukoB. B Takmx ciyyadAx roBOpAT, YTO
3TH MCXOJBI 61a20NpusmubL O HACMYnNaeHus cobbimus A.

ITpu 6pocanuu kKyOuKka Bcero 6 paBHOBO3MOMKHEIX HCXOJO0B, U3 HUX
3 — OJlaronpHATHHI AJIS HACTYILUIEHUS COOBITHA A. BiarompuaTHble

3
AJIsi A HCXOOBI COCTABJIAIOT § BCeX MCXOJOB. 3TO OTHOIIIeHWe Ha3hIBa-

IOT BEPOATHOCTBIO HACTYILJIEHUA coOrITHA A 1 OUIIyT

3 1
PA)=5 = 5

Onpenenenue. BepoarrocToio coObITHS A Ha3RIBaeTcs OT-
HOINeHMe YHMcIa OJAaronpHATHBRIX a8 A HCXOXO0B K YHCIY BCEX paB-
HOBO3MOXHBIX MCXOIOB.

9To ompejesieHHEe BEPOATHOCTH HA3LIBAIOT KAACCUYECKUM.

ConocraBiasa KjaccU4ecKoe M CTATHUCTHYECKOe OIpejdesieHUe Be-
POATHOCTH, MOJKHO CAEJATh BBHIBOJA: HAXOXKIeHHe KJIAaCCHYEeCKOH Be-
poAaTHOCTH He TpebyeT, YTOGBI MCIBITAHME IIPOBOAMJIOCH B JAEHCTBH-
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TeJILHOCTH, a HaXOMAeHHe CTATHUCTHUYECKOH BEepOATHOCTH (UacCTOTHI)
npeAnojaraer, 4ToObl UCIbITaHNe ObIJIO MIPOBEeHO (PaKTHUECKH.
Hycts B — cobbiTHE, KOTOPOE COCTOMT B TOM, YTO IpH OpocaHuU
WTIPaJIBHOTO KyOHMKa BBINAJET YETHOE WJIH HEUYETHOe YHCJIO OYKOB.
Haiigem P(B). B aToM ciydyae KaXAbIi MCXOJA M3 MHOMKECTBa

U={1, 2, 3, 4, 5, 6}

ABJAeTCA GJArONPUATHBIM AJA cobbiTua B. Iosromy P(B) = g =1.

Taxue coGbITHSA, KOTODBIE IPOUCXOAAT BCEr/a, CKOJbKO OBl pa3 HU
NIpPOBOAMJIOCH MCIIBITAHHME, HA3BIBAIOT JOCMo8epHbiMU. BepoaATHOCTH
IocToBepHOro cobbiTusA paBHa 1.

Hycts C — cobriTHe, o3HavaloIee, YTO Ipu GpocaHUy UrpajibHO-
ro KyOMKa Ha HeM BbinajeT Gojiee 6 oukoB. OueBHUAHO, 3TO COOBITHE
TIPOM30HTH He MOkKeT. Yucao 6aronpuAaTHLIX Aaa C MCXOM0B PaBHO
uymo. 3Hauut, P(C) = 0. Takue coObITHA HASBIBAIOT HEBO3MONCHLIMU.

Paccmorpum Boobue HekoTOopoe cobbrTie M, KOTOpOe IpH IIpoBeje-
HUH UCHBITAHUSA UMEET 71 PABHOBO3MOYKHBIX MCXO/0B, IIPUUEM M UCXO-

m

JoB 6aronpHUATHLI AJIA HacTyIleHusa coowitua M. Torga P(M) = R

OueBuaHO, uTo m < n. IHoatomy % < 1, r.e. P(M) < 1. C gpyroii

CTOPOHHI, 2 0, rak kak 0 < m < n. 3saunr, P(M) > 0. Orcoga

n
caenyet, uto 0 < P(M) < 1.

PaccMoTpuM mpuMephl BBIYHUCJIEHHUS BEpPOATHOCTEH HEKOTOPHIX
COOBITHIA.

IHIpumep 1. B ypHe 10 oguHaKoBBIX IIapOB Da3HOTrO IIBETa:
2 kpacHbIX, 3 cuHuX ¥ 5 keaTsix. Illapsl TIIaTeNLHO IepeMemIaHbI.
Hayraa BeiHuMaeTca ofuH map. KakoBa BEpOSATHOCTH TOrO, YTO BBI-
HYTBIH IIap OKaXXeTCd:
a) xpacHbIM (cobbiTue K);
6) cuuuM (cobniTue C);
B) skeaTeiM (cobbiTue JK)?

Hns cobpitTus K 6aaronpuaTHEIM ABIAIOTCA 2 UCXOAA, IJIA COOBI-
Tusa C — 3 ucxona, ana cobuitua K — 5 ucxomos.

Orciona umeem:

2 _1, 3. 5 _1
P(K) = S PC) = 10’ P(3K) = -3

Hpumep 2. Monery GpocaloT aBa)kabl. KakoBa BepOsATHOCTh
TOro, 4To o0a pasa BeImafeT pelllka; o0a pasa He BHIMAAET pemKa?

O6o3HaunM BhINIaJeHVe pelllky GykBoit p, a opsia — GykBoit 0. Toraa
MHO3KecTBO U paBHOBO3MOHEIX MCXOR0B TaxoBo: U = {po, pp, op, 00}.
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O6o3naunm OykBoit A cobuiTHe, uTO 068 pasa BHIIALET pellKa,
a 6ykBoit B — o6a pasa He BHIIIAJIET peNIKa.

Iunsa cobbiTua A OnaronpusaTed OUH MCXOX, a JJdA coObiTHs B —
Tpu ucxoga (po, op, 00). Orcioga

1 3
PA) = g P(B) = e
Takue cobbiTus, KaK A U B, HA3KIBAIOT NPOMUGONONONCHHIMU CO-

6uumuamu. CobniTe A unu B — pgocroBepHOe cobbiTHE:

3

PA) + P(B)= 5+ 3 = 1.

O6b19HO coOBITHE, IPOTHBOIIOIOMKHOE COORITHIO A, 0603HaUalT A.
B pamnoMm cayuae B = A.
Boobie ecau MHoxecTBo U MMeeT 71 pABHOBO3MOKHBIX MCXO/JOB B

M3 HUX kB MCXOJ0B 6IATOIPUATHLI AJA cOOLITHA A, TO 1A cobbiTua A
GiaronpuAaTHRI n — kB ucxopos. OTciona

P(A)+P(Z)=%+”;k=1.

3uauut, P(4) = 1 - P(4).

IIpumep 3. Kons u Muma GpocaroT JBa MIPaJILHBIX KyOHMKa
(6enplit 1 yepHBI). OHM JOrOBOPHUJINCH, YTO €CJIM IIpH OPOCAHUM KY-
6MKOB B CyMMe BhINaneT 8 04KOB, TO Bhiurpata Kois, a eciau B cymme
BBINAZIET 7 OUKOB, TO BhiMrpas Muma. CnpaBeanusa Jju aTa urpa?

Bce paBHOBO3MOYKHEI€ MCXOMABI MpPH OpOCAHHH ABYX KYOHKOB
00pa3yrT MHOKECTBO Nap, B KOTOPHLIX NIepBad mudpa B Iape — 3TO
YHCJIO OYKOB, BHIIABIINX Ha 0es10oM KyOuKe, a Bropas nudpa B nmape —
3TO YHUCJIO OYKOB, BHIITABIIINX HA YepHOM KyOMKe. TO MHOXKeCTBO map
npeacTaBiieHo B Tabaume.

(1;1) | (2;1) | (8;1) | (451) | (5;1) | (651)
(1;2) | (2;2) | (3;2) | (4;2) [ (5;2) | (652)
(1;3) [ (2;8) | (3;3) | (4;8) | (5:3) | (6;3)
(1;4) | (2;4) | (3;4) | (4;4) [ (5;4) | (654)
(1;5) [ (2;5) | (3;5) | (4;5) | (5;5) | (6;5)
(1;6) | (2;6) | (3;6) | (4;6) | (5;6) | (6;6)

Bcero paBHOBO3MOXKHBIX MCX0ZOB 36.
Haiinem BepOATHOCTh TOTO, YTO HA BEPXHUX IpaHAX KYOMKOB BhI-
mageT 8 oukoB (coObiTue A), BhImazeT 7 oukoB (coObiTue B).
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Hnsa cobeitus A GaaronpusaTabl 5 ucxogos: (2; 6), (3; 5), (4; 4),
(5; 3), (6; 2), a pia coberTus B GaaronpuaTtyel 6 ucxogos: (1; 6), (2; 5),
(3; 4), (4; 3), (5; 2), (6; 1). Orciona
5 6
PA) = 36° P(B) = 356
3HayuT, IIAHCOB BHIUrpaTh y Mummn Gosabmie, yuem y Kosau. Io-
3TOMY TAKYIO Urpy HeJb3s HA3BATh CIPABEIJIMBOM,

ITpumep 4. U3 cobpannsix 10 Besocuitefos TOJBKO 7 HE UMEIOT
JedextoB. KakoBa BepoATHOCTH TOro, YTo 4 BHIOpAaHHBIX BeJOCHIIexa
u3 3TX 10 okakyTcs Ges medexTa?

IIycts A — cobbiTHe, IpU KOTOPOM Bce BHIOpaHHBIE 4 BeJIOCHIIEAa
u3 10 okasanuch ucnpasHbiMu. Kaxkgoe couetanue us 10 mo 4 asis-
eTcsi pABHOBO3MOYKHBIM MCXOZAOM BhIOopa 4 BejocumenoB us 10. 3Ha-
YUT, BCEr0 PABHOBO3MOJKHBIX HMCXOJOB Clo. Yucno ucxonos, 6ia-
FOIPHUATHIX AJA HACTYILIEHUA coObiTHA A, paBHO cr. 3HauurT,

P(4) = ¢ 7 o.100 _ T4lel 1

ch, ~ 4181 ° 4l6] — 41370 T 6

1385. B mapruu u3 100 geraneii oTAea TEXHUYECKOro KOHTPOJISA
obuapy»xun 5 mecraHaapTueix Aetayeii. KakoBa uacToTa IOSBI€HUA
HeCTaHJAPTHHIX AeTaseii?

1386. Ha yuyenusx 1o ctpeiabbe U3 MHUCTOJETA YACTOTA IOPAKEHUS
MuIIeHH okasayach paBHoi 0,85. CKOJBKO nmonmagaHuii B IieJIb MOKHO
OKHUJATH, €CJIM IO MHUIIEeHH ObLIO mpousBegeHo 120 BricTpesioB?

1387. Bribepure 10 cTpok Tekcra. IIposegure moacuer ¥ Haltgure
YACTOTY MOABJICHUS:
a) OykBEI a; 06) 6yKBhI e; B) OYKBBI K; TI) OYKBBHI .

1388. Haitanre BepoATHOCTH NpH GPOCAHHMM HrpajbHOrO KyOuKa
MOABJIECHUA:
a) 2 O4YKOB;
6) umucya O4KOB, OoabIIux 3;
B) 1 ouka uau 6 OYKOB;
r') YNCJIa OYKOB, MeHbIIMX 6.

1389. KaxoBa BepOATHOCTH TOrO, YTO IPH OGPOCAHUH ABYX HUrpajb-
HBIX KYOMKOB CyMMa OYKOB HA HUX OKayKeTCA pPaBHOI:
a) 4; 6) 5; B) 9; r) 127

1390. B ypue 10 Gensix, 4 yepHbIX ¥ 6 KeJNTBIX IIADOB OJUHAKO-
BBIX pasmepoB. VI3 ypHBI jocTaloT ofuH Inap. KakoBa BepoATHOCTH
TOTO, YTO ITOT IIAP OKAXKETCA:

a) GesibiM;  0) yepHBIM;  B) KeJTHIM; T) GeJIbIM HJIH YepHBIM?
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1391. B nepBoit ypHe ABa GeJIBIX U TPHM YePHBIX IIapa, BO BTOPO
ypHe Tpu GeJsbIX ¥ JBa YepHBIX Iapa. M3 KaKI0i ypHBI JOCTANH IO
onHoMy mapy. KakoBa BepOATHOCTb TOro, YTO XOTA OBl ONUH U3 ABYX
IapoB OKaeTca GesibiM?

1392. B ypHe 10 ogMHaKOBHIX IIapOB pasHOro nsera: 2 GeJbIX,
3 kpacHBIX M 5 cuHux. Hayrag BelHMMaloTcA ABa mrapa. Haiigwure
BEPOATHOCTb COOBITHIL:
a) A — o6a mapa Gesbie; B) C — o06a mapa cuHHe.
6) B — o00a mapa KpacHBIE;

1393. B ypue 8 Gesbix u 4 yepHBIX mapa. M3 ypHBI N3BJIEKAIOTCA
2 mapa. Haiigure BepoATHOCTB TOro, uTo 06a mrapa 6yayrt GenbimMu.

1394. 13 28 xocreil fOMHHO BHIGHpPAIOT HAyraja OAHYy KOCTb. Ka-
KOBa BE€POATHOCTh TOTO, YTO BHIOpaHHAA KOCTb COAEPXKUT B CyMMe:
a) 5 OYKOB; 6) 6 ouKoB; B) 10 oukoB?

1395. B HacToubHOI urpe «IlupaThl» yYaCTHHKH IIOOYEPEAHO
OpocaloT cpa3y ABa MIpaJbHBIX KyOuka. Eciam mpu aTom Beinmajaer
ny6Jb, TO YYaCTHHK HejlaeT ABa Xoxa moapsaj. Kakosa BeposATHOCTH
TOrO, YTO YYACTHHUKY HMIDBI yJaeTcA cAejaTh ABa XoJ4a NOAPAA IIpH
ouepeaHoM Gpocke?

1396. Bpocartor 3 moHeTsl. KakoBa BEpPOATHOCTH TOTO, UTO BCE OHHU
yHagyT pemKoii?

1397. Habupas HOMep TesehoHa, aGoHEHT 3a6bLI IOCJIEAHUE ABE
nudpsl U, IOMHSA, YTO 3TH UHUGPHI pa3Jn4yHbl, Habpan Hayrax. Kako-
B& BEPOATHOCTBH TOr'0, YTO OH C IIepBOro pasa HabGepeT HYKHEIH HOMep
resieona?

1398. B rapase 7 muus u3 10 6e3 6paxa. KakoBa BepoATHOCTS TOrO,
yT0 cpeau 6 mmH, B3ATHIX Hayrana, 4 okaxyTcsa 6e3 Opaka?

1399. Us 28 kocreif JoOMUHO Hayraj U3BJIeKaeTcA KocTh. Haiigure
BEpPOATHOCTh TOTO, YTO BTOPYIO M3BJIEUEHHYIO KOCTb MOYKHO IIPHCTA-
BUTDb K IEPBOi, €CJIH IepBad KOCTb:

a) oxasayach gybJem; 6) "He aBIAeTCcA AyOseM.

1400. Y3 komonpl B 36 kapr BriOMpaeTca Hayraj ofHa Kapra. Kakosa
BEPOATHOCTh TOTO, UTO 3TO OyZeT AaMa MUK WM Ty3 (J11060it MacTH)?

\
RN ‘/ YnpaxHenns ans NoBTOpeHUs

1401. fBiasieTca au apudMeTHUeCKOil mporpeccuei mocJenosa-
TeJIbHOCTb, CyMMa IEPBBIX 71 WIEHOB KOTOPOi BrIyHcasercs mno ¢GopMmyie:
a) S, =2n® - 5; 6) S, = n® - 8n?% B) S, = 1,5n% — n%?
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1402. Hocrpoiite rpaduk GyHKIIHNH:
a)y=2x*-3|x|-2; 6)y=x*-4x+|[2x -1

1403. Haiigure obJyiacTh onpeaeseHUs QYHKIIAH
a)y= /sinx; B)y=,/sinx+,/cosx,
6)y= ,/sin 2x;

paccMaTpuBas aTH GYHKIMH Ha IpomexxyTke [—27; 2x].

61. \‘/ CnoxeHne BeposaTHOCTe#

HycTe mpu nmpoBefeHHM OXHOTO M TOTO K€ HCIBITAHUA Haburo-
patorca cobuitug A, B u C. IIpuyem coOwbiTe C o3HAYaeT, 4TO IpH
HCIBITAHHH IIPOU3OLILIO XOTA ObI OMHO M3 ABYX coObITHI — A uiu B.
B rakux cayuaax C HasbiBaloT 06seduHeruem cobbimuii A u B u obo-
sgayaoT C = A U B,

PaccmoTpuMm npumep.

B Memrke HaxoAsaTCA YKEeTOHBI ¢ Homepamu 1, 2, 3,4, 5,6, 7, 8, 9.
IIycTe coOniTHE A 0O3HAUYAET, YTO M3 MEIIKA M3BJIEYEH KETOH ¢ HoMe-
POM, KpaTHHIM 3; coObiTHe B 03HauaeT, YTO U3 MeIIKa H3BJIEUEH Ke-
TOH ¢ HOMepoM, KpaTHbIM 4. KakoBa BepoAaTHOCTb coObiTus C, o3Haua-
FOLLIETO, YTO M3 MeIIIKa U3BJIEYeH YKeTOH C HOMepOM, KpaTHbIM 3 wiu 47

CobriTre C ecTh oObeanHeHMe coOnITHii A 1 B, T.e. C = A U B.
MHO€eCTBO BCeX PABHOBO3MOXKHBIX HMCXOIOB B 3TOM HCIBITAHHH —
aro muoxkectBo U ={1, 2, 3, 4, 5, 6, 7, 8, 9}, rae undpamu o603HaueHBI
HOMepa KeTOHOB, HAXOLAIMXCSA B MeIIKe.

Jusa cobbiTusas A 61aroNpUATHEIMU ABJIAIOTCA HCXOABI, IPH KOTO-
PBIX M3BJIEKAIOTCA JKETOHBI ¢ HoMepaMH 3, 6 u 9, nua cobriTua B —
ucxoabl ¢ Homepamu 4 1 8, nnsa cobuiTna C — UCXOABI ¢ HOMepaMu 3,
4, 6, 8, 9. 3uauwur,

Pa)=3=% PB= % PO= 3

Orciona cienyer
P(C) = P(A U B) = P(A) + P(B).

PaccMoTpeHHBIE B dTOM IpuMepe coOniTNaA A M B aBiAmTCA
HecosmecmHbiMU, T.e. JIOO0H HCXOJ He MOMKeT ObITh OJHOBPEMEHHO
GnaronpuATHBIM KaK IJA coObITHA A, TaK U AJs cobwiTusa B. duaa
TaKuX coOBITHII BepHa TeopeMma:

BE€pPOATHOCTH MOABJIEHUA XOTA GBI OMHOr0 M3 ABYX HECOBMECTHBIX
COGLITHII paBHA CyMMe BEDOATHOCTEH 3THX COOBITHMI.
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JoxraseMm aTo.

IIycTrs n — ob1ee YHCJIO MCXOAOB HCHBITAHUA, M, — YHCJIO HCXO-
OB, 6J1aronpHATHRIX IJIA HACTYILIEHHA COOmITHA A, m, — YHCJIO HC-
X0[0B, 6J1aTONIPUATHRIX AJIA HACTYIIEHHs coOniTHa B.

Torza P(4) = °%; P(B) = 7.

Tax xaxk coObITuss A U B HecOBMeCTHHI, TO AJs cobwiTuss A U B
yucyao 6JaronpuATHRIX UCXOAOB paBHO m, + m,. Orciona
+
PAUB)= T2 =T + T8 _ pa) + P(B), 1. .
P(A U B) = P(A) + P(B).

MoKHO ZOKa3aTh, YTO BOOOIIEe BEpOATHOCTb 00 beJMHEHHA [TONapHO
HECOBMECTHBIX COOBITHIl A,, 4,, ..., A, paBHA CyMMe BEPOSATHOCTE
3THUX COOBITHIA:

PA, UA, U ... UA)=PA,) + P4, + ... + P(4,).

PaccMOTpUM OpHMephI, B KOTOPBIX IPHMMEHSETCA TeopeMa O CJIo-
JKEHNY BEPOSATHOCTEH HECOBMECTHBIX COOLITHIA.

IDpumep 1. B ypue Haxoaurcsa 30 mapos: 10 Geanix, 15 kpac-
HBIX ¥ 5 cuHux. HaiigeM BeposaTHOCTH NMOABJIEHAA 1IBETHOTO IIapa.

BeposaTHoCTh HOABJEHHUA KpacHoro mapa (cobniTue A) paBHa

15 _ 1
PA) = 30" 3
BeposaTHoCTh MosABIEHNA CHHero mapa (coOnitTie B) paBHa
5 1
P(B) = 306

CobbiTisi A 1 B HecoBMecTHhHIE (IIOsIBJIEHHE IIapa OAHOrO IIBeTa
HMCKJIIOYaeT NOABJEeHHe IIapa APYroro 1Bera), IMO3TOMY MOJKHO IIDH-
MEHHTh TEOpeMYy CJIOXKEHHS BepOATHOCTeil. BeposiTHOCT:, MOsBJIeHHA
usetHoro mapa (a1ubo KpacHoro, JuGo CHHEro) paBHa

P(A U B)= P(4) + P(B) = 3+ § =

IIpumep 2. B xoHTeitHepe 10 meraneit, u3 HUX 2 HecTaHAAPT-
ueie. HaiigeM BeposaATHOCTBH TOro, uto M3 6 Hayraz oToOpaHHBIX aeTa-
Jeit okaxercsa He OoJjiee OAHOMH HeCTAHAAPTHOIMA.

Pemrenue. IIycts cobbiTHe A 03HauUAET, YTO CpPefH OTOOpAHHEIX
6 meraseil Bce geTanu cTaHAapTHHIE, a cOObITHE B 03Hauaer, 4TO cpé-
oy oToOpaHHBIX 6 geTaseil ecTh ofHA HecTaHAApPTHAA.

Bcero paBHOBO3MOXHBIX UCXOJ0OB cs,. BiaronpuAaTHBIX AJIA COORI-
tua A ucxomos C§. BiaronpuATHBIX s cobuiTs B ucxomos Cj - Ci.
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HeiicTBUTENIBHO, OAHY HECTAHAAPTHYIO AETajb M3 2 MOYKHO HM3BJIeYb
C; cmoco6aMu, a ocTaBLIMecd D CTAHAAPTHHIX gertaseit — Cj cmo-
cobamu. Kasxxaomy crnocoly usBjiedyeHUs OAHOH HeCTaHAAPTHOM JeTasy
COOTBETCTBYET OAUH CIIOCO0 M3BJIeUeHUA D cTaHZAPTHRIX Aeraneii. Ilo-
3TOMY YHCJO GJATONPUATHLIX MCXOMOB AAA cobuiTua B pasHo Cj - Cj.
CobriTusa A 1 B HecoBmecTHRIE. 3HAYMT,
G, ,C G _ 28 112 140 _2
% % 210 210 210 3°

Beegem emje oaHo noHaTHe. CHcTeMa HECOBMECTHBIX COOBITHIL A,
A, ..., A, HazBIBaeTCA NOJAHOI, ecou COOBITHUA, BXOJAILIME B JaHHYIO
cHUCTEMY, ABJAIOTCA eJUHCTBEHHO BO3MOYKHBIMH.

IToAcHuUM 3TO HAa npuMepe ¢ OpocaHMEM MI'PAJIBHOTO KyOHKA.

a) IIyers cobniTe A,, re 1 < n < 6, o3HayaeT, YTO BBINIAJIO I
oukoB. Torza cucrema coObTuit A, A,, ... , Ag ABasgeTcA moaHou. [Ipu
aTOM

P(A U B) = P(A) + P(B) =

P(A; U4, U ... UA)=P(4,) + P(A) + ... + P(4y) =

1,1 1
=z+5+..t+t3z =
6'6 6 =1
6) IIycre coGeiTue C o3HauaeT, YTO BHIMAJO He Gojiee 2 OUYKOB,
a coOeiTe D o3HauaeT, 4TO BHINAJIO OoJiblie 2 OYKOB. B aToM ciyuae

cucrema cobeiTuit C n D TaKiKe ABIAETCA IIOJHOM:
P(C VU D) =P(C) + P(D) = %+% =1,
Boobme ecam cucTeMa monapHO HeCOBMECTHBIX cOOBITHI A,,
A, ..., A, ABIAETCA IIOJIHOH, TO
PA, UA, VU ...UA)=PA)+ PA,) +..+PA)=1.
IIpuMepoM JABYX HECOBMECTHBIX COOGBITHIf, 00pas3yIOIINX IOJHYIO

cucTeMy, ABJAIOTCA ABA IIPOTUBONIOJIOMHBIX cOORITHA A 1 A. Ux obbe-
IMHEeHHe — JOoCTOBepHoe cobnITHe:

P(A U A) = P(4) + P(A) = 1.

Orciopa P(A) = 1 — P(4).

IlIpumep 3. U3 kosoxnl B 32 KapThl BEHIHUMAIOT HAyrajg TPH
KapTbl. HaiiieM BepOATHOCTb TOTO, YTO CPeAH BBIHYTHIX KapT OyJeT
xoTA OBl OAUH TY3.

9Ty 3agavy Opollle PelllNTh, UCIOJb3Ys [IOHATHE IIPOTHBOIOJIOMK-
HOro coOniTuA u dopmyay P(A) =1 — P(A).

CobniTie A — u3BJIeYeH XOTA Obl OAUH TYy3 — O3HA4YaeT, YTO YHC-
JIO BRIHYTHIX TY30B Oyzer He mMeHbIue yem 1, T.e. 1, 2 num 3.
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CobbiTe A 03HAUAET, YTO M3BJICYEHHEIE M3 KOJIOALI TDH KApPTH
He cOAepKaT HM OJHOTO Ty3a.
BepoATHOCTH TOTO, YTO YMCJIO BHIHYTHIX TY30B PABHO HYJIIO, DABHA

P(A) = F"f”.
32
IelicTBUTEILHO, YKCIO PABHOBO3MOMKHEIX MCXOLOB paBHO Cl,
8 YMCJIO WCXO/O0B, 6IArONpHATHRIX s cobmtua A (0 Tysos), — C3.

Beruncanm P(f_l):
Cx 28! . 321 _ 28129131 _ 28 - 27- 26

CL, 25131 * 20131 ~ 25131321 ~ 32-31-30

7.9.13 _ 819
=%.10.31 _ 1240 ~ 0,66.

OTclona
P)=1- P(A)=1- 0,66 = 0,34.

IIpumep 4. B copeBROBaRuMAX mo 6ery yyacTBYIOT 4YeThIpe
cnoprcMeHa mmog HomepaMu 1, 2, 3 m 4. TpeHepsl OLEHUBAIOT IIIAHCH
3aHATH NIePBOe MECTO AJISA CIIOPTCMEHOB 1o HOMepaMH 1 n 3 Kak oxu-
HAKOBHBIE, & [JIsl CIIOPTCMEHOB 110 HOMepaMu 2 U 4 — BABOe MEHbIIe.
KakoBa BEpOATHOCTb, YTO K (DMHMINY IIEPBHIM IPHUAET CIIOPTCMEH IO
HoMepoM 1 uiu 4?

IIyers A, B, C u D cOOTBETCTBEHHO COOBITHSA: «II€PBBIM IIPHUAET
crmopTcMeH moxA N 1», «mepBhIM IIPUAET cOOpTcMeH mox Ne 2»,
«IIEPBBIM NPHUAET CIOPTCMEH IIOA Ne 3», «lIepBHIM NPHUIET CIIOPTCMEH
oz Ne 4».

ITonoxxum P(B) = P(D) = a. Torga P(A) = P(C) = 2a. CobriTisa A,
B, C u D o6pa3syioT mOJIHYIO CHCTeMy. 3HAYUT,

P) + P(B) + P(C) + P(D) =1,

T.e. 2a+a+2a+a=1. O'rcxonaa=%-

IIpuMeHAss TeopeMy O CJIOKEHHH BepOATHOCTEH# HECOBMECTHBIX
cobnITHi, HalgeM

P(AUD)=p(A)+p(D)=§+%=%.

3HauYuT, BEPOATHOCTH TOr'O, YTO IIePBBIM K (PMHUIITY IPUAET CIIOPT-

1
CMeH 1oJ HoMepoM 1 uju moj HomepoM 4, paBHa 3
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1404. Bpocaior urpaibHbil Kyouk. Kakosa BepoOATHOCTE TOTO, YTO
BBIIIAJET:
a) 1 ouko uau 6 OUKOB;
6) 5 OUKOB MJIM YHCJIO OYKOB, MeHbIIee 37

1405. IIpu crpeanbe mo MHUIIIEHH BEePOATHOCTHh BEIOUTH 10 OuKOB
paBHa 0,2, a BepOATHOCTH BHIOMTH 9 oukoB paBHa 0,5. Yemy paBHa
BEPOSATHOCTH BHIOUTHL He MeHee 9 OUKOB?

1406. Ha kaxXm0il u3 uyeThipexX KapTOYeK HAIIMCAHO II0 OJHOM
6ykBe: 0, p, C, T. KapTouku HOJOXKUJIN Ha CTOJ OyKBaAMH BHHM3 M Ile-
pemeruayg. 3aTeM B3AJM HAyrag OZHY KapTOYKY 3a ADYroif ¥ B TOM
JKe MOpsJKe COCTABMJH CJIOBO. KaKkoBa BEPOATHOCTBH, UTO B pPe3yib-
TaTe OKAa3aJIOCh CJIOBO:

a) COpT MJIM TPOC;
6) He oKazaJIoCh CJOBa TPOC?

1407. Y3 xonoawnr B 36 KapT U3BJEKAaIOT OAHY Kapry. KakoBa Be-
POATHOCTb TOTO, YTO 3TA Kapta Gyzer:
a) KopoJieM IIMK MJIHM gJaMoi Tped;
0) mamoii uau Bajerom (J1r06oif MmacTH);
B) KapTOii YepBOHHOM MAaCTH MJIM Ty30M IIHK;
I') HA Ty30M, HH KODOJIEM, HH JaMoit?

1408. B ypHe Haxozurca 36 mapos: 8 Genbix, 4 4epHBIX, 16 cu-
HUX ¥ 8 KpacHbiXx. 3 ypHBI U3BJIEKAOT OAuH map. Kakosa BepoAT-
HOCTB TOTO, UTO STOT IUAD OKAMKETCH:

a) GeJIBIM MJIM YEpPHBIM; B) He OesbIM;
6) CHHMM MJIM KDPaCHBLIM; I') He CUHUM?

1409. B ypre Haxoaurca 11 1mapoB, U3 KOTOphIX 7 Gesibix ¥ 4 1nBer-
HEIX. 3 ypHBI M3BJIEKAIOT OOUH IUAp, (PHUKCHPYIOT, IBETHOH OH HMJIHU
HeT, 3aTeM Iuap Bo3Bpaijaior B ypHY. Ilociie 3TOro onAThe M3BJIEKAIOT
oauH map. KakoBa BepOATHOCTH TOTO, YTO IIOCJe JBYKPATHOTO U3BJje-
yeHHA 06a IIapa OKaKYTCA IBETHHIMHUT

1410. B smuke Haxogurca 16 meraseii, u3 KOTophix 12 — craH-
gaprueie. HaiiinTe BEpOATHOCTD TOTO, YTO CPeAH ABYX M3BJEYEHHBIX
merajeil ects xora ObI OgHA CTAHAAPTHAS.

1411. B MeluKe HaXOZATCSA YKETOHBI, HOMEPAMM KOTOPBIX SBJIS-
IOTCS BCe TPexaHauHble uyuciaa. M3 meluka BHIHUMAIOT OLUH 2KETOH.
KaxoBa BepOsATHOCTD TOTO, YTO €r0 HOMEP COAEPIKMUT XOTA OhI JBE OfH-
HAKOBeIe HUGpPHI?
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\
N ‘/ YnpaxHeHUs ANA NOBTOPEHUN

x| -2
2

1412, ITocrpoiiTe rpaduk byHKIUM Yy = P

1413. Pemunre HepaBeHCTBO
JV10x + 3 < V14 - x.

1414, imeer siu npepesn mocjeAoBaTedbHOCTS (X,), eCIH

=1)"n
" n+1

62. \’/ YMHOXEeHUue BEepOATHOCTEN

Paccmorpum npumep. B ypHe HaxoadaTcA 6 KeTOHOB ¢ HOMepPaMH
oT 1 1o 6 BKJIIOUMTENBHO, T.€. HOMEpA >KETOHOB B ypHe 006pasyioT
MHOkectBo M = {1, 2, 8, 4, 5, 6}. U3 ypHbI BHIHEMAIOT OAMH 3xkeToH. O60-
3HAYMM OYKBOi1 A cOOBITHE, KOT/IA M3 YPHBI BHLIHUMAIOT KETOH C HOMEPOM,
KpatHbIM 2. ITocse 3TOro >keToH BOSBPAINAIOT B YPHY. 3aTeM M3 YPHH
CHOBA BRIHMMAIOT *KeTOH. IIycTs B — coGbITHe, O3HAYAIOLIee, YTO U3 YPHBI
M3BJIeYEH JKETOH ¢ HoMepoM, KpaTHBIM 3. KakoBa BepOATHOCTHh HACTYILIe-
HUA coGbITHA A ¥ cobbiTiA B mpu aTOM McnbiTaHuu?

Jia cobniTaA A 61aroIpUATHE MCXOABI, 00pa3yIoliue MHOXKECTBO

{2, 4, 6}, a gna cobuiTua B GAArOIpHATHHI MCXO/AbI, COCTaBJAIOLIME
3_1 2_1
MHoxecTBO {3, 6}. ITosaromy P(A) = §- PB =573
Cob6riTie B He 3aBMCHUT OT COORITHA A, TAK KaK BEPOATHOCTH II0-
BTOPDHOTO M3BJIEUEHHA >KEeTOHA He BJIHAET Ha TO, KAKOH >KeTOH ObLI
BBIHYT B NIEePBbIi pa3 (M3BJIeUEeHHBLIH B mepBhId pas >KeTOH ObLI BO3-
BpalieH B YPHY).
Ecau nocne mepBoro M3BieYeHMA >KeTOHA M3 YPHHI €ro He BO3-
BpPaTAT B YPHY, TO BEPOATHOCTH BTOPHMYHOI'O U3BJICYEHHUA >KeTOHA (Co-
6niTue B) Gyaer MHOI, TAK KaKk B ypHe yKe He 6 >keToHOB, a 5. Eciu

. . 1
B NepPBbifi pa3 M3BJeYEH KeTOH, KpaTHu# 3, To P(B) = F? ecaH xe

. 2
B IIePBHIi pa3 M3BJIEKJIN YKEeTOH C HOMepOM, He KpaTHbIM 3, To P(B) = B

B aToMm cayuae BepOATHOCTH COOBITHA B 3aBHCHT OT COOBITHA A, T. €.
coObITuA A M B ABAAIOTCA 3aBHCHMbBIMH,
B nanvHeiineM Mul 6yieM paccCMaTPUBATH HE38BUCHMEIE COOBITHA.

JABa coGBITHA HASKIBAIOT HE3ABHCHMBIMH, €CJIH BEPOATHOCTH KakK-
JOTO M3 HMX He 3aBHCHT OT IOSBJICHHA HJIH HEMOSABJICHHS APYroro
co6BITHS.
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BepHeMmca K paccMOTPEHHOMY IIPMMEDPY, KOrAAa JKeTOH M3BJIEKAJH
M3 YPHHI ¥ 3aTE€M BO3BpAILAJIN 00paTHO.

IloncuuraeM BepOATHOCTE IOABJIEHMA >KETOHA ¢ HOMEDPOM, KpaT-
HBIM 2 M KPaATHBIM 3, B pe3yJIbTaTe ABYKPATHOrO M3BJIEUEHUS KETO-
HOB M3 YPHBI ¢ Bo3BpaleHuemM (cobuitue C).

CobriTue C, cocTofllee B COBMECTHOM IIOABJIEHUH cOObITHII A U B,
Ha3bLIBAIOT nepeceieHuem amux cobbimuil u obosHauaor C = A N B.

MHOKeCTBO PABHOBO3MOXKHBIX MCXOZJOB IIPM II€PBOM H3BJIEUEHHH
sKeToHa — 9TO MHOXKecTBo M = {1, 2, 3, 4, 5, 6}, a npu BTOpOM u3-
BJIEYEHHH >KETOHA — TO XK€ MHOecTBo M. MHOXecTBO pPaBHOBO3-
MOYKHBIX MCXOZOB IIPDH ABYKPATHOM HM3BJIEYEHHUH XETOHOB — 3TO MHO-
sxecTBO map (X, y), rae OyKBoi x 0003HAUYEH HOMED JKETOHA IIPH [IEPBOM
ero u3pjieyeHuy, a OyKBoil y — NIPU BTOPOM HM3BJIEUEHUH. ITO MHOXKE-
CTBO 3AIIMCAHO B BUJE TaOJMIEI.

1) [(251) [B;51) [ (451) ] (551) | (6;1)
(1;2) [ (2:2) | (352) | (4;2) | (5;2) | (6;2)
(1;3) 1(2;3) | (3;3) [ (4:3) | (5;3) | (653)
(154) | (2;4) | 3:4) | (454) [ (5:4) | (6;4)
(1;5) [ (2;5) | (3;5) | (4;5) | (5;5) | (6;5)
(1;6) | (2;6) | (3;6) | (4;6) | (5;6) | (6;6)

Bcero paBHOBO3MOKHBIX HCXOA0B 36.
M3 aToro uncia paBHOBO3MOXKHBIX MCXOZOB 0JIArONDHUATHBIMM AJIA
cobpiTisa A N B 6yayr 3 - 2 = 6 ncxogoB. ITO mMaphI:

(2; 3), (2; 6), (4; 3), (4; 6), (6; 3), (6; 6).

3uaunrt, P(A N B) = % =&

C npyroii cropoHsl, P(A) = —;—, P(B) = -:1; Orcrona

P(A N B) = P(A) - P(B).
J.onameM, aT0 30061118 3eponmuocmb COBMECMHO020 NOABNEHUR

deyx nesasucumbvix cobvimuil paéna npouseedenuio gepoamnocmeil
amux cobvimui.

IIycTts n, — 4MCJIO BCceX PABHOBO3MOYKHBIX MCXOJOB HCIBITAHHUA,
B KOTOPBIX coObITHE A HaCTynaeT MM He HACTYIIaeT;

m, — YHCJIO UCXOAOB, OJIArONPUATHBIX JIJIA COOBITUA A;

n, — 4HCJIO BCEX PABHOBO3MOXKHBIX MCXOJ0OB MCIBITAHUSA, B KOTO-
phix coObiTe B HacTymaeT MM He HACTYIAET;

m, — 4uca0 6JaronpUATHHIX MCXOMOB JJifA coObiTHA B.
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O6I1ee YMCJI0 PABHOBO3MOXKHBLIX MCXOJOB MCIBITAHUSA PABHO I, N,,
TAK KAK KaXXJBIM M3 7, MCXOAOB, B KOTODPHIX COOBITHE A HACTymIaer
WM He HACTYIIAeT, MOYKET COUEeTATHhCH C KaMABIM M3 N, HCXOIOB,
B KOTOpHIX coObITHe B HacTymaer uam He HactymaeT. VI3 aToro umcia
n,n, NCXo40B GJATONPHUATHBIMU IiAA cobbiTUa A N B asaswores m,m,
ucxoaoB. JeAcTBUTEILHO, KAXKABIM U3 M, HCXOAOB, GJIATOIPUATHHIX
oaa cobeiTua A, coueTaeTcsa € KaABIM H3 M, HCXOHOB,
O6s1aronpuATHRIX AJiA co6bITUA B. IlosTomy

=Mmm; _m m _ .
PANB)= -~ . P(A) - P(B).

3mauur, P(A N B) = P(A)- P(B).

9Ta TeopeMa JomycKaeT obobmieHue.

HeckosbK0 COGRITHIT HA3LIBAIOT HE3A6UCUMBbLMU 6 COB0KYNHOCMU,
ecJIN KaXXJoe N3 HUX M Jo0asg KOMOMHAONA OCTAJILHBIX COOBITHI ecTh
cobbITHe HezaBucuMOe. Tak, ecyi COOLITHA A,, A,, ... , A, HE3aBUCHMEI
B COBOKYIIHOCTH, TO OHH IIOIAPHO HE3ABHCHMABI.

BepoATHOCTL COBMECTHOTO IOABJIEHUA HECKOJLKHUX COOBITHIL, He-
3aBHCHMBIX B COBOKYIIHOCTH, PABHA IIPOMU3BEEHUIO BEPOATHOCTEM 3THX
COOBITHH.

PA, NA, N ...NA)=PA,) PA,) - ...  PA).

IIpumep 1. MoHery 6pocaioT 3 pasa nogpax. Ilycts A, B u C—
CcOOBITH S, O3HAYAIOIIINE, YTO pelllKa BhIIaaeT IPH IIEPBOM, BTOPOM U
TperheM OpocaHuu. Haiinem BeposiTHOCTH cobbiTusi A N B N C.

Kaxxgoe u3 AByx cobuituit A u B, A u C, B u C He3aBHCHUMEHI, T. €.
cobriTus A, B u C He3aBUCHUMBLI B COBOKYIHOCTH. IIoaTOMYy BeposT-
HOCTb HACTYILJIeHUA cOObITHA A N B N C paBHA MPOU3BEJEHUIO BEPOAT-

Hocreit P(4), P(B) u P(C). Tak kax P(4) = P(B) = P(C) = % -
P(A N BN C)=PA) PB) P(C) = 535 3=g

IIpumep 2. BeposaTHoCTh monajgaHus B IEeJb IIPH CTpeJibOe H3
IepBoro opyaud pasHa 0,8, a mpu cTpesnbe U3 BTOporo opyaus pasHa 0,7,
Haitnem BeposATHOCTH XOTS OBl OJHOI'O MONAAAHUA B LEJIb, €CJIM KaK-
Joe OpyAue chesiajio II0 OJHOMY BBHICTDEJIY.

IIycrs coGriTie A, O3HauaeT, YTO LEJb MOpaXeHa IEPBBIM ODY-
aueM, a cobbiTHe A, — ImeJsib opakeHa BTOPHIM opyaueMm. Torma A
0o3HaYaeT IPOMaxX IIPH CTpeJsib0e M3 IIEPBOr0o OPYyAMS U Az — mpoMax

npu crpesbfe U3 BTOPOro OPyAHMA.
Orcroma umeeM:

P(4,)=1-0,8=0,2; P(4:)=1-0,7=0,3.
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CobriTua A1 m A; HesaBucHMBIe. CoObiTHe A1 N A, o3Hauaer,
YTO IeJib He NOpa’keHa HH ONHHMM M3 ABYX OPYIHIAi.
CrnenoBaTesibHO,

P(A1n A:) = P(A,)- P(4.) =0,2-0,3 = 0,06.
IIycrs cobriTHe A 03HAYaeT, YTO IeJjib NMOpPakeHa XOTA Gbl OZHUM

opyaueMm. OueBHgHO, uTO A ¥ A1 N Az — IPOTHBOIOJIOKHEIE COOBI-
tus. ITloaromy

P(A)=1- P(A1n4:) =1- 0,06 = 0,94.

1415. B ypHe Haxoxurca 5 mapoB: 2 6enbix U 3 uepHBIX. A3 ypHEI
BRIHEMAIOT OAMH map. PUKcHpYIOT, Geablit OH MM uepHBIK. Ilocie
JTOrO IIAP BO3BPAILAIOT B YPHY. 3aTeéM BHOBb BRIHMMaIOT 11ap. Kako-
Ba BEPOATHOCTH TOI'0, YTO IIPH ABYKPATHOM H3BJIEUEHHWH IUAPa U3 YPHEI
o0a 1rapa OKaXyTCA YePHBIMHU?

1416. BpocaoT IBa MrpajJibHHIX KyOuka. KakoBa BepOSATHOCTH
TOro, YTO Ha OJHOM M3 HHMX BhINajzeT 2 OYKa, & HA APYI'OM — HeYeT-
HOE YHCJI0 OYKOB?

1417. Bpocuian UrpajbHBIH KYOHK M MOHETY OZHOBpemeHHO. Ka-
KOB& BEPOATHOCTb, YTO HA MOHETE BBHIMAJET OPeJi, & Ha HIPaJbHOM
KyOHKe — 4YeTHOe YMCJIO OUYKOB?

1418. 13 Tpex cTaHKOB, pabOTAIOIIUX B Il€Xe, BEPOATHOCTH OCTAa-
HOBKH 3a CMeHY NnepBOoro craHka pasua 0,2, sroporo — 0,15 u
Tpersero — 0,12. KakoBa BepOATHOCTH TOr'O, YTO BCE TPH CTAHKA 38
CMeHY He OCTAHOBATCA?

1419. B nepBoii naprun 3jeKTpojdammoueK Haxoxaurcsa 4 % Opa-
KOBAHHBIX, BO BTOpoii maptum — 5% OpaxoBaumHbIX. Hayrazn GepyT
JIBe JIAMIIOYKH, OJHA — H3 IIePBOIl IIAPpTHH, & BTOPaA — M3 BTOPOIi.
KaxoBa BEpOATHOCTDL TOI'O, YTO:

a) o6e JIAMIIOYKM OKaXKYTCS MCIPABHBRIMH;
6) xord Obl OXHA M3 JIAMIOYEK OKAMKETCA HCIIPABHO?

1420. WUcopiTaHuA Ha IOJHIOHe TPeX OPYAUM IOKAa3ayu: IepBoe
opyame nopakaet uneJjb B 800 cayuasax us 1000, sropoe — B 750 cay-
yasgx, a Tperbe — B 600 cayuasx. KakoBa BepOATHOCTH IOPA3HUTH
[eJb, eCJIM KaMJIoe OPpyAHNe COBEPIUHMT IO OXHOMY BBICTPENy?

1421. TloxOpacsiBaoT 4 UTPaJIbHBIX KyOuKa. KakoBa BepPOATHOCTH
TOro, UTO HA KAMKAOM M3 HMX BBHINIAJIO YHMCJIO OYKOB, KpaTHoe 2?



408 Tnasa 7. 3neMeHTbl KOMOMHATOPHUKU U TEOPUU BEPORTHOCTE#H

1422, B ypHe JexxaT 5 4epHBIX HIApPOB, 4 KpacHBIX U 3 GesbIx.
ITocoegoBaTeIbHO BHIHUMAIOT TPH LIapa, IPUYeM Ka)KABLIH HIap BO3-
BPAIIAIOT B YPHY IllepeJ TeM, KaK BHIHHMAIOT cjexyromuii. Kakosa
BEPOATHOCTh TOr0, YTO NIEPBBIH HIAD OKAaXXeTCA YePHHIM, BTOPOH —
KPAacHBIM M TpeTuii — Geabnim?

1423. UrpaasHuiii KyOMK GpocaloT Tpu pasa. Kakopa BepOSATHOCTb
TOr0, YTO IIPH 1€PBOM GPOCAHMH BBHIMAAET HEYETHOE YHCJIIO OYKOB, IPH
BTOPOM — 4YeTHOEe YMCJIO OUKOB, & IIpX TpeTheM GpocaHuu — 6 oukoB?

el | ‘\
Frrp 7 YnpaxHeHus ONA NOBTOpEHMUA

1424. Tpu 1eJBIX YHUCJIA COCTABJIAIT apHPMeTHYECKYIO Mporpec-
CHIO, IEPBBIA 4jieH KOoTopoil paBeH 1. Eciu KO BTOpPOMY 4ieHY IIpH-
6aBUTHL 3, & TpeTHil — BO3BECTH B KBaJpaT, TO MOJYIUTCA IeOMETPH-
yeckas nporpeccusa. Haiigure atn uuca.

1425, Peniute cucremy ypaBHEHHId
|x_1|+|y+1|=3’
2¢ - |y + 1| = 5.

1426. Pemnre ypaBHeHHE:
) V2xr -1 +4¥8x +1 +¥1-3x = 1
6) V2x — 1 + 43x +1 + §9x + 19 = 7.

’/ KoHTponbHble BONpOChl U 3apaHUA

1. O6bACHENUTE, YTO HA3BIBAIOT YACTOTOM CIyUyaitHOro cooniThs. [aii-
Te OIpeJiejieHNEe BEPOATHOCTH. B ueM COCTOMT pasjinyue MeXKAY CTa-
TUCTHUYECKHUM M KJACCHYECKHUM IOHATHUAMU BEPOATHOCTH?

2. B KaKuX CJAy4YaAX BEPOATHOCTH CJYYAHHBLIX COOBITHI CKJIALBI-
BAIOT, B KAKUX — mepemHOKaioT? [IpuBenuTe nmpuMeps.

0/ AononHurenbHoble ynpaxHeHus

K rnase 7

K nmaparpagy 21

1427. Us uuop 0, 1, 2, 3, 4, 5 cocrasieHbl BCEBO3MOMKHBIE LIIECTH-
3HauHble uHucaa 6e3 noBropeHus MUPp. CKOJIBKO CYIECTBYET TAKHX
yucen?
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1428. Ilo nycTeiHe naeT kapaBaH u3 11 BepGiarosoB. CKOJIBKUMH
coco0aMn MOKHO cOPMHPOBATHL 3TOT KapaBaH, 4ToGbl B cepeauHe
BCErZa Iej OAUH ¥ TOT Ke Bepbmoa?

1429. CKOJBKO HeUeTHBIX HIeCTH3HAYHEBIX YHUCEJ MOKHO COCTABUTD
u3 oudp 1, 2, 3, 4, 5, 6, ecaiu Kaxayio nudpy B YUCIe MOKHO HC-
MOJIL30BATEL TOJBLKO OAUH pas3?

1430. Cpeau pasauuHBIX 18 KHUT HMeeTCA NATUTOMHHK OJHOTO
aBTopa. CKOJBKMMH cIIOCO0aMH MOXXHO PACCTABUTH 3TH KHHUTH Ha OJ-
HOI oJIKe, IPHYEM T8K, YTOObI KHUTH NATUTOMHHKA CTOAJH pAZoM?

1431. Ha noske Haxoautrcsa 16 pasauyHBIX KHUT, U3 KOTOPHIX
10 — B yepHBIX HepenJieTax ¥ 6 — B 3eseHbIX. KHUIM mepecTaBAAIOT
BCEMM BO3MOXXHEIMH crocobaMu. CKOJBKO TAKUX IOJIOMKEHMH, IpHU
KOTOPBIX KHHUTH B YeDHHIX Nepererax 3aHuMaioT 10 nepBeix Mect?

1432. U3 oudp 2, 3, 5, 7, 8, 9 cocTaBJeHE BCEBO3MOXXHBIE IIf-
TH3HAUHBIE YKcJa Oe3 MopTopeHuA nudp. CKOJIBKO cpeau 3THX YHCeN
TAKHX, KOTOpHIE:

a) KpaTHHI 5; 6) xpaTHBI 27

1433. U3 uudp 1, 2, 3 cocTaBbTe BCEBO3MOYKHEIE TPEX3HAUYHBIE
yHeia ¢ MoBTOopeHueM nugp. CKOJLKO TAKHX uuces?

1434. CKOJILKO BCEBO3MOYKHBIX YeThIPeX3HAUHBIX YHCEJ MOXKHO CO-
cTaBuThs U3 nuodp 1, 2, 3, 4 ¢ nopropeHneM nupp?

1435. CxoapkumMu cnocobaMyu MOYKHO 5 pasjIMYHBIX IIPEAMETOB
Pa3JIOKUTh B 3 AIIUKA?

1436. B mtaxMaTHOM TYPHHPe Y4acTBYIOT 6 IIKOJALHUKOB 1 10 cTy-
IeHTOoB. CKOJIBKMMHM CcIIOCO0AMHM MOTYT PaclnpeleNThCA MeCTa, 3aHdA-
Thle IIKOJLHHKAMHM B TYPHHDe, €CJIM HMKaKue 2 yJyacTHHKA He
HaOpaJu OZUHAKOBOE YHUCJIO OUKOB?

1437. CKoJIbKO CyIIeCTBYET IIEPECTAHOBOK M3 71 3JIEMEHTOB, ¥ KO-
TOPBIX ABA JJIEMEHTA PACIIOJIOKEHBI pAAOM?

1438. CKOJBKO NepPecTaHOBOK MOYKHO COCTABHUTH M3 3JIEeMEHTOB
MHOMecTBa {a, b, ¢, 1, 2, 3}, B KOTOpPHIX:
a) MePBHIMH JJIEMEHTAMHU ABJIAIOTCA OGYKBHI;
0) MepBLIM M IOCJIEAHUM 3JIEMEHTAMHU ABJIAIOTCA GYKBHI?

1439. CroJbKO MOKHO cOCcTaBHUTHh M3 mudp 1, 2, ..., 9 mectu-
3HAUYHBIX YHCEJ, TAKHX, ¥ KOTOPHIX HedyeTHble HuGphl CTOAT HA He-
YeTHBIX MEeCTaxX, a4 YeTHbIe — Ha YeTHBIX?

1440. CroJbKHMH crocofaMH MOYKHO PACIIOJIOKHUTHL H& IIaXMaT-
HOH xocke 8 sajeit Tak, UYTOOBI OHM He MOrJM GUTH ApPYr Apyra?
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1441. CxoapbKUMHK crIoco6aMy MOXKHO Pas3yIoKHUTE 25 AOCJIOK B ABe
Basel o 12 u 13 A6g0K B Kaxkg0i Baze?

1442, CKOABLKO YIEHOB COAEPKUT MHOTOUYJIEH
X XpX3Xy + X1 XXX, X5 + oo+ XyXgXoX10s
B KOTOPOM K&XKIBIH YJIeH eCTh IPOM3BeJeHUe YeThIpeX IePeMEHHBIX,

NPHHAAJIEIKALIAX MHOXKECTBY 0e3 IIOBTOPEHHA OAMHAKOBBIX MHOKH-
Teaei?

1443. HajizuTe HauMeHbIllee 3HaYeHHUE 71, IPH KOTOPOM 3HaYE€HHe

BhIpaKeHUsA I}:Z"

n-

OKaH4YMNBaETCA TOYHO IATHIO HYJSIMH.

K nmaparpadgy 22

1444, TIats pas 6pocasu MOHETY M KaXJbIi pa3 BHIIaJajia perm-
Ka. KakoBa BepoATHOCTB, YTO IIIECTOM pa3 CHOB& BhINAAET pemka?

1445. Amuk co 100 urpymramu cogepxkur 10 urpymex c gedex-
ramu. M3 anuka ciayuaiiHeIM 00pasoM usBiekaioT 5 urpymek. Kako-
B& BEPOSTHOCTb, YTO XOTA ObI OfHA MIDYIUKA OKa)XeTcdA ¢ gedekToMm?

1446. Uz 60 peraieii, jJexaiux B sIIUKe, 5 ABIAIOTCA OpaKo-
BaHHBIMU. KaxkoBa BepOATHOCTD, YTO HayTaj BhIGpaHHASA HeTajb OKa-
JKeTcsa Ge3 Opaxa?

1447. B xopobke sexaT 25 KapaHaamniei, npuyeM 3 U3 HUX IJIOXO
3aToueHbl. Hayraj BLIHMMAIOT OAMH KapaHzaall. KakoBa BepOATHOCTS,
YTO OH OKAYKETCS XOPOILO 38TOYEHHBIM?

1448. CayuaitHO BcTpeTHINCH 7 YesoBeK. UTo Gojiee BEpOATHO: BCe
OHM POJMJIMCH B Pa3Hble JHHM HeJAeJH HMJH XOTa Obl JBa M3 HHUX
POAMJIKCH B ONMH U TOT ’Ke JeHb HeJeJau?

1449. U3 28 KocTeil JOMMHO H3BJIEKAIOT Hayraj jaBe KocTH. Ka-
KOBA BEPOATHOCTDH, UTO BHIOPAHHBIE KOCTH OYAYT ABYyMS AYIJIAMHU?

1450. B ypHe oguH Gesblii 111ap ¥ TPU YepHbIX. Hayrajg BBIHUMAIOT
ABa nrapa. KakoBa BepOATHOCTb, YTO OHM 00a YepHBIE?

1451. B ypue 10 Geanix ¥ 5 yepHbIX mapoB. Hayrax BeiHUMAaOT 3
u3 Hux. KakoBa BepOATHOCTH TOT'O, YTO M3BJIEUeHHHIMHU IIIAPDAMHU OKA-
FKYTCH:

a) 2 Oeanix U 1 yepHBIi 1mAD;
6) 1 Gexniii 1 2 yepHBIX MmIapa?

1452. B smuxe nexar 8 3ejieHBIX, 6 uepHBIX M 5 GeaBIX LIApOB.
M3 AmuKa Hayrag M3BJIeKalOT OAMH Iuap. HaliiuTe BepOATHOCTD K3-
BJIeUeHUs Ju6GO uepHoro, Jubo 6esoro mapa.
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1453. M3 HaTypaJbHOIO 4KcJa, He mpeBocxoaamlero 30, BeIGuparoT
Hayraj ogHO uncyio. KakoBa BEpOATHOCTb TOIO, YTO 3TO UMCJIO OKAMKETCH:
a) KPaTHBEIM 3;

6) npoCTHIM;
B) KPaTHBIM 3 MJIM KpaTHbIM 11;
I') KPATHBIM 4 MJIM IIPOCTBIM YHCJIOM?

1454, 3auer o crpenbbe cUMUTAETCA CAAHHBIM, €CJIM KYPCAHT IIO-
JiydyaeT OIeHKY He HuUKe 4 6a/toB. KakoBa BepOATHOCTH, YTO KYPCAHT
caj 3a4eT, eCJH BEePOATHOCTH AJISI HEro IOJYYHTh OLEHKY 5 6aJijioB
cunraercsa paBHo# 0,3, a moayuyurs oneHky 4 — 0,5?

1455. M3 ronoxbr kapr orobpaubl Kopouu (K), namer (II) u Base-
ToI (B). OTH KapTH epeTacoBaHbl. TPH KapTH HayTaj U3BJIEKAIOT OJHA
3a JPYroil M MOCJIEZOBATENBLHO BHIKJIALLIBAIOT B PAA.

ITycte cobuiTne A, o3Hauaer, uTO BhLIOXKeHHI KapTtel KIIB, 4, —
BeLIOKeHBI KapTel KB, A; — BrumokeHbl Kaprer JJKB.

KaxoBa BepOATHOCTh HACTYILJIEHUA COOBITHSA:
a) A,; 6) A, U A, B)A, UA, U 4,7

1456. B ckaukax y4acTBYIOT TPH JIOMIARHU o4 Homepamu 1, 2 u 3.
Ha ocHoBaHMM HIpeAbIAYIIMX BLICTYIIJIEHHMH IIaHCHI NOGEIUTH Y JIO-
majgyu mog HOMepoM 3 BABO€ MEHbIIe, UeM Yy JIomIagel moJ HoMepaMu
1 u 2. KakoBa BepOATHOCTH TOT'O, YTO I€PBOH IIPHAET JIOMIAAL IIOK
HoMepoM 1 miam mox Homepom 3?

1457. [Ipa cmopTcMeHa CTPEJISIIOT OZHOBPEMEHHO IO JBMIKYyIIeics
muieHyd. MullleHb IIOpaXkeHa, €CJIM B Hee MOMAJI XOTSA Obl OOUH M3
cnoprcMeHOB. Haligure BeposSITHOCTH IIOPaXeHUSA MHILIEHH, €CJIH Be-
POSITHOCTH IIONIAJAHUSA B Hee NMEpPBOro cmoprcmeHa paBHa 0,75, a BTo-
poro — 0,8.

1458. BepoATHOCTh MONAJAHUA B MHUIIEHb IIDH OJHOM BBICTpEJIE
paBHa 0,6. KakoBa BepOATHOCTH IONAAAaHMUA B MHIIEHb Ipu 4 Hesa-
BHCHMO IIDOM3BEJEHHEBIX BhHICTpeaax?

&

YV 3apaun noBLILLEHHO# TPYAHOCTM

1459. Jlokaskure, YTO U3 paBEeHCTBA

1 . 1,1_ 1
atptecTarbre

cJiefilyeT PaBeHCTBO
1 1 + 1 1

n

a B " a"+ b+
rAge n — He4YeTHOe HaTypaJIbBHO€ YMCJIO.
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1460. IIocrpoiire rpaduk GyHKIHHU:

a)y=||x-1-2/-3| 6)y = |||x+ 6] +1| - 4|
1461. ITocrpoiite rpaduk GyHKIUH:
a)y=x— {x} B) y = x + {x};
6) y = [x] + {x}; r) y = [x] - {«}.
1462. Pemunte ypaBHeHHe:
x _ x -1,
8) P 3x+2 Libx+2 24

x x _ 910
6) x2—3x+1_x2+x+1_213'

1463. Pemure ypaBHeHue:
2 2
x x _ 10,
2) (x—l) +(.‘1¢+ 1) -9
6) (x + 5)* — 13(x + 5)%x% + 36x* = 0.

1464. PeminTe OTHOCHTENLHO X YPaBHEHHE:
x-ab x-ac  x-bc

+ = M

a) a+b a+c b+c a+tb+c

6) X—-@a x-b x-c_ (l 1 l)
) be + ac + ab 2a+b+c

1465. JlokaxkuTe, UTO NIpH JIOOBIX 3HAYEHHUAX @, b ¥ ¢ ypaBHEHHE
(x—a)x-b)+t(x-a)x—c)+(x—-b)(x—-¢c)=0
uMeeT KOPHH.
1466. Pemnure HepaBeHCTBO:

2 2
2, X 8, 2, 4%
a)x+(x+1)2<4, 6)x+(x_2)z < 5.
1467. IIpu XxakuX 3HAYEHUAX @ BEPHO IIPH J060M X HepaBEeHCTBO:
ax x2+ax -1
a)Jc2+4<1’5’ 6) 2x2—2x+3<1?

1468. IIpu kakux 3HaueHUAX a JI060oe 3HauYeHHe PYHKIMHU f(x) =
_8x*+ax-6
T ox2-x+1

1469. Haiigure:

a) Bce maphl HATYPAJBHBIX YHUCEJI, YAOBJIETBOPSIOIHE YPABHEHHIO
2xy = x2 + 2y;
0) Bce maphl LeJbIX YHCesl, YAOBJIETBOPAKOIINE YPABHEHHUIO
x*—-4xy+y*+2=0.

NIPUHALJIEIKUT IIPOMEKYTKY (—9; 6)?
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1470. Pemnre ypaBHeHHE
x2+2«/§x+y—4\/§+7=0.
1471. Pemure cucreMy ypaBHEHHUIi:
a') {(x + ) - y*) =9, 6 {(x2 + 1)(y* + 1) = 10,
(x - y)x* + y?) = 5; (x + y)ay - 1) = 3.
1472, Pemure cucreMy ypaBHEHUiA:
2) (x -y + 6(x — y)? = 80, 6) y? = x® — 3x? + 2x,
X -3y =1; x? = y® - 8y? + 2y.
1473. CymecTByeT Jid TaKOe JBy3HAYHOE YMCJIO, KOTOPOe IIpH JeJie-

HHMH Ha CyMMy KBAJPATOB eT0 HU}p JaeT B yaCTHOM 2 M B ocTarke 6,

a MpH JeJieHMH HA Npou3BefeHHe nudp zaer B 4acTHOM 4 M B OC-
TaTKe 67

1474. Peminre cucTeMy ypaBHeHHIA:

2 2
(x—2y)8+x—2y=10 x?+-yx—=12,

a) {\x + 2y x+ 2y ’ 6) 1 1 1
x* - Txy + 3y = 81; PRI

1475. Hailignte Bce TpoiikuM HaTypaJibHBIX YHCEJI, YAOBJETBO-
pAlolIe cucTeMe

x+y+z=14,
x + yz =19.

1476. Pemnre cuCcTEMy ypaBHEHMIL:

x+y+z=9, x2+y2_222=0’
1 1 1

;+;+;=1, 6) x+y+z=8,

=—-2,
xy + xz + yz = 27; Y=~z

1477. Pemure cucreMy ypaBHeHMH ¢ mapaMeTpoM a:

+ 2 = g2 -V _4=0,
a) a+1 6) {a+1
x+y=ay; x -y =0.
1478. Peminre cucreMy ypasHeHHi ¢ mapamerpamMu a u b:
x+y=a, ax + L 2,
y
a) x_ . b-y _ 5. 6) b
b-y x 2’ <t o = 2ab.
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1479. B apudmeTnyecKoi IpOrpeccuy, COCTABJIEHHON N3 YeThIpex
TeJIBIX YKceJI, 00JIbIUNil YWiIeH paBeH CyMMe KBaJPaTOB OCTAJIbHBIX Wie-
HOB. Haiinre WileHEI 9TOM NPOrpecCHH.

1480. Ilycts (x,) — apudmeTnueckas Iporpeccus, B KOTODOi
x,=a, x, = b, x, = c. lokaxure, 4T0

(m—-EKEa+k-pb+(@-m)=0.

1481. Tpu pasMIMYHBIX IEJIBIX YHCJIA, CYMMa KOTODPHIX paBHa —3,
COCTaBJIAIOT eOMeTpHYeCKyIo nporpeccuio. Haiinure atu yucia.

1482. MokaxkuTe, YTO €CJHM KBAAPATHI CTOPOH TPEYTOJLHUKA
06pa3yioT apudMeTHYECKYIO IPOTPECCHIO, TO TPEYTOJbHHUK, CTODPOHA-
MH KOTOPOTO SABJIAIOTCA MeAMAaHBLl JAHHOT'O TPEyroJIbHMKAa, MOogo0eR
JaHHOMY.

1483. U3BecTHO, uTO f(x) — JMHeliHadA PYHKOHUA, a MOCJeHOBa-
TEJILHOCTD X;, X3, X3, +. 5 X, ... — apUdMeTHUeCKad mporpeccus. o-
KajskuTe, YTO IOCJIENOBaTEIbHOCTS f(x,), f(x,), f(x3), ..., f(x,), ... TAK-
JKe ABJIAeTCA apudMeTHUYeCKOH mporpeccuei.

1484. Haitaure cymMMy IepPBHIX 1 WIEHOB IIOCJeAOBATEIbHOCTH

2, 22, 222, ..., 22...2,....
——
n pas
1485. Haiimnte HeoOXoAMMOe M OOCTATOYHOE YCJIOBHE TOrO, 4TO
KBAJPATHl TPEX IOCJENOBATEJILHBIX YJEHOB apudMeTHYEeCcKOi Ipo-
rpeccuy, IepBbIi UjieH KOTOPOIl paBeH a ¥ Pa3HOCTH paBHA d, ABJAIOT-
cA TpeMs TIOCJIeOBATEJIbHBIMM YJIEHAMH reOMEeTPHYECKOM IIPOTPECCHH.

1486. IlocnenoBarenbHocTu (x,) u (y,) 3ajaHbl GopMyJIaMu x, =
=2n — 1, y, = n?. Ecau BelnucaTh B IOPALKE BO3pacTaHUsA Bce obliue
YIeHBI 9TUX MOCJIEAOBATEILHOCTEM, TO OJYIATCA IOCJIEAOBATENIBHOCTD
(z,). Sanummure GOpMyJsy n-ro YieHa IOCJeI0BATEJbHOCTH (2,).

1487. B 6eckoHeuHOIT reoMeTPHYECKOM IIPOrPeCCHH BBIAEJSIOT 110
NOPALKY OT ee Hayaja IPYINbI, IIO 71 YJIEHOB B KakAoi rpynmne. [o-
Ka)XuTe, UYTO CYMMBI WIEHOB 3THUX I'Pynn o0pa3yioT reOMeTPHUYECKYIO
[IPOTPECCHIO.

1488. IlocaenoBaTebHOCTh HATYPAJbLHBIX uMceJ pasbura Ha
rpYIIIEI

(1), (2,3), (4,5, 6), (7,8,9, 10), ....
Haitgure cymmy umces n-ii rpynimsl.
1489. Hoxkakure, uro eciut n € N 1 n > 2, To BepHO HEPABEHCTBO

n(n-1)

2 % >npl.
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1490. Jokaxkute, 4To npy JaI000M HATypaJbHOM 1, Gojbmiem 1,
BEpPHO HEPABEHCTBO
1 1 1 + 1 > 13
n+l n+2 n+3 " n+n” 24°

1491. Hajinure 3HaueHNe BhIpaXKeHHA x° — 3x npm

P S

e-1 We+1
1492. Pemunre ypaBHeHHe:
a) 4629 — x + Y717 + x = 8;
6) (65 + x)? + 4¥(65 — x)? - 534225 — x? = 0;
gy 29-0¥x -1-G-D29-x _,,

Y290 - x - Yx -1

1493. Pemmnre ypaBHeHHe:

a) (9+x%)5 +(9—x%)§ = 3-2?1‘;

1 3 1 3
6) (x"’ + 1) - (x2 - 1) =1.
1494, Pemnre OTHOCHTENLHO X YPaBHEHHE:

1
a)x—3i’/;c— =a3+F, rae a # 0;

6) Y@ + x)? - 153(a - x)? - 2¥a2 - 22 = 0.
1495. Peminre HepaBeHCTBO C MapaMeTpPOM a:

a)avx +1 < 1; 6) @+ 1)v2-x < 1.
1496. MoxaxxuTe HepaBEHCTBO

(2¢4a + 2¢b + 2¢c) - (Va + Vb + Je) < 3.

1497. Jlokasknre, 4TO Npy JIOOOM HATYDPaJIbHOM N BEPHO Hepa-
BEHCTBO

1_ 1385 ... @-0
<246 .. <L

1498. okaxure, uTo NpH J0O60M HATYPaJbHOM 71, GoJyblueM 2,

BEPDHO HEPaABEHCTBO
Ynl > \/;
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1499. Buipasure cos 20 uepes a, ecam tg2o — atgo + 1 =0,
0<a< %, az2.

1500. Hokaxure, uto eciu o, B, Y — yIJsl TPEYroJsHUKA, IIpHU-
YyeM Y ~— TYHNO# yroJ, TO Npou3BEeJEHUEe TAHTEeHCOB YIJIOB O ¥ 3 MeHs-
me 1,

1501. Mloxakure, 4TO ecam O, B, Y — YIJIBI TPEYrOJIbHUKA, TO
BEPHO PABEHCTBO

o B
tgztg

2

B YitgXtgl =

5 + tg tg2 + tgztg2 1.
1502. oxaxkure, uro:

a) tg 55°- tg 65° - tg 75° = tg 85°;

6) tg? 36° - tg? 72° = 5;

B) tg 9° —tg 27° — tg 63° + tg 81° = 4.
1503. Ooxaxure, uto ecau cos o = tg B, cos B =tgy, cos y=tga,
rge o, B, Y — yIVIHI IEpBO# 4eTBEPTH, TO
sin o = sin f = sin y = 2 sin 18°.
1504. 3uad, uto sin o0 + cos o = a, Ha#aNUTE:
a) %; 6) sin® o + cos® a.
ctg E - tg E



/\\
\/ OTseTnbl

I'naBa 1

15. ¥ x a 3 a Hu e. BocmonnbayiiTeck HepaBeHCTBamMu a + 1 > 2\/(;, b+12> 2\/5,

ab + 1 > 2J/ab. 16.a) (4; +); 6) (1,5; +0). 29. (3-2; 2-V2),

Do =

(3+\/§;2+«/§). 32'2(a+ opu a > 2. a)l; 6)%.

1)
38. f(-2) = 305; a = 3. 39.g(-3) = -16; b = 27. 43.2; -3. 44.-2; 0; 5.

6x -9
46.-17; -8; 0. 52. x + 2 =19 -3 53.5. Yrasanue. Ilpeacrasnte

opu a < 2;

DOAKOPEHHOE BhIDaYKEeHHe KayKAOro KOpHS B Buje Keaaparta. 58. a) E(y) =[-8; 8];
& EW = (-0 5] v [T o} 9 EW) - 105 41 D EG) = 105 4o

e) E(y) = (-o0; 5). 61. a) f(1) = 3; 6) f(1) = 3; B) f(1) = 4; 1) f(7) = 5. 62. 8) g(3) = ~2;
6) £(2) = ~1; B) g(1) = —4; r) g(0) = -3. 64. CymecTByeT: y =kx + bopu k= 0.
88. a) 2; 6) 1. 73. (0; 0); (1; a). 76.a) IIpu n = ~-8; 6) mpu n = 10. 77. a) m = 6;

6)m=-4. 79.y = 0,5(x — 4)> + 2. 80.a)a = 1%; 6)a = -0,5; B)a = 0,2.
81.a)(1; 3), (11; 243); 6) (0,25; 3%), (1,5; 1,75). 84. D(g) = (—o0; —1) U

U (-1; 1) U (1; +o0). T'padpux dyaExnum — npsaMas y = 2 ¢ UCKIIOYEHELIMU
rouxamu (~1; 2) u (1; 2). 85.8)3(x ~ 2)? — 17; 1) 0,5(x + 3)* + 2,5. 86.a)9;
a-1
a+1

6)4. 87. . 96. a) ITpu ¢ > 24; 6) mpu ¢ > -10. 97.a)IIpu c = 9; 6) mpu c = 12;

B)opu ¢ = 6. 101, 10 cMm. 102, 6 cm. 103, m 105. 4; 9. 119. a)[-5; 7],

[-18; 10]; 6)[-7; 5], [-10; 18]; B)[-7; 5], [-18; 10]. 120.2a)y = 0 npu x = -3;
4;6; y> 0 mpn x € (—00; -3) U (4; 6); y < 0 mpm x € (-3; 4) U (6; +0); 6)y =0
opu x =-6; —4; 3; y > O opu x € (—o0; -6) U (—4; 3); y <O mpu x € (-6; ~4) U
U (3; +00); B) y = 0 iput x = ~6; —4; 3; y > O mpur x € (—6; —4) U (3; +°0); y < 0 mpn
x € (—oo; —6) U (—4; 3). 124.a)5; —-7; 6)5; —7. 125. a)(8; —72); 6)(-8; 72);
B) (—8; —-72). 129.a)-3; —-2; 2; 3; 6)~T7; 7; B)-T; —6; r)—4; 12. 130.a)0;
6)0. 132.2)7,62 < 2J5 + V10 < 7,65; 6)1,29 < 2/5 - V10 < 1,32.
133.{2; 3; 4; 5; 6). 136.a) D(f) = R; D(g) = R; 6) E(f) = [0; +°); E(8) =
=[-1; +oo]; B)f(x) =0nmpu x=1ux=3; gx)=0mpu x =4, x=-2, x =2,
x = 4; 1) f(x) Bospacraer npu x € [-1; 2] U [3; +0); f(x) yOmiBaeT mpu
x € (—oo; 1) U [2; 3); g(x) Boapacraer rpu x € [—3; 0] U [3; +00); g(x) yOriBaer mpu
x € (-oo; =3] U [0; 3). 137.a) D(y) = [-10; 16]); E(y) = [0; 7]; 6) D(y) =
= [-16; 16); E(y) ompexenuTs HeBo3MOMHO. 139.|g(x)| = 0 mpu x = -5

14 JO. Maxkaprrues «Anre6pa. 9 KJ1.»
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ux=1; |gx)] > 0 mpu x € (-00; ~5) U (=5; 1) U (15 +o0); g(|x[)=0 mpu x = -1
ux=1; g(x) > 0 mpu x € (~o0; ~1) U (1; +o0); g(lx[) < 0 mpm x € (-1; 1).

1
142. f(x) = ;z—t%i% 144.-3; -2; -1; 1; 2; 3. 145. 3a. 146. (0; 3).

148.2x%2 + 2x - 1 = 0. 154.a)x, = 3; 6) x, = 2. 159.a)-1; 1; 6)-3; 3.
161. a) E(f) = (—o0; —2] U [2; +00); 6) E(f) = (—o0; 3) U (3; +o<); B) E(f) =[1; 2];
r) E(f) =[2; 3). 162. 20 < S < 27. 163. a) g(0) = 0 — mauMenbIIee 3HAYEHHE;

aanbosbpmiero sgadyenus Her; 6) £(3) = 3§ — manbGosbliee 3HaYeHUE; HAMMEHbD-

[

OIero 3Ha4YeHUA HET; B) g(—\/§) = g(—71§) = 8 — maubosbOiee 3HAYEHHE;

2
g (—75) = 7 — HanMeHbOIee 3HayeHne; T') g(—9) = 0 — HamMeHbOIee 3HAYCHHE;

Hauboabmero sHaveHEus Her. 165. ¢ = |x + 2| + |x| + [x - 2|. 167. —\/p -

168. a) Ilpu |k| > 0,8; 6) opu |k| = 0,8; B) npm |k| < 0,8. 169.IIpu p = —4;
6)npu p=5. 170.a)lIpu a = 8; 6)mpu @ = -7. 171.a)a =38, b=-T,c = 2

176.a)y = x2 + 8|x| + 7; 6)y = x4:3:c3—1’ B)y-lx——l 7

r)y=|x-3|+3.

I'aasa 2

192.a = 3, b = 7. 196. (-1; 0), (1; 0), (1,5; 0). 198.a)-1; -3; 6) 1;
-1,5 - 3,25, —-1,6 + /3,25; B)2; —-3; ) 2; —-4; 3. 199.a)-1; 6)~2; B) 1;

-1 - «/(—i; -1+ \/6; r2; n)-1; e)1; —\/g; J5. 200. a)2; 6)-1; -2; ~/§; 2;
-v2; B) «/5; —~/§; -1; r1; 2. 201.a)-1; 1; 6)-1; 3. 202. a) 2; -2; 6)-1; 1;
8)-3; 3. 203. ) 3; 6) 2; —2; 1; —1; B)~1; V2; —v2. 204.2)3; -7; 6) 4; ~2;
B)2; -8 1)3; -5. 207.a)2 ~V3; 2 +/3; 6)1; -2,5 - 5,25; -2,5 + /5,25;

B) ~2; —E; 9 4J_ 9+J_, r) Kopreit HeT. 208.a = 4; x, = 2; x, = %

7 5 . 5 -
215.a = B b= 1 217. a) 3; 6) kopHeit HeT; B)1; 11; r) 9 218. a) 4,9;
6)2— 220. a) -3,5; 6) 4,5; B) 8; 0,8; r)0; ~4,5. 221. a) 2; 6)1+J— B) 1;

r) 1. 222, 8)-1; -3 - VIT; -8 +17; 6)1; =~ ‘6‘55; =7 *6‘/1_3; 8) 0;
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‘43‘/6; ‘42‘/6. 223. a) -2; 1; 6) 1. 224. a) —%; —%; 2; —4;

r)l;

6)-2; 6. 225.a)1; %; 6) %; 2. 226.a)-2; 2; 6)-1; 3. 227.a) V3; 6) V2

1

228.4a)0; 6)1; —1; B)-5; 2; r)-1; 3. 229. a)-3; 3,6) -2; 2, -5

’ 3’
B)1 -2, -1 +2. 230.a)2; —%; 3 - V10; 3+ V10; 6)1; 5. 234.2) 0; 6) 1.

13 - V233, 13 + /233 ]
z 2

239.6)[ 240.a)a < -1,5;6) a > 1,6. 242. a) 0; 6) 2.

243. 8) 0; 6) ~2. 244. B) (~o0; ~0,5) U (1,5; 2) U (2; +00); 1) (~00; —4) U

. . . 11y 4 613 4: 5) 3 4s Be
U (~4; 4) U (4; +0o); 245. n)( > 6), 1) (o, §). 246.2) 1; 6) 3; 4; 8) 3; 4; 5;
r) 1. 247. a) (5; +o0); 6) (0,5; 2,25). 248.a) x € (—o0; 5); 6) x € (0; 4).
250. a) (o; %) U (4; 8,5); 6)(~7,6; —3). 251.8) x € (—%; +oo); 6)m € (~00; —6) U

U (1; +00), 262.a)b < ~4; 6) b > 1,5. 254. a) —% <k<0;0)-0,1<k<0;

) -5 <k <0.256.6) (~o0; 1) U (0,3 2,5) 5)[-6; 8,5] U [4; +00); 1) (-3; 0) U
U (0; 1,5); m)(0; 6) U (6; 7,5); e)(—o; —1,5) U (0; 1,6) U (1,6; +o0).
258.8)a < -6 wm a > 4;6)-7 < a < 5. 259.8) (7; V7); 1) [15; -J11] U
U [VIT; V1B J; &) (=003 3]; ax¢) (~00; 4]; 3) (~00; —8) U (3; +0). 260. a) (-2; ;) u

U (2; +00); 6) (—o0; —6) U (—1; 1); B) (15 2) U (2; +00); 1) (—00; —3) U (—1; 2).
261.4a) (—o0; 1) U (3; 8) U (8; +0); 6)(—o0; 1) U (1; 1,5) U (1,5; +oo);
B)(=2; 2) U (2; 3); r)(-0,5; +0). 262. a)[—4; 3]; 6) (-00; —1) U (-1; 0) U [6; +0).

263. a) [-19; 2]; 6) (—oo; 0] U [1; +00); B) [2; +00); ) [3; +20) U {1}. 266. a) %;
—%; 3; —3; 6)5; —5. 267.a)0; 45; 6) 0; —9. 268. a) Kopreit BeT; 6) KOpHEIt

mer. 269.6) (-00; —5) U (4,5; 6); n)( 12,1 5) U (2; +oo); 1) (-1_21; _%) u

v (13

i; +00). 270.r1)(-8; —3,5] U [4; +0); 1) (1,5; _%) U [1; +00); ) (—o0; —4) U
V] [1 2] 271. a) (—o0; —3) U (2; 3) U (4; +00); 6) (—o0; —4) U (1; 4); B)(—3; ~1) U

6’3
1—J5.—1+£]U
2

U (1; 8) U (3; +00); 1) (=003 ~2) U (05 2); B) (—00; 8) U [_ D)
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U [1; +o0); e)[1; 3). 272. a)[-3; 2] U (8; +o0); 6)(—o0; —1) U [4; +x),
273. a) (o; 1%) U (2; +00). 274.8)-10 < a < 10; 6)—6 < a < 6.

275. ) (-oo; -§) U (0; 2); 6)(~6; —1) U [9; +00); B) (=003 —1) U (L; +o);

r)(-2; 2). 276. a)(4; +oc); 6) pemenwnit met; B)(-2; ~1] U (0; 0,6]; r) (—4; —0,16] U
U (0; 1). 277. a) (10; +00); 6) (—o0; —8) U (0; +o0); B) (—o0; —5,5) U (3,5; +0);
r}[0; 1]. 278. a) 2; 3; 6)—5; —4; —3; —2; -1; 0. 279.a)a > 4; 6) a € (—o0; —6,5) U

U (~4,4; ~8) U (=3; +00). 280.a) x € (-1; 1); 6) x € [l- 12]. 281.1) 8.

7778
283.a > -0,4 i a < —6. 288. a) —1%; 2; 6) %; B) KopHeii Her. 289.a)-1; 1;

6)-3; 3; —V7; J7; B)2; 3; 5'2‘/H; 5+2‘/H; r)0; 1. 292.a)1; 3; -%;

6)11-JH, 11 + 41

50— S 293.8)2; -3 + J13; 6)1;4;8)2; 7T+ 57; 1)-5; 1,5;

-2,5; 1; 1) 1; e) Kopreit Eer. 295.a)9; -2 — V41; 6) 2; -3%. 298. a) -1; 1;
-1+ «/1_3
2
6)(—3; +o0); B)0; 2; r)-1; 7. 300. a) 5; 6) 3,5; B) 2; r) 0; -3,2. 301.a)4; 6)—9;
1; V33. 302.a)-2; 6)-1. 304.a)-1; 3; %; 6) 1. 807. ) (3; 11); 6) (~o0; —11,8) U

. 1= Z;/1_3 ; 6)1; —1; 2; —2; 8)3; -3; 1) 2; —2. 208.[2; 3). 209.8) 1; O;

U (1,8; +o0); B)(—22; 24). 309. a) (—00; —1—75} U [1,8; +0); 6) (—oo; —I%) U

U (1,5; +0); B) (4%; 10); r) [2; 2%]_ 310. a) (~o0; ~1) U (1; +00); 6) (-1; 3);
B) (1 - VT3 1+ 4/T); 1) (—00; =2) U (=15 0) U (1; +0); 312.2)-2; -15 0 1; 2;
6)-3; ~2; 2; 3; B)—4; —3; ~2; ~1; 0; r)—1; 0; 1; 2. 313.a) (-0 -1 - V6);
6)(1; 3); B)(0; 8); )(0; 2). 315.a) (-3 - V13; -2) U (-3 + V13; 2); 6) (-1; 2);
B) (8- vB; 8+ 4B); 1) (-00; —1) U (1; +0). 316. a) (-2; 3); 6) (-2; 9);
B)(—0; 1]; r)(-00; +o0). 317. a) (-2; 2); 6) (—o°; —4) U (4; +0); B)(-3; 3);

r) (-5; 5). 318.a) (1-V5;2); 6)(-2; 3); ) (-z; %) r) (-4; 0,5).
515, o) (_0L5: 4001 (5 1) 0 (L (i 22) o (3 41 o
-a) (-0,5; +00); 6)(-5; 1) U (-1; 2). 320.) (1; 23} U (3 43} -1 ) U

U (1,8; 3,8); B)[3; 5] U [6; 8]; r)[4; 6] U [9; 11]. 323. a) (-1; 0,9); 6)(-0,7; 1,3).
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324. 8)[1; 2]; 6) (0; 4); B)(1,5; 2); r) pemerii mer. 325. a) (—V11; 4); 6)(-1; 2,5).

826.a)1; -1 ‘2‘/5_7; -1 +2‘/5_7; 6)-1; 1 — V6; 1+ 6. 331. B) JTio60e anc-

3, ecmupz0up#3;0a-2,

. p+
JI0, ecan p = 3; HeT KOpHeil, ecan p = 0;

ecam a # —8; mobGoe uucao, ecam a = —8; e) moboe unucio, ecam b = 1; mer

KopHeii, ecoin b = —1; %, ecmmb#1ubz-1.332.a) %, eciu a # —%,

. 1
a # 0; Kopreil Her, e a = —E; ypaBHeHHe He OIpefesieHO (He MMeeT CMBIC-

-2
Ja), ecau a = 06) 3,eczma=/=3 a # 2; pemeHwit Het, ecxm a = 3; a = 2;
5 -5
n)—2+a z’ ecim a # 1, a # -1, a # 2; pemenuii mer, ecan a = 1,

a=—1,a=2.334.a)p<3 mmp>%; 6)p < % 335.a)a < ~1 unu a > 0;

6)0 < a < % 336.6)a € (~00; 0) U (0; 4); B)a % —4. 337.6) t = 0, ¢ = 2%;

B)t=2,t=-2~i2, t=-2+1%; r)t = 0. 338.6)b > 8; B) b < —% -

b> %; r) b > 5. 341. 8) JI1o60e uucyo, ecan a = 3, KOpEEH HeT, eCau @ # 3;

r)0, ecin p = ~4; ,/p + 4, —,/p + 4, ecnu p > —4; XopHe# Her, ecau p < —4;

e) %, ecir a = 0; 1, ecim a = —-2; —2 - ‘a4+ 2a’ =2+ ‘a4+2a, ecau

a € (-2; 0) U (0; +o0); xkopreit Her, ecin @ < —2; k) c; 8 — ¢; 3)—a; a + 6.
342. a) Kopreii mer, ecoiu a = 0; 4, ecit @ = ~4; ~a; 4, eciu a # 0, a # —4;

0) kopHei#t HeT, ecau a € (—oo0; 0] U (8; +o0); -\/24;3(1,\/24;3‘1,

ecan a € (0; 8]; B) kopmeit HeT, ecam ¢ = 0, ¢ = 6; ﬁ, ecau ¢ # 0,

¢ # 6. 344. a) KopHeit HeT npu —% <y< 71—5-; -71—5- opu y = ——‘/1—5,
L opn =l' -V -2 2yl -2 ecan y < L HIH
\/E pun y \/E’ 2 ’ 2 ’ Y \/5

2x% +1
4x

346. b € (2; 3,5) U (3,5; 4). 347.p > 2. 350.a)—a mpu -2 < a < 2; -2, 1 npu

y > %; 6) xopreit Her npu x = 0; mpu x # 0. 345. a = -2, a = 4.
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a+va2 -4 a-+Ja2-4
2 ’ 2

oprua<-2wma>2;

-V1+8 1++1+8a
2 ’

2

a=2; 2, -1 opua=-2; —a,

1. 1 _ 1
6)-1 npn a < -t -1, 3 opua=-g; 1, npn

a> -%- 351.b > -1. 352.a)a € (0; 1) U (1; +o0); 6)a > 3. 355.a) -2; 2; 6;

6)-T7; —4; 4; B)1; r) —1. 356. a) (1,5; +0); 6)(-0,5; +0). 359.a)a+ 1na-1

npua+1l,a#-1; KopHeli HeTIpH Aa=1,a=-1;6)a~1ua~-20opua+l;
. 3-3a .

a # 2; xopHeil HeT npu a = 1, a = 2; B) a-5 bpua # 5, a # 3; KopHeii Her

2+12a

1 1 . 1
mpua=5,a=3;r) Ba+1 DPHa#-gs @#-; KODHeH HeT Ipu 4 = —73,

4
30 - 3a
8-a

-2a
a= -%. 360. a) %, —3 mpua# 0; xopHeii HeT opu a = 0; 6) opH

4a + 2
a#8,a%9; kopaeii Hernp a = 8, a = 9; B) 3 npH @ # —2; KOpHel HeT

opu a = —2; 1) 5b, b # 0; kopHeit Her npu b = 0. 361.a)y — 1 mpu y = 0;
KopHeil mer npu y = 0; 6)x + 1 npm x # —1; KopHel HeT mpu x = -1,

1
362.c =1, c=-1.363.5 > 6. 365.a) -1 mpna =147 -1 mpua=1;

6)a+2,2anpua#0; -4;1; ~-1; 8 npua=-4;3opua=1, 1l ogpua =-1;
b2 2
Kopueil mer mpu a = Q. 366. 3; 4. 367. b"” %f, opu a # 0; KopHeil HeT

npua=0,b=0.368.a)a + b, a - b opu a # —b; Kopreit meT npu a = —b;

6) a2 b opu a # b, KopHeil Her npu a = b. 369. a) 14, 2?, ;, 1; 6)4; -2.

1

370. a) x € (—o0; -3] U [1; 1%) u (12, 2]; 6) x € (—o0; —1] U [0; 1,5] U [5; +0).

373.8)2; 6)1; —1 ‘2‘/ﬁ; -1 +2‘/ﬁ; 8)1; -2,5 - \/4,25; -2,5 + |/4,25; r)-1;
n)5; e)-1; 1; 2. 376.a) -T; 1; -3 — \/6; -3 + \/6; 6) kopreii HeT; B)-1; 6;
r)-1; 5; 2 - \/§; 2+ \/5 377.a)1; -2; 2; -3; 6) kopreit Her. 379. a) -1; 2;

6)1; 12 380. a) 3; 6) - ,2 B) 1; -1%; r)-2; 2. 381.-4; 2; -1 - V/3;

7
-1 + «/5 382. a) ~8; 6) ~11; 8)0; r) ~16. 383. a) (--1—25; %) 6) (1 1)
384.a)a > %; 6)a > 4; B)a > 1; r)a > 4. 385. a)(0,4; 4); 6)[0; 0,4].

386.a > 122. 387.0,8 < m < 1.888. a) (-6; 6); 6) [V5; VB ; ») (~V5; VB);
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1) (—og —2) U (V2; +00); 1) (1; 3); ) (—o0; ~5] U [1; +o0). 389. a) [2; +00);

6) (—o0; -2] U [-1; 0] U {2; +o0); B)[1; +00); 1) [-1; +00). 390.Ipu a < -7,5
nopn a > 2,7. 391. a) 0; 6) 0. 392. a) (1,5; 2); 6)(1,5; 2); B) (0; +o0);

T) (-\/6, -2) u (—\/5, ~/§) u (2, \/6) 393.a)b € (—oo; —9%) u (—l; +°°);

3
6)b € (—o0; —4) U (—4; -1,8) U (18; +o0). 394.a) 3; 4; 6)-3; —-2; -1; 0; 1; 2.
395. a) -1,5; 1,5; 6) -20; 2; 16; B)-1; r) 2; 11; 6,5 + /64,25. 396.-2; -3 + \/ﬁ
398. a) —\/E; JE; 0)-3; 3. 399. a) (—3; —2) U (6; 9); 6)(—o0; —4) U (2; +o0).

400. a) 4; 6) 4. 401. 2) 2; 3; 6)—1; 0; 1; 2. 402. a) (—00; —5) U (3; 4) U (5; +oo);
6)(-1; 6) U (6; 8); B)(-3; 2) U (8; +o0); r) (-2; 1). 403. a) (0,12; 0,2);

6) pemennit mer. 404. a > 4. 405. 8) 2; 3; 4; 6) 1; 2; 3. 407, S —V4m -7 "24’"‘7 -
B4 Ndm -7 424m—7 opu m > 1%; KOpHei HeT mpu m < 1% 408. a) M,
w npu a > 2; 15 npu a = 2; Kopreit HeT 1pu a < 2; 6) —a8— 2, a +214

upu a > —8; 3 npu a = —8; kopreil ger npu a < -8. 411.a)a + 1 npu a # :—,;;

b,
27
B)a + b; a — 2b; r) 3a — 2b, 2a — 3b. 412. a)a, —a, 2, 2 npua+0; 0, 2, -2
opu a = 0; 6) \/%, —\/g, 1, -1opua>0;0,1,-1npua=0;1,-1opuna <O0.

413.a, -1-vl-4a -1++1-4a

2 ’ 2

3. b,
moboe 4YHCJIO IpH @ = 75 6)a — bopu a # 5 a0060e YUCJIO IpH @ =

1
—; a npu

nna<l'l -lnna-
P 4’ 30 g UpHas=7g

a> % 414.3+a,3-anpua =0, a # 1,5, a # —1,5; moboe uucio, kpome 0,
npu a = 0; kopreit et npu a = —1,5; 4,5 npu a = 1,5. 415.a)2b + a, 2b ~- a
-1
npu a # 2b, a # —2b; 6) h npu b# 1 u a # 1; xopreii Her npu b = 1; moboe
ynesao, kpome 1 1 ~1, nppua=56=1.416.a=0,b=2;a=-2,b=4;a=2,
=—4,
TnaBa 3

418. a)(3; 4), (3; -1); 6)(3; —1), (-4; ~1). 420. (19; 22), (61; 62). 430.(8; -1),
(8; 1), 12;9), (12; -9), (32; 31), (32; -31), (-8; -1), (-8; 1), (-12; 9), (-12; -9),
(-32; 31), (-32; -31). 433. a) —%; %; 6)-1; 1; % ; 443. a) (-5; 1),

- ol. 5 7). . 1,1} (1.1
(43 -3k o 0. (o -sggh mas 25 (23, (53
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8), 2 1y

r)(17; 10), (4; —3). 445. a) (1; 0), (8; 21); 6) (3; 4), (—4; —3). 446.a)(-2; -1);

444. a) (05 0), (~2,4; 4,8); 6) (6; 9), (-9; —6); B) (%‘7

6) (0; 3), (2,4; —1,8). 447.a)(2; 2), (‘T8§; -1%); 6) (-3; 2), (%; %)
5) (1%; 10) 1; -1), 1) (-1; 1), (—, %) 448. 8) (-2; 2), (-11%; —3%);

6) (0; -3), (6; 13); 8)(3,8; 7,4), (1; 1); r)(2; —-1). 449. a)(8; 4), (4; 8); 6) (5; 1),
(-1; -5); B)(1; 3), (g 4%); r) (19; 8); (2 ——) 450. a) (2; 1), (2; -1), (-2; 1),

(=2;-1);6)(1; 1), (1; -1), (-1; 1), (-1; -1); B) (g, 1%), (—g;

(2; -2); 1) (2; 4), (~1; -14). 451. a) (_%; 6), (-2; 3); 6) (_%; -5), -2; -2);

11), 22,

8)(3; 1), (——— 11) r)(4; -2), (0; —6). 452. a)(2; -1), (-2; 1); 6) (3; 1), (1; 3),

S e N e

(-1; %) 454. a) (-o0; 7,5]; 6) (—o0; —4,5]. 455. a) (-3; 3); 6) (—V2; V2).

456. a) (-1; -2), (191; 232); 6) (% o), (% 1). 457. 8) (-1; 2), (2; -1),

(-1+V3; -1-+8), (-1-+3;-1+3); 6)(0; 2), (2; 0). 458.2)(-3; 1),

(%‘ _E)’ (5 125/—’ = J—

) 6)(1; 1), (3; 3). 459. 8) (2; 1), (-2; -1), (-2; 3),

(2 -3% 6)(Li 1, (-1; -1). 462.8)(0; 1) 6) (% 3), (-3:-Z)

463.a) (-2 + V2 -2-v2), (-2-V2;-2++2), (2+22-42),
(23 2+3); 0 (L33, 1o08) (1,208 -1) 447 60 cu.

468.3 n 4 cm. 469.8 u 6 cm/c. 470.8 n 6 ecm. 471.11 19,11 1 -9, -11 w9,
-11 u —-9. 472. 22,5 u 37,5 noxreit. 473. 6 u 8 cm. 474. 30 dpyros. 475. 22 u
2 km/4. 476.3 u 17 xm/u. 477. 18 kM, 6 kM/u. 478,45 xkm/u. 479.15 &«
30 xkM/4. 480.6 uen., 5 4. 481.21 u 25 a0, T 6 ra. 482. 6 u 2. 483. 7T u 5 cM.
484. 6, 8 u 10 cm. 485. 40 uau 60 nuctoneit. 486. 10% . 487. 2000 p., 11%.
488. Oxomo 41%. 489. 15 mun. 490.10 u 15 u. 491.6 u 12 u, 492,30 &
20 nmeit. 493. 15 4u. 494. 90 u 60 xm/u. 495. 120 xkm/u. 496. 15 u 3 kmM/4.
497.40 1. 498. 12 u 18 u. 499. 10 n. 500. 10 x. 501. 2 a. 502. 3000 p., 14%.

503. 453. 504. 40, 60 u 48 u. 505. a) (1; 4); 6)(5; 5), (-5; 5), (V1L -2),
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(—V11; -2). 517. a)(2; 2), (2; —2); 6)(0; —-2), (1; 3). 518. 4 1 6 cu. 528. a) (—6; -2),
.(6; 2); 6)(~1; 3), (1; -3). 529. a) Pemernit mer; 6) (—00; 2) U (3; +00).

534.a)a = -6, ¢ > —%; B)a =-6,c < —%; rya=-6,c= —%. 546. (0; 0).

§52. a) ———— 1i2\/_ ; 6) kopreit ger. 558. a) (0; -2); 6) (2; 4),3)(2+J§- -2 - «/—)

(2 - V2, -2 + V2). 574. 2) 2; 6)4. 577. a) (2; 3), (-2; 3); 6) (-3; 3), (-3; -3);

B) (2; 1), (-28; 469); r)(4; 1), (5—;—; —2)- 578. a)(1; -2), (-1; -2); 6)(4; 3),

4 -3), (-3 0, 3 -0 B 5), (15 -33) D2 -0, (235 4.
579.2)(3; 1), (1; -3), (-1; 3), (-3; 1); 6)(5; ~2), (2 ~5), (-2; B), (-5 2);

(4 -1, 4 1), (5:-8), (-3:8) @ -0, (% -3), 2 1.(-Z3)

580. ) (5; -2), (-2; 5), (-5; 2), 2 -5%:0) (2: 3), (%; 2), (-2 -3}, (-3 -2)

581. a) (4; 4), (4; —4), (-4 4), (-4; —4); 6)(2; —4), (=2; 4); B)(1; 3), (1; -3),

(-0,9; -2,7), (=0,9; 2,7); 1) (6; 3), (~6; 3), (5 ,—2%), (—5%; -2%).

582. a) (1%; 4%), (-3; 0), (2%12) (-2; -3); 6) (4 + 2V10; -2V10),
1

(4 - 2/10; 2V10), (2; -4), (-6; 4). 583.IIpu m < 2475. 585.a) (1; %)

1 11)’ (3,11 588.

(-5:-3) ©@ 5, (L:101). s86. (3:5) (3:4) ser. 2. =3
589. 15 1 20 cm. 590.15, 30 1 30 cm. 591.6 1 3 cm. 592.15 u 10 ¥ nau 12
u 12 u, §93.20 u 30 4. 594. 12 u 18 km/u. 595.10 u 15 xm/u. 596.a = 4
ub=5umua= —7% ub= —2%. 603. a) Ilpu m < —6; 6) npu m = —6; B) Ipn
m > —6.

Tnaga 4

615.8)n=T;r)n=10.616.B)n =2, n=4; r)n = 2. 617. a) n = 5; 6; 6) Her;
B)n=1; 2; 3; 4; 5; r)n = 1; 2; 3. 618.¢, = 5,25. 626.a, = 0, a, = -3,
Gy = —4,a,=-3,8,=0, ag = 5. 627.b, = 4, b, = 5% 628. a) (-2; 2);
6) (-1; 1) U (5; +0). 629. a) (4; 5), (5; 4), (—4; —5), (=5; —-4); 6)(3; 4), (4; 3).
639. a) a < 0; 6) a — moboe uucao; B)a > 2. 640. a) IIpu a > 0 — Bospacra-
omas, npu ¢ < 0 — y6riBaromas; 6) opu a > 10 — y6usaromasn, opu a < 10 —
Boapacraomas. 641. a)a, = 9; 6)a, = 4; B) He cymecTByeT. 642.a)b, = 0,7;
6) by = 0; B) He cymiecTByeT. 643. a) (4; 1), (—4; 1); 6) (-1; —3), (—1; 3). 644. a) 2;
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~2;J2; 6)3. 647.6)b, > 140 npu n > 14. 648.6)c, < 20 mpu n > 36.
674. -1. 676. a) (-o0; 0) U (0; 1) U (1; +o0), (-4; 0); 6)[0; 1], [o; %]

680.a,;, =41, b; = 41. 681. 14; 38; 62; 86; 110. 686. C 13-ro mo 32-i1. 687. 18.
689. a, =-15. 690. -15; ~11; —-7; -3 n1n 3; 7 11; 15. 693. 2; —2. 695. 3 xm/4.

696. a) (—o0; —6) U (—1; 1) U (8; +00); 6)( 1— 1) 698. 396,9 M. 699. 9 paz0B.
700. a) 4905; 6) 1665; B) —-363; r) -15. 704.a)n = 18, a, = 13,5;
6)n = 12, @, = 20. 705. 2) 364; 6) 135,7. 706. a) 44; 6) 32. 707. a) 8; 6) 10.
708. a) 96; 6) 90. 709. 35; 637. 710. 7. 711.407,5. 713.a)q, = 16, d = -2;
6)a, =16, d=4.714.2)13;6)2. 715.a,=25,d =-2. 716.a, =2, d = 3 wm

=—7§ d= 6-?1 717.a,=-14,d =12 wm a, = 4, d = 3. 718.a)n = 16;

6)n =12. 720.a)(7; 2), (2; 7), (-7; -2), (-2; -7); 6) (-5; 1), (0,2; 6,2), (5; -1),
(-0,2; —6,2). 721.TIpu @ = 1 u nput @ > 2. 724. a) 12J2; 6)-8; B)10; r) b, = 8,

qg= % nm b, = -8, ¢ = —%- 725. Bo BropoM Gamke Gosnblie mMpUMEpPEO
Ha 912 p. 726.a)n = 4; 6)n = 6; B)Her; r)Her. 727.a)n = 13; 6)n =9
730. a, = %, P,y=1.731.a)x =6; 6) x = 24 uau x = 12. 735. 26. 736. 2; 8;

32 unu 32; 8; 2. 737. 448. 738. 120; 60; 30; 15. 739. 6; 30; 150; 750. 740. 30.
744. 2; 4; 8; 12. 745.7; 13; 19. 746. 5; 15; 45 nun 45; 15; 5. 747.a, = 4,

a; =6, b, =4, b; = 8. 750. a) (—3; 9); 6) (—o0; —4) U (0; +o0). 751.a) —40é

9,
521

6) 5555 ®) 1433, 1) 212 + 21. 752.a)n = 9; 6)n > 10. 754. a) 65,6;

108’
6) 153,9. 756.a)n = 6, b, = 16; 6)n =5, ¢ = %; B)q = 3, by = 55,8 nm

q = —-4, by = 99,2. 757. 5460. 758. a) 2—2; 6) —189; B) 1098. 759.a)a, = 0,1,

q=2,n="1;6)a,=5,¢=0,2, n=4.760. % 763.n =6.764. 6,2. 765. 190,5.

766.q = 2, S; = 157,5. 767. 436,8. 768. a) (—4; 11); 6) (-o0; ~2) U (18; +00),
769.IIpn x = -1,5; —-4,5. 781.a)(-1; 1) U (3; +0); 6)(-o0; —4) U

U (2; 4). 783. a)—70; 6) —V3; B)42; r){ 784.4) 1; 6)2{, 13)9,1")9\4§

786. a) 18, 6) 30, 8) 15 )2353 787.a,=6, g = 2. 789. 1) 4a(2 + v2);

3
6) 2a% B) na(2 + ¥2); 1) = 2 790.q = %. 791.b, =1, ¢ = % 792. a, = 6,

99°

1 3 . 3. 3. - 14l ,-4
q=§ 793. 48 12 3, 'Z K48, 3, 16’ 256' 794.(11—- 1416, q==x.
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795. a) —4; 6; 6) -9; 16. 796. a) [Ipu a > 2%; 6)mpu 2 - V2 <a< 2+ 2.

802.4 = 1,5, 805. 140. 809. 666. 811.b,, = 127. 812.a)2; 6)3. 813.S =

_(m+n —21)(m + n)' 814, 15p ; 10m

= % 819.3; 6; 12 miu 12; 6; 3. 823.a)n =9; 6)n =T; 8. 824.6. 825. 7

. 817.a, =4, ¢ =5 niau a, = 100,

829.lima, =lim b, = 0; limc, = 2. 830.a, =48, ¢ = % wm a, =80, ¢g= 1

1
40

831. 181'

Tnasa 5

834. E(g) = [0; 49]); dysknua meobpatuma. 835. E(f) = [0; 81]; dyEknusa
obparuma, 838.8)y = 0,1x + 0,1, rre 19 < x < 79, r)y = -3x + 9, rue

2:—1; x< 4%. 845.a)y=(x -1+ 2, rae x < 1; 6)y = (x - 1 + 2, rge

x > 1. 846. 81. 847.84,6. 848.a) (1—2—; 31); 6) (-11; 5), (7; 5). 849. %

851.6)y=—Vx; Dy=Yx, e x > 1; Wy = ¥x, rre x € [-8; 8); &) y = ¥x,

rae x € [0; 81]. 855.6) E(f) = [0,5; 10]; r) E(f) = [-0,5; 2]. 861.6)n = T;
B) n — u060e HaTypajibHOe 4ucjio, Goasmee 1; r)n — ar060e HedeTHOE
HaTypajibHOE uncao, Goabimee 1. 863.a)(a — 2)(a? + 2a - 1); 6) (b — 1)(b +

+ 2)(b - 3). 864. (0; 0), (-2; —4), (4; 2). 865.b, =5, ¢ = 2 wm b, = 40, ¢ = %
867. a) 21; 6) 14; 5) 2; r) 3. 870.8)b = %; r)2,5; 1) 1; e) 1. 871. a) —a; B) xy.
875.6) -¥3b%; ) ¥5c% 1) Yr+1; x) -Y1- 12 876. a) 2|a|by2b;
6) 3ab¥/2ab?; ) %W; r) —bJETE. 877.8) Va; 6) 7. 878.6) (Yx + 7)) ;

) (2Vx + 8Yy)s ) (¥a +285). 879.2) (Va - )5 6) (¥ - 24x)’.
880. 6)a~/_+a~/5+~/— + 48, Ya® v Yab + Y2, a¥e? + bYa?,

a-b>5 a-b
1*‘/—, \/_”‘/_*y‘/_ 881.1. 882.a) Jy - Vx; 6 é/‘{g—‘“ﬂ;
b -1

B)1; r) 9/; + 2. Ykasarue k r). [Ipeacrassre 3HaMeHaTear mepBoil Apo6u

nune Y57 + 457 +16= Y7 + 8 + 16— 4 = (4 + 4) - (240)’ -
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= (é/? + 23y + 4)(?/? -2y + 4) M cOKpaTuTe Apo0b, IpeABaPUTENLHO BH-

Hecs 3a CKOOKM B umcaurene MEOxHTenb Jy°. 884.6)y =1 - Jx -1, rae

x € [1; +oo). 886. 2. 887.1; 2; 4 unu 4; 2; 1. 891. B) (—6; +0); r)(2; +0).
2

892. 2) [0; 10]; 6) [1; 9]; 5) [0; 2J; ) [1; 3]. 895. a) (¥2)'; 6) (3°*)’; B) (2°")’;

3

3 7 n
r) (63,2)2. 896. a) (a>'%)?; 6) (a®')*; B) (a%) ; T) (am) . 898. a) Sa%b-g;

1
2b a? 3 _ x+x™y% 4 X% + ¥
6) 0,3%x"y; 3) —3—. 899.a) ——; 6) x°5g°"’ fio o
2
a‘*+ 3
2 3 % 21
I‘)b§+b3 1) %4 — c%2d"2 4 dos; e)u 902. a) x°%; 6)y 903&)2 a
3
a
1 i l
_ 2 i b' -3 —4_)
6)_2(0_? 904.0.905.2)4-5""%;6)2 - 3". 906.2) a* + 6)(_1_—)‘(61—6;
b* + TNe* + 5
a (b + 7)et )
) — L r)—4. 907. 0. 908. a) Va; 6) 21X 8f B)1; )(a+b) 913.9)2

1
( 2 —4)
6) 2. 914. 6) (-00; —5) U [2; 5). 915. (1; 4); (4; 1). 917. a) 6; 6) 3; ) 8; 1) 5;
) 2= ‘/_ 2*‘/_ €)0. 919. 8) 4; 6) 4; B)4; 7; 1) 2,8. 920. a) 3; 6) 4; 5) 1.

921. a)l; 6561; 6)625; B) 729; r) 64; 4096; 1) —2; 6; 7; €) 2; x) 3; 3) 2. 922.2)0; 3;
6) 4,5; B) 21/5; r)8.924.a)7;6)5; B)0; 2; 1) 3; 16 925. a) 5; 26; 6) 10; 22.

926. a) -8; —%; %; 8; 0)-27; 8. 927.4a) 1; 6) —-2. 928.a) ~7; 4; 5; 6)-2; 3;

B) —9; 1) -2; 0; 2. 929. a) 0; 4; 6) 3; 11. 932. YpaBEE€ENEe MMEET IOJIOKHUTEND"
HBII1 KOPeHb e <0m g pHa > 0. 934. a)[0; 25); 6)[16; +0); B) [5; 9);

r) (35; +00). 935. a) (-10; —9] U [1; 2); 6)(—o0; 0,5) U (5; +o0); B) [3; +00);

r) (7; 11). 937. a) [4; +0); 6) D; B)[4; +0); 1) (—00; —2]U (10%; +00).

939. (2.5 125 © (s lf1T) u (LT od w5 ooy

r) (5 + V29, +oo} 940. 8) (1; 1296); 6) [0; 64) U (729; +00); 5) [05 27); T) (1; +00).

941. 2) [0; 2); 6)[3; +00). 942. a)(4; 40) U (68; +0); 6); )( 43+5\/— )

1) (0; 38 + 17/5).



OTBeTbl 429

943. ) E 2]; 6)[2,5; 3]. 944. &) (—o0; 3); 6) (—4; -3) U (3; 4); 5)[-3; —2] U
U [7; 85" {=7; 8}. 946. {-5; 5}. 947. a)[-4; 20); 6) (—o0; —T] U (28; +o0).

948. a) (—o0; 2); 6) (-0; —16] U {0}. 951. (-6; -2), (6; 2), (—4/2; 2V2),

(442; -242). 953.8)y = Yz + 2;6)y=(x— 1) + 2, tme x > 1; B)y = lx+;

rmex#luxz-3;r)y= Jvx +1, rae x # 0. 957. a) f(g(x)) = x, tae x > —4;
6)f(gx)=x-2,thex >1.958.a)D(f)={x|x<cR, x#2; Ef)={y|y € R,
y#3} 959.a)x =-2;6)x=-3. 960.x = —6. 968.a = -1; b= 1. 970.a) 1;
6) ¥436. 971. a) J3 - 1; 6) V2 -1.972. 33...3. Ykazarne. IlpeacrasnTe

n

TIOAKOPEeHHOE BRIPAXKEHUE B BUAE 3 (11 Jd - 33 3 + 33.. 3)
3n 2n n

10 -1 10" -

g 3 T35 3

;(103"-1
3

= %(10" - 1)3. 973. a) _4,5a4b4; 6) 4,&141)4; B) 6’216b6; I‘) —6’2(16b6.
974. 8) ~3a¥2a; 6) 2643b; 5) ~ab¥—ab®. 977.6) ({a + Vb - 1)". 978.6) (Yx + ¥7)".

1): 27(10% - 3-10% + 3. 10° - 1) =

Vx + 4y +1 2
79. YNV T 0 981.4)0,02; 6)5; ) 18; 1) = 983. a) x°2y0%; 6) y:
N| 3
xy
B) — b 984. x. Yk a3a nue. O603HauUUTL AaHHOEe BHIpaXKeHUe GyKBOM a

1 o6e yaCTH BO3BeCTH B Ky0. Pemup mosiyueHHOE ypasHeHHE OTHOCHTEILHO X,

HaiizieM, 4uTo x = a. 986. a) 2; 6) —9; B) 7; 8; r) -8; 18. 987. a)z+z 2

1
1 2
990. a) 2% 6) 21X *3. 992 ay|Va-4+2| + |[Va-4-2| ecan

x2+3

23 2«/_

<a<8,m04;ecmna>8, 10 2J/a - 4. 994. )——, — s 6);8)-1;0; 1;

r1; 3. 995.a)7,5; 6) 2; 3; B) —2~/5; 2\/5; ) —~/§; \/5 996. a) (81; 1), (1; 81);

6)(16; 9), (9; 16); B)(1; 4); r)(41; 40). 997.a) 3; 6) 4; B) —1; 1; r)—-32; 32.
998. a) V x a 3 a H 1 e. IloacranoBKOI yoesaaeMcd, uTo X = 1 He ABJIAETCH KOPHEM
ypaBHerusa, Ilpn yeTHOM n ofiacTs ompeAeseEus ypaBHemua X = [-1; 1],

npu HedeTHOM n uMeeM X = R. Pasmenus obe uactn ypasHenns Ha Yx2 — 1,

: J':+1+ x~1_4 TTomox PEAE o aBHeHHUE
nonytmm.dx_l 4dx+1_' JT HBy"‘,x-—l’ JIyUUM ypaBHe
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y?!-4y+1=0. Orcrioma y, = 2 ~ Jé, Y. =2 + V3. Bumonaus o6paTHyI0

(2—\/§)n+1, (2+x/§)n+1

3aMeHy, HaXOAUM: X, = ——— ———; X, = —————. Ilpu ueTHOM n

> X
(2-3)" -1 (2-3)" -1
ypaBHeHHe umMeetr OOHH KOpP€EHBb xl, TaK KakK x2 > 1; IOpH HEYETHOM n —
(1 + \/5)" -1

2 /-
JABa KOPHA: X; U X,; 0)x = » €CJIH N — 4YeTHOEe YHCJIO, X, =

8

(=B -1 (LB, 3
2 L -2 _ 009, 2 3,
(1 _2£)n 1 Xy (1 +2J§) ) ecau n HeYeTHOe uucyao. 999. a) 1

6) 13; 8)4; 4; 1) [2; +00). 1000. a) (1; 8); (8; 1); 6) (4; 1); (- 9) 1001. a) 1024;

6) 64. 1002. Ecan a < 0, To xopreit Bet; ecan a =0, To x =0; ectm a > 0, To

2
x,=0ux,= % 1003. a) 1—2 Vkasarue. YMHOKbTe 006e yacTu ypas-

HeHENA HA X + X (00 ycnoBmio x # 0). YOpocTuB, HOJYyYMM ypABHEHHE

2x -1 = 2Jx —1; 6)25. 1004. (35; -29). 1005. a)(-o0; ~2] U [5; 5%);

6) (—o0; —3]. 1008. a) (—oc; —1] U (0; 1); 6) [-3; 0) U [3; +o0). 1007. a) (4; 5),
€cJM n — 4YeTHOe YMuCio, (4; +00), ecnium n — HedeTHOE yucao; 6) (20; +0),
ecay n — YeTHoe 4ucio; (19; +o00), ecan n — mevernoe unciao. 1008, (~oo0; 0) U
U (1; +o0). 1009. a) Ecau a < 0, To pemernii get; ecau a > 0, o {2; a® + 2);

2
¢ +1, +oo). 1010. Ecm a = 0,

3
sJ_)

6)ecan a < 0, To [%, +00); ecan a > 0, To [

TO pemeHH HeT; ecau a > 0, To [—jg ] 1011. (1

I'nasa 6

1044. a) 2,5; 6) 0,5; B) 4; 1) —J§; 1) 3; e) 2; &) 6; 3) 1. 1045. a) %; 6) %; B) 2;

I‘)O;A')—%; e)@: )Z; 7‘/— . 1046. )1"‘/_ 6)1; B)0; 1) 0. 1048. a)—2;

6) 1. 1058. a) 2; 6) _E' 1055. a) Her; 6) npu |a| < 1; B) HeT; ) Aa. 1059. 10 u

15 4. 1063. a) 0; 6) 0; B) +/3; 1) — 2= ‘/_ 1084. 12 km/4. 1105.2)0 < x <

cg.l.:
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T n T n
6)-6<x<§,3)1<x<§, r0<x< 3 1107a)21t,6)3n,3)12n,
rn. 1113. % 1114. Kopreit rer. 1123.6)0; B)0; r) 2 ctga. 1124.a)-1;

6) V2 cos o. 1125.a)-2sin?a; 6) 2 tg? a. 1126. a)0; 6) 2 sin? a; B) 2 cos® o3

r)2ctg?o. 1132.a)1;6) 1. 1133.2)8;6)5u 9. 1138.a)x=nn, x = % + 2nn,

n
raen€Z;r)x=nn,x= - +nn,rae n € Z. 1140.B)x=n+21m,x=ig +

4
+ 2nn, tae n € Z. 1145. x + y. 1147. 3) —cos? a. 1152. a) 2 ctg o; 6) 2 tg c.
1- 2c08? tga - 1+ctga
in2 -1 —_—
1159. ) 2sin 0 ~1;6) g 71— )tga+1’ ) T otgo 1166-9)
cosa

6) -2 £58) - 7, r)1,2. 1167. 2)0,8; 6) ~8. 1168. a) sin’ r; 6) ~cos? a; ) 77

r) -%23. 1169. a) tg o; 6) —ctg a; B) —tg o; 1) ctg o 1172. a) sin? o3

6) cos® ¢; B) —sin®y; r) —cos® x. 1178.a)y m? — 2; 6) 1 — p%. 1180.a) x2 =1 + 2y;
6)y’=2+ x.1183.a)x = -75 +2rn,x=2rn,raen € Z;6) x=nn, rae n € Z;

5n
B)x=g+2nn,x=%+2nn,x=? +2nn,ruen€Z;r)x=%+2nn,

3+8/2. . 3-8/2. _4-62.

n
x=3+2nn,menEZ.1187.a) 5 ; 6) 15 5 B) 15 H

4+6~/_ . 1188.0) Y6 - J_G)J_+J' V6 + ‘/-1190.1)‘/5

(sin o +

T
J2

+ cos 0); 6) T(sin o + cos a); B) %(Jg cos o + sin a); r) %(cos o — /3 sin a).

1192. a) %; 6) £ )£, r)0.1193.a) ——, 6)0; B) J—, r) —ﬁ 1194. a) cos o
6) V3

5 sin a; B) s/§ cos O} T) % sin a. 1196. a) cos ¢; 6) —sin y; B) cos a;

&9—2 J—n + 2nn, roe n € Z;

r) cos 2y. 1201. 1. 1202. 10

. 1204. 8) x =
A n vomn, 2= - 4 2nn, rae n € Z; B)x = T0° + 360°n

21 ’ 21 ’ ’
x =160° + 360°n, rae n € Z; r) x = -20° + 360°n, x = 40° + 360°n, rae n € Z.
1206.2) 2 — V/3; 6)2 + V/3; B)-2 — V3. 1208. a) tg o + tg B; 6) ta® o — tg? .

6)x =
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1212. a) 1; 6) ltgzg‘tgf : 8)0; T 2(11+—ttggz°‘) 1216.a) 1 - tg B; 6) tg B.

1217.8)2 u -2; 6)\/5 u —VJ2; B)\/é U —/2; r)2u-2 1221.a=3, b=12;
24, 7. o3 o0 120 119 1
1227.1) 2 tga 1228. a) —(cos x + sin x); 6) 2 sin a; B)cosa; r) 1; x)cosa.

1 1234. a) —cos 4°;

o B B 1
1231. a) tg ; 6) 0082 + s1n2, B) —ctha, T) 1+ sin 90"

6) sin®? 12°; B) —cos 20°; r)cos 10°. 1244.a)2 n 1; 6)1 u % 1248. (0; 0),
(-2; —-4), (3; —-1,5). 1250. a) cos 5°; ©) \/5 cos 70°% B) \/5 cos 50° r)sin 48°.

1251. 1) cos x; e) sin a; ) cos y; 3) sin B. 1254. 6) 4 cos (30" - -”25) cos (30“ - %),

e) 4 sin = ‘245 cos = +245 . 1255, B) sin (60° — x) sin (60° + x); r)sin (x +

+ 45° sin (x - 45°). 1256. e) sin 2a + sin 2b; 3x) —%cos om + %cos 2n.

1258. a) ctg 2x; 6) —-tg 2x; B) —ctg %; r)tg % 1260. a) x = %ﬂ:n, x=n+ 2nn,

rnenez;ﬁ)x—% %,x 2nn, rae n € Z; B)x-%+2n.x=g+nn,
rAe n € Z. 1267. % % < 1. 1274.8) (m + n)’; 6) (x - y). 1277. 8) - 22¥3 +2J§;
V3 2J3

6) -5 B)1; 1) ~=5-. 1286. ) 208°; 6)95° B)-140°; ) 350°. 1287.4)0;

6) 0; ) —1. 1289. a) ctg® o; 6) —sin® a; B) 2; r) sin o0 — cos . 1291. a) 1 —2m2;

6) 3’"—5’"3 1292. n? + 2, n(n? + 3). 1297. a) 1; 8) 3; 1) 2,5. 1303. a) l‘/_m‘}"_
6) 1n+_”f_-. 1307. 2) S z‘fgcfg’ﬁl; cctfg”[; ‘itgctﬁgzl; 6) o 8‘ i g;

8) %g:—:—z—;% 1321. a) 2 cos a cos 20; 6) V2 sin o sin 20.. 1328. 1. 1329. cos %—.

Tnasa 7

1337. a) 120; 6) 5040. 1339, 24. 1342. 24. 1344. a) 28; 6) 42. 1345, 48 cmo-
cobamu. 1346. Py P, — 1 = 17 279. 1348. 2664. 1349.a)a = 25 npu n = 4;

6)a=121npun=>5.1350.a)x=T7;6)x = 7. 1352. IIpu a < 1. 1353. [%, %)
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1355. A = 720. 1356. 1680. 1359. 151 200. 1360. 95 040. 1361. a) 280; 6) 720;
B) 10. 1362. a) 24; 6) 24; B)12; 1) 12. 1363. A} + A? + A? =259. 1364.a)n = 3;
6)n = 6. 1365. 1. 1366. 3'* = 531 441. 1367.a)5 + 2V6; 6)8. 1370. C2 = 15.
1371. C% = 45. 1372. C% — 12 = 54. 1373. C}; =24 310. 1374. C§ + C +
+C8 +Ci=15;1+ ¢CcE + C + Ct + CE=27.1376.a) 28 6) 2%,
1377. C} + Ci + Cl, + C = 502. 1378.a) 6; 6) 4. 1379. C}, = 220.
1380.a)n=6;6)n=T7; B)x =10; r)x = 11. 1381. 17 yenoBek. 1382.n = 1;
2; 3; 4; 5. 1386. 102. 1388. B) %; r) %- 1390. a) %; 6) %; ) 0,3; 1) 0,7.

19 14 3
1391. 35" 1392. a) 45, 6) 15, B) 9 1393. ¢3 : C% = 33 1394. a) %;

6) :1,; 5) ﬁ. 1395. %- 1396. %- 1397. Xlz— - % 1398, CL-C8 _

10

Do

10

1399. a) 9, 6) 5 9 1400. 356 1403. a)[-2m; —n] U [0; 7] U {2n); 6) [—21:, 3;‘] U

V] [—1:; —%] U [0; %] u [n; 3?“} U {2n}; B)[ 2m; —3—21':} u [O; %] U {2n}.

1404. a) %; 6) % 1405. 0,7. 1406. a) 1—12; 6) %%. 1407. a) 1—18; 6) 5—2); 5) %;

c: 19
1410.1 - 3 =35-

r) 3 1408. a) 3, 6) 3, B) 9, r) 9 1409. 121 . G

1411. 0,28. 1413.[-0,3; 1). 1415. 2%-) 1416. é 1417, % 1418. 0,5894.
1 5

1419. ) 0,912; 6) 0,998. 1420. 0,98. 1421, 16" 1422, 144 1423. 24

1424.1; 4; 7. 1425.(3; 0), (3; —2). 1426.a)J; 6)5. 1427. 600. 1428. 10!.
1429. 360. 1430. 13! 5!. 1431. 6! - 10!. 1432. a) 120; 6) 240. 1433. 27.

1434. 64. 1435. 243. 1436. A%. 1437. 2(n - 1)I. 1438. a) 3P, = 360;
6) A3 - P, = 144. 1439. 1440. A} - A3 1440.8!. 1441. C¥E. 1442. 210 ure-

mos. 1443.n = 15. 1444. 3. 1445.1 - S - 0,04. 1446. 1L. 1447.0,88.
2 cgw 12

G _ 1 1 Ch-C _ 45, . Co-C _ 20

1449. G- = g+ 1450. 3. 1451.0) = = g3 6) =ie=" = G-

11 17
1452. 1g- 1453. a) 3, 6) 3, B) 5, r) 30 1454. 0,8. 1455. a) P(A)) =
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4 4 4 8 16 8
= ﬁ .—. 10 = 1657 6)P(A UAZ)_ 165, B)P(A UAz UAa)— 55

1
1456. 0,6. 1457.0,95. 1458. 1 — (2) = ggg = 0,97.

OTBeTh! X 3a1aYaM NMOBLIMICHHON TPYAHOCTH

1459. Yk asarue. Ilpusegure pasercrso K BUAY (a + b}a + ¢)(b + ¢) = 0.

AnRanoru4yskiM o6pas3oM npeobpaayiiTe BTopoe paBeHcTBOo. 1462.a)1; 2;

-11 - s/ll -11 + V113
2

. Yrasague. Pasaenure YucauTeNs 1 3HAMEHA-

1
TeJab Kaxao#i apobu Ha x; 6) 3; 3 1463. a) Yk azaHne. IlpubaBbTe K 06e-

_2x? 5.5
MM 4acTsM YPaBHEHMSA [0 — 73— , 0) ~5> 5; it Yk a3aHue. 3aMeEnTe

x + 5 Ha @ ¥ pemuTe OTHOCHTENHLHO X NOJyuMBIIeeCH GMKBAJADATHOE ypasB-

1 1
a+b Ta+c T hrec

+ 1 1
a+bd a+c T hre

Herue, 1464. a) x = ab + ac + be, ecan #0; x —

Jo6oe YKUCIO, ecan =0. Yrasagrne. Ileperecure

BCe WIeHbI YPABHEHUS B JIEBYIO YacTh ¥ CrPyIIMpyliTe nonapHo; 6)x=a + b + ¢,
1 1 1 1 1

1
ec.rmbc+ac+b+c¢0,x—moﬁoeqncno,ecnnbc+ +

ac To+c ="

VYxasanue. IleperecuTe Bce 4IeHH YPaBHEHHS B JIEBYIO YacTh M Ipex-
CcTaBbTE €€ B BUAE CYMMH TpeX ciaraeMulx. 1465. Y kasanrne. Ilpeacrass-
Te ypaBHEHHE B BHIEe KBaJpaTHOro X IpeobpasyiiTe ero JUCKPUMHUHAHT.

1466. a) (—— l) 6)[-2; 1). 1467. a) a € (—6; 6); 6) a € (—6; 2). 1468. a € (-3; 6).

1469. a) (2; 2); 6) (1; 1), (-1; —1). 1470. (—/3; 4). 1471.a)(2; 1), (-1; ~2);

6) (2; 1), (1; 2), (-8; 0), (0; -3), (1; -2), (-2; 1). 1472. a) (6 *;ﬁ ; 2 +2JE);
(6 -10. 2- Jﬁ)
2 T 2

. Yrxasanue. O6o3HaubTe ¥ — y GYKBOM 2 M BOCHOJb-

ayiiTech MOHOTOHHOCTHIO byHKIME f(2) = 2° + 62%; 6) (0; 0); (2 + «/E; 2+ \/é)
VkasdaHue. Bounras M3 OepBOro ypaBHEEHS BTODOe, IOJYUHTE ypaBHE-
Bue (x — y}x2 + xy + y? - 2x — 2y + 2) = 0 u goKaKUTe, YTO BTOPOMl MHO-

JKUTEJb B JIEBOM YaCTH 3TOro ypaBHEHMA NPUHMMAET NIPH JIOOKIX Y IOJIOMKH-
renbERle 3HaueHus. 1473. He cymecrsyer. 1474. a) (6; —1); (-6; 1); 6) (6; 6);

(1,5V5 - 15 -1,5V5 - L5); (-1,5V5 + 1,5, L5V5 — 1,5). Yxasarue. Ipu-

BeAUTE YpaBHEHHE K LEJOMY BHAY ¥ BBeAuTe mePeMeHHHE u = X + Y, U = xy.



OTBeTH 435

1475. (5; 2; 7), (55 75 2), (75 3; 4), (7; 4; 3). 1476. a)(3; 3; 3); 6) (-8; 8; 8),
(8; —8; 8). 1477.a)(a® - 1; a + 1) opu a # *1, pemennii HeT npu a = *1.
1478. a) (2a — 2b; 2b — a), (b — a; 2a — b) npu a *# b, pemeRnii ger upu a = b;

0) (i—; b) opu ab # 0, pemermit Eet npr ab =0, 1479.-1,0, 1,2 mwm 2, 1, 0, —-1.

1480. Vkasarue. Bupasure b—cuepeam, kud;c—avuepesk,pud;a—b
yepes p, m u d, rae d — pa3HOCTL mporpeccun. 1481. —4, 2, -1 win -1, 2, -4,
1482, Y ka3 a g ue. JocTpoiiTe AaHHELIN TPEYTOJLEMK A0 IapaiIeIorPaMMa.
n - -
1484, 20(10 811) 18n

S — uckomas cymma. 1485.d =0 wimm d = a(-2 + V2). 1486. z,=(2n - 1)

1487. VY k a3a H ne. IlycTs BReIeHH TPH DOCHEAOBaTENbHBIE TPYIIBI, COAEP-
sKaIue IO N WIeHOB, S, S”, 8” — cyMMul ux wieHos. O603HauuB GyKBOil a
YHCJIO, ¢ KOTOPOrO HAYWHAETCS NepBafd rpymma, a GYyKBoil ¢ — 3HAMEHATEeNb Ipo-
n(n? + 1)

—

. Yxasannue. IIpeoGpasyiiTe Bulpakerue 9S, rae

S S
rpeccun, Haianre S’, S”, S u cpaBEMTE OTHOIIEHAS TES 1488.

1489. Yk asa B ue. IIpeacTassTe moKasaTe b CTEIeHH B BUe CYMMBI IEPBBIX
n HaTypaabHMX yucen. 1490. Vk a3 aaue. BocomoanayiiTrech METOAOM MaTe-
MaTHYecKOH mEAyKmun. 1491, 2\/§ Vxaszanue. B BulpakeHnH Ans X 3a-
MeHNTe cyMMy ApobGeil xpob6nio. 1492. a) 4; 548; 6)0; 63. Ykasammne.
Pasnenure 06e yactn ypaBEenus Ha (63 — x)?; B)2; 28. Ykaszarue. Bge-

12

+v="=,

AvTe mepeMerHble 4 = Y29 — x nv= Yx — 1 u pemmirre cucremy “ w
B+ =28

3
1493. a) 49; 6) I%. 1494.a8)8; -1 npu a = 1; -8; 1 mpu a = -1; (a + %)

mpu a # t1. Yxasarue. Hcooasayiire Toxkaectso m® + n® = (m + n)® -

62a
- 3mn(m + n); 6) 63’ Vrasarue. Pasnesure o6e yacTH paBeHCTBa Ha

Ya? - x2 u BBefUTE mepEMEHHYIO Yy = ,3’2 i z 1495. a)[~1; +o0) mpu a < 0;

(—1; % - 1) npu a > 0; 6) (~o0; 2]mpn a < -1; (2

_(aTll)z; 2] mpu a > —1.

1496. YV xasamue. Ileperecure Bce WieHK B OPABYIO YacTh M IPEACTaBLTE
ee B BUJle cyMMBI KBaapatos. 1497. Yk asa g ue. IlpencrasbTe mnogKopeEHOE
BHIpAXKeHNe B BUJe OpousBefeHus apobGeit. 1498. Vk aza g ue. IIpeacraBnre
(n)’sBuge(1-n)-(2-(n-1))-...-(n—1)- 2. (n - 1) 1 BocOOAL3YHTECH TEM,

2 _
yro k(n — k + 1) 2 n. 1499. ——a—a—é. 1503. Yk a3 a g ue. Uckmouus Qpysk-

nun yraos B u ¥, npngure K ypasEeEuio sint — 3sin? + 1 = 0.
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®
B
Basuc mHayRnur 191

BepoaTtaocTs cobriTua 394
Bmipaskenne mogkoperroe 239

r

TI'padux BeueTHON Dyrknum 20
— YpPaBHEHHUA C ABYMA IepPeMeH-
EeiMuE 125
— yerHoit pyrknun 20

3

3HaMeHAaTeNb TeOMETPHYECKOi Ipo-
rpeccun 207

K

Komnosunusa ¢pyexmuin 14
Kopers n-oit cremean 239
— apudMeTHaecKuii n-oif creme-
BEn 244
Kocuryc yria moBopora 298
Korarrenc yria moBopora 299

MeTon BBefeHEMa HOBOH HIepeMeH-
Hoil 68
— rpadmueckuir 70, 131
— HHTepBaJOB 84
— MaTeMaTH4ecKoil mHAYKmm 191
— HeoIpefeJeHHBIX Koapdumm-
eHETOoB 69

Hepasenctso Beprysim 193
— ppobro-panuonansEOe 92
— JNuHEHHOE ¢ ABYMS IepeMeH-
HeiMn 149
— panuoHainHOe 82
— nesoe 82

o

O6nsenunenue coduiTHil 399

n

ITapabGona 31
ITapamerp 110
Ilepeceuenne cobmTuit 405
IlepecranoBka 379
Ilepuon dyrkmuu 313
— — ocHoBHOI 313
IIpepen mocnemoBsatensHOCTH 219
IToxasatens xopus 239
ITocnemoBaTenbHOCTH OeCKOHEUHAS
175
— Bospacrapomas 182
— KoHeuHass 176
— MOHOTOHHaa 182
— orpaHuderHas 187
— — cBepxy 186
— — cHu3y 187
— pacxopamanaca 219
— cxoaamascsa 219
— y0mBaloman 182
— ®ubonayun 178
— yucaoBaa 175
IIporpeccuss apupmeTryeckaa 196
— reomerpuueckas 207
— — OecKOHe4YHO yOmIBalOIafd
225

P

Paguar 293

Paauyc xomeunnrit 297
— HavYaJbHEI# 290

Pasmemenune 383

PasrocTh apudpMeTHuecKoit mpo-
rpeccur 196

Pemenue HepaseHCTBa C JBYMA IIe-
peMeEHRIME 149, 157
— ypaBHeHH#A C ABYMS IepeMeH-
HaMz 125
— CHCTeMBI JBYX YpaBHEHHH cIo-
cobom mopcraHoBkn 133
————— caoxkenus 134
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C

Curyc yrna moBopora 298
CucTeMa HeCOBMECTHBIX COOBITHIE
nonras 401
CaoiicTBO wi1eHOB apuMeTHUECKOH
IPOTrPEeCCHM XApAKTEePHUCTHYECKOe
197
— — reoMeTpH4YecKOil mporpec-
cuM xapakrepucrudeckoe 209
CobGriTe mocroBepHOE 395
— HeBO3MOKHOe 395
CoOmiTns HesaBucuMmrie 404
— — B coBokynHocT 406
— HecoBMecTHule 399
— NPOTHBONOJIOKEBIE 396
CooTBeTcTBMe B3amMHO obGpaTHOE
233
Couerarue 387
Coocob 3afaHEHUA OOCJIEeZOBATEJIHLHO-
CTH PeKyppeHTHHIA 178
CreneEs ¢ panMOHAJBLHBIM IOKA3a-
Tenxem 252
— ypaBHEHHA C ABYMSA IepeMeH-
BEeiME 125
— mesoro ypaBEeEusa 60

T

Tarrerc yrna oosopota 299

y

¥Yron mosopora 290
Vpasrerne Bo3spaTROe 68

— napoOHO-panuoRanbLHOE 74

— uppanuoranbHoe 263

— ¢ mapamerpom 110

— meJoe ¢ OfHOI mepemMerHOH 60
VpasHerRns paBHOCHIbHEBIE 125

<

®opMyJia KOCHRYCA PA3ROCTH (CyM-
MBI) ABYyX yrios 352
— IePBHIX N YJIEROB apuMeTH-
yeckoil mporpeccun 202

————— reoMeTpHYEeCKOH
nporpeccun 215
— Da3HOCTH KOCHMHYCOB ABYX yI-
JgoB 364
— — CHHYCOB JByX yrioB 364
— CHHYca PasHOCTH ABYX yIJIoB 353
— — CYMMH ABYX yrioB 352
— cyMMHI OecKOHEYHO yGhIBalo-
meif reOMeTPHYECKOI IPOrpeccHu
225
— — KOCHMHYCOB AByX yryioB 364
— — CHHYCOB JBYyX yrioB 364
— TaHTeHcCAa CyMMBHI (pas3BocTH)
IBYX yriioB 353
— n-TO WIEeHA IIOCJIEeAOBATEILHO-
crm 177

Popmyanl gBoiiROrO yriia 358
— mosioBHHHOrO yriia 360
— mpuseaerRus 327

DyEKOUA BO3pacTalINas Ha MHO-
sxectBe X
— kBajgpaTwyHaa 31
— MOBOTOHHas 6
— HedeTHaa 19
— obpaTtumas 233
— obpaTras pauroir 233
— orpaBRudYeRHas 24
— — cBepxy 24
— — cHu3y 24
— nepuoaudeckas 313
— caoxHaa 14
— yOniBalomas Ha MEHOXKecTBe X 5
— mesad panuoRanbEas 30
— yerHaa 19

Y

YacroTra ciayuyaitHOoro codbmrua 392

Yacrs yncsaa apobras 313

Y1eH 4MCJIOBOI IOCIEAOBATEILHOC
™ 175

w

ITar naayxTuBRRIE 191



NMPUNOXEHMUE

METOAWYECKME KOMMEHTAPUM O19 YMUTENSA

JaHHbIH yUeOHUK 3aBepIlaeT Kypc aiare6psl AaA yvyamuxca 7, 8 u
9-ro KJIACCOB C yzaylbleHHbiM N3ydeHHeM MaTeMaTHKH. CojepskaHue
BCEro Kypca, H yuyeOHHMKa «Anre6pa—9» B YACTHOCTH, IIOJHOCTBHIO
COOTBETCTBYET COBPEMEHHBIM OGpa30BATEJILHLEIM CTAHAAPTAM, & TaK-
JKe BKJIIOUaeT B celfd IIMPOKMHA KPYr JOIOJIHHTEJNLHBIX BOIPOCOB.
Iogpo6Guble 06BACHUTENbHBIE TEKCTHI IO3BOJIAIOT YUYAIIUMCSH yCIeml-
HO M3y4yaTh MaTepuaj yueOHHKa Ja’ke CaMOCTOATENLHO, a o0uJne
IIPAKTHYECKOT'O Marepuaja — IPOYHO OTpadaThIBATH IPHEMBI pelie-
HUA PA3JIMYHBIX 3aJaHUH, CPeAH KOTOPHIX HEMAaJIO 3aha4 IIOBBILIEH-
HOHM CJIOMKHOCTH.

Meroauueckoii 0COGEHHOCTBIO Kypca ABJIAETCA paculuperue mpa-
OuyuoHHbLX YieOHbLX MmeM 3a CUET TEOPETHKO-MHOXXECTBEHHOMH, Bepo-
ATHOCTHO-CTATUCTHUUYECKOH M MCTOPMKO-KYJIbTYypHO# JmHMNHA, OOpare-
HHE€ K TEOPETHKO-MHOYXECTBEHHOMY IIOAXOAY B M3JIOKEHHUH HEKOTOPHIX
BOIIDOCOB CBA3AHO HE TOJILKO ¢ TPeGOBAaHUAMM IPOTPAMMEI YIJIyOJeH-
HOTO M3y4YeHHA MaTeMaTHKH, HO U ¢ YAOOCTBOM TAKOro IoAXoJa IpH
BBeJE€HHH, HanmpuMep, GYHKUUN KaK COOTBETCTBHA MEXKIY MHOMKECT
BAMH, PABHOCHJIbHOCTH ypaBHeHH# M T. n. HOBBle cTaHAAPTHI MaTe-
MaTH4YeCKOro o0pa3oBaHUsA 3aCTaBJAIOT MHAYe BIIJIAHYTL Ha CTaTH-
CTHKY, KOMOMHATOPUKY H TE€OPHIO BEePOATHOCTEi. DTOT MaTepual,
JOCTATOYHO HMOAPOGHO M3JIOKEHHBINH B yueOHMKax 7—9-ro KJjaccos,
10 MHEHHIO 8BTOPOB, NOJKEH OPraHMYHO BILJIECTHCH B OOILYIO KAHBY
HU3JIOKEHUA TPaJUIMOHHOIO MaTepuajia, He BhIJEJAACH B OTJEJIbHBIH
IIKOJILHBIR IpegMer.

CrnenuduuecKoit 0coO0eHHOCThIO YUEOHUKOB «Aurebpa» maia 7—9-x
KJIACCOB AABJIAETCA BBEJEHHE B OOBACHHUTEJLHBIE TEKCTBHI MCTOPHUYEC-
KOro MaTepuaja, a B IPaKTHYECKHMIl MaTepuaj — 3ajad U3 JaJIeKOro
[IPOLLJIOT0. ABTODHI YBEPEHBI, UTO HAJMUYHE 3JIEMEHTOB HCTOPHU3Ma B
yueGHHMKeE cAesaeT ero 60jiee IPHUBJIEKATEJILHBIM JAJIA YUAILIAXCA, AACT
BO3MOXKHOCTH YYMTEJIO dalle o0pamarh BHUMaHUe HIKOJLHUKOB Ha
o0LIeKyILTYPHOE 3HaYeHHe MaTeMaTUKu. EcrecTBeHHO, 6e3 qomosHM-
TeJIbHBIX PACCKAB0B YUUTEJNA M AOKJIAZOB, COOOILLIEHMI YUalUXCA Ha
YPOK&X Yy IIKOJBHUKOB HE MOJKET CJIOKMTHCA IEJIOCTHOM KapPTHUHBI
pPa3BUTHA MATEeMaTHKH.

YueOHUK « Anre6pa—9» COmEeP:KUT caMblie pasHOOOpas3Hbie IO CTe-
NEeHH CJIOKHOCTH YIPasKHeHusA. 3HaA BOSMOXKHOCTH yHaIIUXCH, YUH-
TeJIb MOXKET KaKue-TO 3a4a4M IPOIYCTHUTh, a KaKHe-TO NPeAJIOXHUTH
TOJILKO CHJIBHBIM yueHHKaM. K aTuM 3azjauaM MoskHO OyeT BEpHYTh-
cA II03Ke, BO BPeMA HTOrOBOTrO IOBTOpeHHsA. J[06aBMM, UTO KOJHUe-



fMpuMmepHoOe NOypouYHOe nnaHupoBaHue 439

CTBO 3aja4 yyeOGHuKa — u36bITOUHOE, U AN GOPMUPOBAHUS Y IIIKOJIb-
HUKOB CTOMKHMX YMEHMii U HaBHIKOB DeIlleHUE BceX 3a4a4d He o00sg3a-
TeJbHO. BoJjiee TOro, HEKOTOPBIA TeOPEeTHYECKHH MaTepHay TaKiKe
MOJKHO H€ PacCMaTpPHUBATh MJHM DACCMATPUBATHL B 03HAKOMHTEJIHLHOM
ILJIaHe.

B usgarenscrBe «MHeMO3UHA» IIAHMUPYETCA BBINYCK AUAAKTHUYE-
CKHMX MaTepHAasoB ¢ KPATKUMH MEeTOANYECKMMH KOMMEHTaPUAMH AJIs
VUHTeJNs K AaHHOMY y4eOHHUKY, a Takxe « KHuru ana yuurensa». Tem
He MeHee HHUIKe NPUBOAUTCH IIPUMEPHOE IIOYyPOYHOe NJIaHUPOBaHHE
I paboTel B 9-M Kjacce, paCCUUTaHHOE Ha 5 YPOKOB aJjreGphl B He-
Zexio. B 3TOoM niaHMDOBAaHMH OTCYTCTBYeT TPAAUIUOHHOE AJIs HaYa-
Jla y4eOHOro roja MOBTOPEHME: BJIEMEHTHI 3TOTO IIOBTOPEHUS BKJIIO-
yeHs! B yuyeGHBIN MaTepuas Bcero yuebHoro roga. B KoHme Kakaoi
TJIaBel Iepel KOHTPOJIbHOM pafoToi 3aIlJIaHMPOBAH OAUH YPOK AJs
060011eHlA NBYUEHHOr0 MaTepHnaja, 0603HaueHHBIH KaK yPOK pelle-
HHAA AOIOJHATENbLHBIX YIpaKHEeHUH K riase.

NMPUMEPHOE NOYPO4YHOE NJIAHUPOBAHMUE
5 yacos B Hegemo, Bcero 170 wacos

Ne o . Koux-Bo
ypoka 3y4aeMhbl MaTepuaa 4acos
T'nasa 1. ®ysknun, ux cBoiicrea u rpadpuxu (22 4)

§ 1. CpoiictBa pyrkumii (10 u)
1, 2 Boapacrarue 1 yOnBague dbyEknmit (o. 1) 24yq
3, 4 | CroiicTBa MOBOTOEBHBIX GyHKNuUi (u. 2) 2yq
5 Camocmoameavran paboma Ne 1 1q
6, 7 | Yernsie 1 BeyerHBle byEKONM (I. 3) 2q
8,9 | OrpamuueHEHIe ¥ HeOrpaEMYeHHBIE DyEKONK (1. 4) 24q
0 Camocmoameavrasn paboma Ne 2 lu

§ 2. Ksagpatuunaa ¢pysxuus (5 1)
11, 12 | ®ygroun y=ax’, y=ax*+ nu y = (x -~ m)® (u. 5) 24
13, 14 | I'paduk u cBoiicTBa kBagpaTHuHON dyHKIMHK (. 6) 2yq
15 Camocmoamenvrasa paboma Ne 3 lu
§ 3. Ilpeo6pasoranua rpapuxoB byExumit (7 )

16, 17 | Pacrsa:xkerue u cyxaTne rpadukos byHKIMit
K ocu opauEBar (1. 7) 24
18, 19 | Ppaduru dyraxmmi y = |f(x)| u y = f(x]) (u. 8) 24
20 Camocmoameavrasa padoma Ne 4 1y




440 NMpunoxexue
Ipodoaxcernue mabauybt
e i . Kou-Bo
ypoka 3y4aeMulil MaTepHal 98COB
21 Pemenue qononHEUTENbHBIX yOpayKHeHUH K riaase 1 1y
22 Konmponvras paboma Né 1 1y
TnaBa 2. YpaBEeHHA U HepaBeHCTBa
¢ _OxHOM mepemeBHOi (29 4)
§ 4. YpaBEeHus ¢ OOHOM MepemeBHoi (9 4)
23, 24 | Ilenoe ypaBHeHMe M ero KopHH (m. 9) 2yq
25—27 | IlpueMnl pemenus UeanlXx ypaBHeHui (o. 10) 3a
28—30 | Pemenue aApo6HO-pANMOHAJBLHERIX ypaBHeHEMH (m. 11) 3u
31 Camocmoameanvias paboma Ne 5 1y
§ 5. HepaBeBcTBa ¢ 0gHOM mepemeBBoOM (6 u)
32—34 | Pemenue neJbnlX HEPDABEHCTB
¢ ofHOM nepeMeHHOM (m. 12) 3u
35, 36 | PemeHnne apo0HO-pAIMOHAJILHBIX HEDABEHCTB
¢ OfHOM nepeMeHHOH (m. 13) 24
37 Camocmoamenvras paboma Ne 6 1y
§ 6. YpaBHeERHsA M HePaBEHCTBA C MepPeMeBHOM’
noj 38axKom moxpyas (6 u)
38, 39 | Pemenue ypaBHeHUII ¢ mepeMeHHOM
noj sEakoM Moayisa (m. 14) 24
40—42 | PemeRue HepaBeHCTB ¢ NlepeMEeHHOMN
nox 3HaKoM Moayas (m. 15) 3u
43 Camocmoameanvras paboma N 7 1y
§ 7. Ypareenus ¢ napamerpami (8 1)
44—46 | Ilensie ypasHEeBus ¢ napamerpamu (u. 16) 34
47, 48 | XpobHO-panuoBaJLEBIE YPABHEHUS
¢ nmapamerpamu (o. 17) 24
49 Camocmoamenvias paboma N 8 1y
50 Pemresve ROOONHUTENbHBEIX yOpayKHEHMI K riaBe 2 lu
51 Koumpoavran paboma N 2 lg
I'masa 3. CHcreMsl ypaBHeHHII H CHCTeMbl HepaBeHCTB
¢ AByma nepemeBEsIMH (20 u)
§ 8. YpaBEeHHA BTOPOil CTEeNeHH
¢ AByMdA IepeMeHHLIMH H HX cHcTemsbl (11 u)
52 YpaBHEeHMe ¢ AByMA HepeMeHHLIMU
u ero rpadux (m. 18) 1lq
53 CucreMa ypasHeHMIl ¢ AByMs mepeMeHHbIMH (I. 19) 1y
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IIpodoasxcenue mabauybt

e HAsyuaeMuiit maTepman Kox-s0
yPOKa 9acoB
54, 55 | Pemerne cucreM ypaBHeHHIt

¢ ABYMsi NlepeMeHHBIMH cOOCO0OM IOACTAHOBKH
u crnocobom ciaoxkerusn (o. 20) 2q
56 Camocmoamenvraa paboma Ne 9 1lug
57, 58 | [Ipyrue cooco0hl pemIeEMs CHCTEM ypaBHEHHH
C ABYMsi epeMeHEEIMH (1. 21) 24
59—61 | Pemenune 3agau (. 22) 3u
62 Camocmoamenvrasn paboma Ne 10 lu
§ 9. HepaBencTBa ¢ qByMA nepeMeHBHLIMH
H HX cHcTemsl (9 4)
63 JIugreitHOe HepaBeHCTBO ¢ ABYMSA IepeMeHHLIMU
(u. 23) 1y
64 HepaseHcTBO ¢ AByMsA HEepeMEEHEBIMHU CTEIeHH
Belmme nepsoii (u. 24) 1y
65, 66 | Cucrema HepaBeHCTB ¢ JBYyMSA IlepeMEeHEHLIMU
(n. 25) 2yq
67, 68 | HepaseHCTBA C ABYMA IeDEMEHHBIMH,
coaepkamue 3gaK Moayasa (m. 26) 24

69 Camocmoamenvras paboma Ne 11 lu

70 Pemrerue NODOMHHTENLHEMX YOPayKHEHHMI K Ijase 3 1yg

71 Konmpoavnas paboma Ne 3 1y

I'nasa 4. ITocaenoBareabHOCTH (26 u)
§ 10. CroiicTBa mocaegoBaTeasBOCTeH (8 u)
72,73 | YUucnoBele MOCJHEROBATEILHEOCTH.
Coocobnl 3amaaus moceAaoBaTeabHoCTel (1. 27) 2yq
74, 75 | Bospacralomme 1 yOmIBaoImue
nocjexosareJsaocTH (. 28) 24
76 OrpasuYeHHEBIe ¥ HEOTPAHHMYEHHLIE
mociaenoBaTeabHOCTH (O, 29) 1yg
77, 78 | Merox mMaremaTuuyeckoit uEAyKnuu (o. 30) 24
79 Camocmosameavras paboma Ne 12 1y
§ 11. Apudmernueckas nporpeccus (5 u)
80, 81 | ApudmMeTuueckasi Iporpeccusi.
Popmysa n-ro wieHa apudMeTHIECKON
nporpeccun (o. 31) 2yq
82, 83 | CymMma nmepBmix n 4ieHOB apudmeTrHuecKoit
nporpeccun (m. 32) 2q
84 Camocmoameavras paboma Ne 13 1y
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ITpodonxwenue mabauyb

Ne " & Koux-Bo
S 3yuaeMBl MaTepHa <acoB
§ 12. I'eomerpuueckas mporpeccud (6 u)
85—87 | 'eoMeTpHUecKas OPOTrpeccHs.
DopMyJa 7n-TO YJeHa NeOMEeTPHUYecKoH
nporpeccun (o. 33) 3u
88, 89 | CymMma nepBhIX 71 WIEHOB reOMeTPHYECKO
nporpeccun (o. 34) 24
90 Camocmoamenvras paboma Ne 14 14
§ 13. Cxogammeca nociaegopaTeabBocTH (7 1)
91, 92 | Ilpeaen mocsepoBaTeabEOCTH (I, 35) 24
93, 94 | Cymma GeckoHeuHO yORIBajomeit
reoMeTprdecKoil mporpeccun (m. 36) 24
95 Camocmoamenvras paboma Ne 15 1y
96 Pemenne [ODONHUTEJLHBIX yIOpa)KHeHHHA
K riase 4 1lu
97 Koumpoavhaa paboma N: 4 1y
I'nasa 5. Crenenu u xopru (17 u)
§ 14. Baanmuo o6paTtebie dyHKuHuHu (5 U)
98, 99 | Pyrknusa, obpaTHas AanHOM (1. 37) 2y
100, 101 | ®yaKnua, obpaTHas cTeleHHON (QYyHKIUHN
¢ HaTypaJIbERIM HOKasaTesaeM (m. 38) 2y
102 Camocmoameanvras paboma Ne 16 lu
§ 15. Kopau n-oif cTemeBH U cTeneHH
¢ PanHOHANBHBIMH mokasareiaamu (6 u)
103, 104 | ApudmeTudecknii KopeHb n-oii crenenu (mo. 39) 2y
105—107| Crenens ¢ pamuoHaJILHELEIM DOKa3aTeaeM (. 40) 3u
108 Camocmosamenvras pa6oma N 17 1y
§ 16. HppauuonaanHEble YPAaBHOHHA
H HepaBescTBa (6 u)
109, 110 | Pemenne nppamnoHaJbHLIX ypasHeBuit (m. 41) 2y
111, 112 | PemeRue uppanuoHalbLHRIX HepaBeHCTB (1. 42) 24
113 Pemenue RODOJENTENBHBIX yIDaKEeHUH
K riuase 5 1y
114 Koumpoavhas paboma N 5 lu
I'nasa 6. Tpurosomerpuueckue GyBEKIMH H HX cBoiicTtBa (27 yu)
§ 17. Tpurosomerpudeckue pynkuun (5 4)
115 Vroa mosopora (u. 43) 1y
116 Hameperue yrioB moeopoTa B paguanax (1. 44) 1y
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IIpodonmenue mabauyse

Ne I " Kois-Bo
ypoxa 3y4aeMuld MaTepHnaj 4aCOB
117, 118 | OnpeaeneBne TpUroBOMeTpHiecKux GyEKOui (o. 45) 24q
119 Camocmosameavnan paboma N 18 lq
§ 18. CpojictBa H rpadHKH TPHrOHOMETPHIECKHX
Gyaxnmit (5 )
120 Hexoroprie Tpurosomerpnyeckue Toxgecrsa (o. 46) lu
121 CaoiicTBa TpUroEoMeTpudecknx ¢yHKnouii (m. 47) 1u
122 I'padpuxu 1 ocHOBHBIE CBOMCTBA
cuHyca ¥ KocuHyca (m. 48) 1y
123 I'padbrKkn 1 OCHOBHEIE cBOMCTBA
TaHTeHcA ¥ KoTaHTeHca (u. 49) 1lu
124 Camocmoamenvras paboma Ne 19 1u
§ 19. OcBOBHbIE TPUIrOHOMETPHYECKHEe
dopmynst (8 u)
125, 126 | ®opmyan npusenerusa (o. 50) 24
127 Pemenue mpocrefmux TPUTOHOMETPHUYECKHX
ypaBHeHni# (m. 51) lu
128, 129 | Casbs MeXxAy TPHUINOHOMETPHUYECKIMH
GYHKOUAMHE OZHOTO M TOTO Ke apryMmerTa (o. 52) 24q
130, 131 | IlpeoGpasoBaEMe TPHTOHOMETPHYECKHX
BeIpakeEni (o. 53) 24
132 Camocmosameavrnas paboma Ne 20 1lu
§ 20. ®opmyasl caokeBHa U uX caexcTBus (9 4)
133, 134 | Curyc, KOCHHYC ¥ TAHT€HC CYMMEI
M DasHOCTH ABYX yrJoB (m. 54) 2yv
135, 136 | ®opmyssl ABOHOrO M IIOJOBUHHOrO yrioB (m. 55) 2y
137, 138 | PopMyJsIbE CYMMBI ¥ PAa3HOCTH
TpUroBOMeTpUdYeckux ¢yHknuii (o. 56) 24q
139 Camocmoamenvran paboma N 21 1q
140 Pemerue mOmoNHUTENbHBIX yOpa)KHeHUH K riaBe 6 lu
141 Konmpoavnas paboma Ne 6 lu
Tanasa 7. OneMeBTs! KOMGHHBATOPHKH
H Teopuu BepoaTHOCTel (16 1)
§ 21. OcBoBHBIC MOBATHA
H dopmyast koMOHBAaTOPHKH (7 u)
142, 143 | IlepecranoBku (m. 57) 2q
144, 145 | Pasmemerus (o. 58) 2yv
146, 147 | CoueTaBusa (u. 59) 24
148 Camocmosameavran paboma N 22 lq
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Oxonuanue mabauybi

Ne i . Kon-Bo
ypoka 3y4aeMhuld MaTepHaj 4aCoB
§ 22. OnemenTn! Teopuu BeposTHOCTEH (9 U)
149, 150 | YacroTa 1 BepoaTHOCTS (1. 60) 24
151, 152 | Caoxenue BeposaTHoOCTell (. 61) 24
153, 154 | YMuOoxXeHMe BepoAaTHocTeil (. 62) 2y
155 Camocmoameavnan paboma Ne 23 1y
156 Pemenve momosHUTENbHHIX yOpakKHEeHUIH K TiiaBe 7 1y
157 Konumpoavnas paboma Ne 7 1lg
Hrorosoe mosropenne (13 u)

ABTOpHI ¢ 6Jar0JAPHOCTHIO BOCIIPHUMYT BCe 3aMeYaHUA U IIpeNJIo-
JKEHHA 10 YCOBEPIIEHCTBOBAHUIO COJEP)KAHUA yueGHMKA, KOTODHIe
MOKHO OTIIDABHMTbH WM B M3JaTeJbCTBO « MHEMO3HMHA» MM Hemocpel-
CTBEHHO OZHOMY M3 8BTOPOB IO 3JEKTPOHHOMN mouTe:

feoktistov_ie@rambler.ru.
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Toprosulii oM « MHEeMo3nHa» (onTOBasA IPOAAKA KHAT).
Ten./dakc: (495) 657-98-98 (MHOroKaHaNbHKI).

E-mail: td@mnemozina.ru

OrneyaTtaHo ¢ TOTOBHIX (aitioB 3akagunka B OAO «HIIK
«Yasarosckuii [lom neyarn». 432980, r. YiabaHoBCK, yia. ToHuaposa, 14



3ATKN

s 888 8BE88EB

B2 NBERE AR

EovHMLUbI

MM 1 15 25 X IO
484 59 56 65 6/ 79
104 100 1155 125 126 13D
174 180 1936 245 2116 240
20 280 216 305 3136 3249
B D 406 425 436 40
8184 8390 546 565 576 O
6724 680 BB 725 736 730

864 860 86 A5 RI6 AP

34

34

vz

204

3A

4624

A

Hl

s

201



HEPABEHCTBA
C ABYMHA NMEPEMEHHbIMU
N NX CUNCTEMBDI



15BM 978-5-346-01043-2
9785346010432

9785346 010432



